6 Binomial Theorem

Some Useful Results :
(1) Pascal's Triangle : The coefficients of x” in the expansion of (1 + x)". (=0, 1,2, 3...n)

n=1 1 1

n=2 o2
n=3 13 31
n=4 1 4 6 4 1
n=5 1 5 10 10 5 1

o Each row starts and ends in 1 and remaining elements of the row are sums of the two coefficients

which lie on either side of each in the previous row.

n n n n
° ols L1l 12] -~ |,]are (n + 1) terms in nth row.

® The binomial coefficients of the terms which are equidistant from the beginning and from the

end are always equal.

n n n n
® The sum of the coefficients of nth row in Pascal's triangle is (OJJF (1]+ ( ]Jr .t ( ] = 2",

n
® In Pascal's triangle, the coefficient of (» + 1)th term in nth row is (r]

(2) Binomial theorem :

+ bn — n nb0+ n mlb|+ n rl72b2+ + n Obn — i n ”,rbr N
(a )foa 1 la ,|a a @b = Ll a (n eN)

r=0

(3) General term in the expansion of (a + b)" :

n
T, =+ 1)th term = [r]a”" b (0<r<n

(4) Middle term in the expansion of (a + b)" :

n
(1) If nis even, then the middle term = (% + l)th ferm = L4 = [nJ % %
2 B} a* b
(2) If nis odd, then the middle terms = ( = ; ! )th term and (nJ2r3 )th term.
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S))

(6)

Here we get two middle terms.

Characteristics of the expansion of (a + b)" :

® There are n + 1 terms in the expansion.
® In each term, the sum of the exponents of a and b is n.
. n n n n 3 . .

® The coefficients of the terms are ol il l2]=1al They are called binomial coefficients

and sum of the binomial coefficients is 2".

n
® The coefficient of (» + 1)th term = coefficient of o b" = (fJ
n

o rth term from the end in the expansion of (b + a)" = (r—lj b gl = (n+ 2 —7r) term

from the beginning in the expansion of (a + b)".
® In each successive term the exponent of a goes on decreasing by 1 and that of » goes on

increasing by 1.
Results :

n n n n n
e (a-b)'"= (Oj ah? - [1] a7+ (2] a7+ (1Y (r]a”'”b“r ot (1) [n]aob”
n
® In the expansion of (@ — b)", (r + Dthterm =T, = (-1) [’J at’y
n , n
e (a—-b)'= 2D . ary
r=0
. (7 n ny ny o, B z”: ny o
e (1+x)'= ol Tlil*x*|a2]*t nx,neN =~ |, X
n
® In the expansion of (1 + x)”, (r + 1)th term = T, = [r] X
n
® In the expansion of (1 + x)”, the coefficient of (» + 1)th term = coefficient of X" = [’J
n_|" " "2 "3 n " on

° (lfx)—o— 1x+2x—3x+...+(—l) al X (n eN)
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(7

@®)

o) () ) b)-

°

n n n B n n n A1
01+3+5+...—O+2+4+...—2

1 2

® The number of terms in the expansion of (a + b + ¢)" =X (n+ 1) = Lz(nﬂ and the

sum of the coefficients = 3"

)=
° : =

r r—1 r
n n _ n —

PY (x+y)n+ (x_y)n :2 |:[ij”+[2an 2y2+[4an 4y4+...:|

o (x+))V—(x—y) =2 Kf]x”_]y+[’31an_3y3+ [Zan_5y5+..}

Binomial series for rational indices :

n(n—1) 2 n(n—-1)(n-2)

X T x>+ ... infinite number of terms.

d+xy=1+nx+

where n €Q and |x| < 1

For example,
(1 +x)'=1-x+x>—x*+ ... infinite number of terms.
(1 =x)'=1+x+x*+ x>+ ... infinite number of terms.

(I +x)2 =1-2x+3x>—4x> + ... infinite number of terms.
(I =x)2 =1+ 2x + 3x* + 4x* + ... infinite number of terms.
(1 +x)2 =1-3x+ 6x>— 10x* + ... infinite number of terms.
(I =x)3 =1+ 3x+ 6x*> + 10x* + ... infinite number of terms.
General term :

(1) General term in the expansion of (I + x)”

T _ nn-1)(n-2)...(n—-r+1) xr,neQ

r+l r!

(2) General term in the expansion of (1 — x)"

nn-1)(n-2)...(n—-r+1)
r!

T, =Cly X', neqQ

(3) General term in the expansion of (1 + x)™”
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nn+l)(n+2)...(n+r-1)
r! X

r r r r n+r—1
T. ., =D = x (1) p , where n € N

(4) General term in the expansion of (1 —x)”

T _ nn+)(n+2)...(n+r-1) xr,nEQ

r+1 r!

n+r-1
= . x", where n eN
9 (1+x)"=1+nx|x]<1,ne Q, neglecting x%, x> ...

x% |x| < 1,n e Q, neglecting x>, x* ...

-1
(I +x)"=1+nx+ "("2 )

(10) The total number of ways of distributing » identical objects among r persons so that
each gets maximum » objects :
= The coefficient of x* in (1 + x +x*> + ... + X"
= The coefficient of X" in (I —x)" (I+x + x>+ ... + X" (1 —x)"
= The coefficient of x” in (I —x""1Y (1 —x)”"

= The coefficient of x* in (1 —x)”"

R

(11) The total number of ways of distributing » identical objects among r persons so that

every one of them receives atleast one object :

= The coefficient of x” in (x +x> + x>+ ... + x")

= The coefficient of X" in (1+x + x> + ... + X1y

= The coefficient of X" in (1 —x)" (1+x + x>+ ... + XY (1 —x)”
= The coefficient of X" in (1 —x")" (1 —x)™"

= The coefficient of x"” in (1 —x)”

R B e B

(12) The number of ways in which » identical objects can be distributed among r persons

when any one of them receives not less than m and not more than k items :
= The coefficient of x” in (x” + x1 +x""2 +.. .+ xbY".
The number of solutions of a linear equation :

The number of non-negative integral solutions of x, +x,+x,+... + x =n

The coefficient of x” in (1 + x + x*>+ ... + + x")

The coefficient of X" in (1 —x)" (I1+x + x>+ ... + X" (1 —x)™
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= The coefficient of x” in (1 —x""'y (1 —x)™

= The coefficient of " in (1 —x)™

n+r-1
N n
(13) The number of ways in which an ordered set of r whole numbers (r = 2) can be
selected such that their sum is » :
= The coefficient of x” in (1+x + x> + ... + x")"
= The coefficient of X" in (1 —x)" (1+x + x>+ ... +x") (1 —x)”

= The coefficient of x” in (1 — x"*1y" (1 — x)™

= The coefficient of x” in (I —x)”

n+r-1 n+r-1
- r—1 |~ n
(14) If there are m, items of one type, m, items of second type and so on m_ item of rth type, then the

number of ways of choosing » items out of these :

= The coefficient of x” in (1 +x + x> +...+ x"1) x (1+ x + x> +..+ x"2) x ... x (1 +x +x>+..+ x")

n

n+r-—1
= The coefficient of x” in (I —x)" =

(15) If there are m, items of one type, m, items of second type, and so on m_ items of rth type, then the

number of ways of choosing » items out of these, provided at least one item of each type is selected.
= The coefficient of X" in (x + x> +..+ x™) (x + x> +..+ xX"™) X ... X (x + x> +...+ x"")

= The coefficient of x” in x” (1+x + x> +..+ x"1 ) (1+x + x> +..+ x"271) 3. x (1+ x + x> +..+ x"7)
= The coefficient of X" in (1+x + x> +..+x"1 (1 +x + x> +..+x" ) x  x (I+x + x>+ ... +x"7)

= The coefticient of X" in (1 —x)™"

r+n—r-1 n—1 n-1
- n—r | | n-r] | r-1
(16) Multinomial theorem :

n!
n — n ny Nm —
(@, ta,*.ta) 2 mimy Loy 1 4" A" ey, where n +n,+n,+..+n =nand

n, n,, n, .. n_are all non-negative integers.
m

1?7722

n

o n+m-1 n+m-—1
Here, the number of distinct terms = | | | =

n+3-1 n+2
® The number of terms in (a+ b+ ¢)" = ( 31 j = ( ’ j= w = 2(”"’1)
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(17) Properties of binomial coefficients :

. . . n n n . 1
® If binomial coefficient , , are in A.P., then r = = (n+ n+ 2)
r—1 r r+1 2
® The coefficient of x” in (I + x)*" = 2 x {the coefficient of x” in (1 + x)*"~'}

® In the expansion of (ax + by)", if we take x = y = 1, we get the sum of the coefficients
of (a + b)".

® The greatest term in the expansion of (x + ), n €N, x>0, y> 0

(n+Dy e
T,=T, . It m= x+y 152 positive integer.
. (n+l)y e
and T[m] " itm= Xty 1S not a positive integer.

® In the expansion of (ax +by +cz)" if we take x = y = z = 1 we get the sum of the

coefficients of (a + b+c)".
: Multiple Choice Questions :

) The coefficient of x” in the expansion of (I + x)” (n € N) is ....... (Aq< D

n+r-1 n+r-1 n+r-1 n+r-1
(A)[ ,m] (B)[ o J <C)[ . ] (D) (—1)’[ . ]

Sol. : General term in the expansion of (1 + x)”

(-n) (=n-1)(-n-2)...(—n-r+1)
X

T = r! '
D" n(n+D)(n+2)...(n+r-1) -
r! X
n+r—1
e[
n+r-1
.. The coeficient of x"is (-1)" ( . j Ans. : (D)
?) The coefficient of x” in the expansion of (1 —x)” (n € N) is ..... (1 <D
n+r-1 n—r+l1 n+r-1 n+r-1
A | ® | © " o iy |

Sol. :  General term in expansion of (1 — x)™

T _ (-n) (=n-1)(-n-2)...(=n-r+1) (_x)r

r+1 r!

D n(n+D)(n+2)...(n+r—1)(=1)" v

r!
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©)

Sol. :

“)

Sol. :

©)

Sol. :

r

n+r-1
.. The coefficient of x" =

The coefficient of x1° in the expansion of (1 + 2x) is ..... )
o [V o (16 w0 (16
A) 27 | o B)2% © 27 |4

n+r-1
-1y [ , j vy

Here, Tr .

11

—
I
T
—
S
7~/
~
+
—_— =
(=)
~—
NS}
S
k._.
(=)

I
N,
o
7~ N\
—_
(=R
N—
><_.
(e}

16
.. The coefficient of x!0 = 210 (10]

6
If (1 -x+x)?=a,+ax+ax*+ .., then %a, = ... (x| < 1)

(A) 38 B) 10 (€) -10
(I-x+x)3 =0+xA+x)30 -x + x>

= (1 +xP (1 +2)°

=1 +3x+ 32+ x3) (1 - 3x°+ 6x°— ..)

6
. a:
..Z.)r ao+a1+a2+a3+a4+a5+a6

=1 +3+3+(3+1) +3(3)+3(3)+(3+6)=-10

40
The coefficient of x2 in the expansion of (1 + x)* (H%) is ... )

(A) | 38 B) | 37 © g
|40
The coefficient of x2 in expansion of (1 + x)* (1+;)

= The coefficient of x2 in expansion of x° (1 + x)%¥

80
= The coefficient of x** in expansion of (1 + x)3°= (38]

Ans. @ (A)
16
o ¢)
[ m=7,r=10]

Ans. : (B)

(D) =7

Ans. : (C)

80
(D) (3?3]

Ans. : (D)
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(©6)

Sol. :

™

Sol. :

(A) 1 (B) = ©) 27”

I
N
—_—
IS
N —
<
—
()]
N —
S
1

a2 3 Dt (z)"‘ &)

7 2 (n-r)(r-1n! \7 7

-2 3 e

2 n
Note : In general if a + b = 1, then 2 [rj a b"" = na
r=0

o r—1
If x>0, y> 0 then 2(2xi3yJ = ...

r=1

2x+3y 2x+3y 2y
(A) 2x+y (B) x+3y © x+3y
X
Let 2x+3y @ then 0 <a <1, because x > 0, y> 0

oo r—1 oo
X r—1
W, =24 =4d4+ad+aP+..
NO,E[2x+3y] Z; a +ta ta + ..

D)0
Ans. : (O)
3y
D) 2x+3y
0<a<l
Ans. : (B)




®)

Sol. :

©)

Sol. :

(10)

Sol. :

The coefficient of a’b* in the expansion of (a + 2b)* 2a — b)* is ...... .

(A) 15 B) 15 () -16 (D) 593

(a + 2b)® Qa — b)* = (a® + 6a*b + 12ab* + 8b%) x (16 a* — 32a°b + 24 a’b* — 8ab’® + b*)
.. The coefficient of @*b* =1 x 1 + 6 x (-8) + 12 x 24 + 8 (-32)

=1-48+288-25 = —15 Ans.

70 70
The coefficient of x° in the expansion Z[ ] (x =574 is ... )

r=0\ "
70 70 70
(A) —(8j (B) [9j ©) —(mj (D) 0

70
3 (70] (x50 4r

r=0\ "

= X=5+4" = (x— 1)0= (1 - x)"

Now, general term T | in the expansion,

1

70
() o

70 0 70 0
Letr=9,T,, = 9 (=) = — 611 *

61

o0 E )

70
The coefficient of x° = —[ ] Ans.

(A) 30m — 465 (B) 15 2n—31) (C) 3ln—15 (D) 31 (n—15)
n
r n! (n-r+)!(r-1n!
PN = -t S Y =n—r+1
b

Required sum = Z ‘ =
r=1 n r=1
)

= n+(m-1D)+m—-2)+ ...+ n-30) =%(3l)(n—30+n)

B —15) Ans. :

(B)

(O

(D)
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2n [ 2n ] I 2n ’
) L)+ 2 )+ B3 )+ 2nterms= ...
- 2 3

*) (”Tﬂ)zn_] ®) (n+1)2n © (n’iljm_l o) [”sznﬂ_l

n

12" 2n 2n ) 2n) 1 2n) 1
' (HZ) “lo )Tl T2 ) T T o) e
on 2n 2n
| ) 3 1 2n n+1 2
+ + + ... 2nterms = (1+—) -1= -1 Ans. : (A)
n n? n’ "

n

2
1—2xj =1+ kx, then k= ...

. 1+3x
(12)  If x is so small that (

(A) 2 (B) -10 (C) 10 (D) 2

. 1+3x 2 B ) 5
Sol. : o | = (1 +3x)(1 -2x)

= (1+6x+9%) (1 +4x+..)

k = the coefticient of x in the expansion= 1 x4+ 6 x 1 =10 Ans. : (C)

(13)  The expansion of 3/71—3 in exponents of x is possible, if ........ .
—JX

(A) b <% (B) <5 ©) > % (D) [ > 2

1 -1

1 —
Sol. : V3% 75 (1_37_x)5 .

This expansion is valid if |37x| <1. So, |x| <% Ans. @ (A)
n ) 200
(14) If (1+xy= Eocr " then r:ZOrH: ......
2201 4 2200 _4 5201 5201
(A) 201 (B) 200 © 201 (D) 201
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200

Yo x
r=0

= 2
cO+clx+02x +..++c

Sol. : (1 +x)*®

200
200

1

1
200
. 1+x = 2 200
o !;( 7 dx b[(co+clx+czx+... + 0o X)) dx

1

201
(1+x) 2 3 201
—_— = o =— +Cy =—+...++Cypp ——
201 orTaT;TaTs €200 507
0 0
2201 1 | %) €200
£ _ _— =+ +2 4+ + 2
201 201 0" 7 3 201
200
: Z T 2 -1 Ans.
B S 201 T

(15)  The coefficient of x** in (1 +x)° + (1 +x)°+ (1 +x)"+ ... + (1 +x)* is ...... .

50 51 51 46
(A) (25] (B) (26j © (25] — 1 (D) (25]

Sol. : This is a sum of 46 terms of G.P. whose first term is (I + x)° and common ratio is 1 + x.

1+ x)° {1+ x)* 1
(I+x)—1

Required coefficient = The coefficient of x*° in

The coefficient of x*® in (1 + x)°! — (1 + x)

4 i n+1
Note : In general the coefficient of x” in Da+n' = (m +1) where r <m <n
i=r
(16)  The coefficient of x” in the expansion of (I —2x)7 is ...... .
(A) 128 (B) 1024 (C) — 1024 (D) 512
2)3)(4)...(2—-r+1)
Sol. : T,, = y (—2x)"

D" 2)B) 4)...(r+D (D" 2" X"

r!

D2 (r+1)r12"
X

r!
= (r+1)2"x
Letr=7,T8= (7+l)27x7 = 8§x128x7 = 1024 x’

The coefficient of x” = 1024 Ans. :

51 51
26 -0= 26 Ans. :

(D)

(B)

(B)
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1 1 1 1 (=)t

(17) [131] - [1(])1] + [1(2,1] - [121] +ot ng = .

100
101
(A)[ ] B) -1 © 1 (D) 0
50
0 101 1 100 50 51
Sol. : Lets = |2 ,CD L, D D L, )cb D
101 101 101 101 101 101
() Ga)) (V) (ee)) () (5)
S 5 I AP S 1 R I B
101 101 0y =0+0+.+40 =0 Ans. : (D)
0 1 50
n oy .
Note : In general =0 (If n is odd)

3
A Y Y ) -

(A) n x 21 (B) n 2! (C) n x 22 (D) n x 272

so s 2[5+ [})6 5]+

n(n-1) L4 n(n—=1)(n-2)(n-3) N

=2 24
(n=-1)(n=2)(n=3) (n=1)(n—=2)(n=3)(n—4)(n->5)
=n [(n—1)+ z + T30 +}
n—1 n—1 n—1 )
=n . + 3 + s +... =5 x 2"
Note : 22: 2r[2nJ =n-2"2 o [Z]r(;] =pn-2"3 Ans. : (C)
r=1 r r=1 r

(19) (Oj U + U (r’;j - [_j U _—
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Sol. :

(20)

Sol. :

(1 +x)"x (x+1)y'=( +x)*

[OJ[J]@Z[ 1](]0}
_ [ZO"J . [zl"jx - (Zj b (ij

Comparing the coefficients of x*” on both the sides.

o) ) G 2 )= 62
() 23] s (e (2] -

2n-1)! 2 2n-1)!
A) T B)yn |, © @
S T e e

e R OR BRI

|
3

|
3

|
3

()

(2n)!
n'n!

nx2n(2n-1)!
2xn(n—1)'n(n—-1)!

2n-1)!
[(n-1)1]?

x [the coefficient of x” in the expansion of (1 + x)” (x + 1)"]
x [the coefficient of x” in the expansion of (1 + x)*]

Ans. : (O)
2n-1!
ey
)
Ans. @ (A)
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C C C C
QD) I +x)%0=c +cx+ e+ .+, then 212 + 22— + 232+ 4210010 =

100 > 1 > 3 101
2101 -1 3101 -1 3]0] 3101
A B D
(A) 101 (B) 101 © Tor 101 (D) 101
2 2
Sol. : E’)- [c, + cx +ex?+ .+ ¢ %] dx = (,[ (1 + x)'% g

2
2 3 o1 2 1+ x)'0!
. C0x+C17+C2?+...+C100 101 . = 101

101
22 23 2101 3 -1
Qe+ e et E—c =
ST AT 349 101 €100 T 701

Ans. : (B)

22) é(—l)’ (@-r) m -

(A) a (B) na ©) 0 (D) a+ 1

S anl)ca-ofi)-en ()2 (i) rcran)

o[ GG 26 (] o
Now (197~ o] - (1Je+ 3} - car 1] i)
e x=1s0.0= 1) () (2w v () e

Differentiating both the sides of (ii) with respect to x,

n (1 —xy = - [T] +2[Z]x—3x2 (ZJ o )y et [ZJ
Taking x=1, 0=- [T] + 2[;] -3 [Z] + ..+ )"n [Zj
0= [TJ —2@ 3 (g] S [ZJ (iv)

From (i), (iii) and (iv),

%H)r (a—r) ['Z] —a(0)+0 =0 Ans. @ (C)
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@3) (1“] [;lj [;1] [”] _
wor (-6 mef)B-E
(© o [lj (2] [j (D) & (1

(nﬂj _ (41! B (n+1) n!

r rl(n+l-r)! (n+l=r)(n—r)'r!

G
-

Sol. :

- (”:;le (?j (ZJ“.(ZJ Ans. : (C)

24) I (A+xy=c,+ex+cex?+ .. +cx", then ¢,— 1 e, + % c,— ..t (1) 1

> 1 T e
@ 5 ® L © 5 ) 75
Sol. : co—% ¢+ % = ..t (1) nil ;
- o)1 ()3 (6)- e o)
=1—in+“g”—m+@wnL
_ # [+ 1) - n(n2+1) N (n+1)ré(n—1) Iy

e ()]
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-l HHE e Gl

1

= === (1= 1]

n+l1

1

= [1-0]

n+l

1

- Ans. @ (D)

n+l1

— Second method :

(1—xy = (gj - [T]x + [Z]xz— Dy [Z]x

25)

Sol. :

= c,—cx tex? — L (=) e x”

1 1
J- (I —x)"dx = J- (c,—cx +ex? — .+ (=1) e x") dx
0 0

(1-x)""! l 2 3 cux""! 1
T X X
— — CO _x_C17+ CZT_“._{-(_l)n n+1

n+l
0

1 _ .
-5t 3T = Ans. : (D)

An examiner is supposed to give 25 marks from 8 equations. If he has to give at least 2

marks in a question, in how many ways can he do so ?

16 17 16
(A) [8 ] (B) 4P, © [9 J D) (7 J

The number of ways

= The number of ways in which eight integers, greater than 1 can be found such that their sum

is 25 subject to condition.
= The coefficient of x* in (x* + x* + x*+ ...)}
= The coefficient of x*° in x'° (1 + x + x>+ ...)8
= The coefficient of x” in (I +x + x>+ ...)

= The coefficient of x” in (1 —x ) (IT+x+x*+..=0-x

9+8-1 16 16
- 6)-5) s 0
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(26)

Sol. :

27)

Sol. :

(28)

Sol. :

In how many ways 12 identical pens can be distributed among 5 students ?

11 16 16
(A) [4j B) (4j © [5] (D) 4P,

Required sum

The number of ways of finding 5 non-negative integer values whose sum is 12.

= The coefficient of x'? in (I + x + x> + ..+ x!?)°

= The coefficient of x'2 in (1 —x)° (1 +x + x> + ..+ x'?)° (1 —x)7

The coefficient of x'? in (1 —x"3)> (I —x)~

= The coefficient of x!% in (I — x)™ [(1 —x3) =1—-5x8+10x% ..
12+5-1 n+r-1
= 12 [The coefficient of x” in (1 —x)™ = " , 7 €N]

16 16
T2 T |4 Ans. : (B)
In how many ways 4 coins can be chosen out of 20 coins of ¥ I, 15 coins of ¥ 2 and
10 coins of ¥ 5 ?
(A) 21 (B) 20 (©) 30 (D) 15

Required sum

= The coefficient of x* in (1 + x + x> +..+x°) x (1 +x + x> +..4+xP) x (1 +x + x> +..+ x'0)

(1_x21) (1_x16) (l—x”)
X X
1-x 1-x 1-x

The coefficient of x* in

= The coefficient of x* in (I —x?!) (I —x'%) (1 —x'") (1 —x)73
= The coefficient of x* in (1 —x)> (in expansion of (1 — x*")(I — x'®)(1 — x!") the first term

is 1 and all other terms have exponent greater than 4.)

4+3-1)  (6) (6
( +4 j B (‘J B (ij % -P Ans. : (D)

There are at least 10 books of each of the subjects Mathematics, Physics and Chemistry. In

how many ways 5 books can be chosen from these books ?
(A) 21 B) o6 (C) 42 (D) 24
The number of ways in which 5 books can be chosen.

= The coefficient of x> in (I +x + x>+ ...)

The coefficient of x° in (I — x) (IT+x+x>+..=-x
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29)

Sol. :

(30)

Sol. :

o
o) () == A )

There are numerous balls of red, white, black and green colour. In how many ways 11 balls

can be chosen from these ?
(A) 165 (B) 120 (©) 330 (D) unlimited
Required number of ways

= The coefficient of x!' in (x + x> + x> + ...)*

The coefficient of x” in (1 + x + x> + ...)*

The coefficient of x” in (1 —x)™

T+4-1 10 10 10x9x8
(1) - () (2)- 232

A student is taking examination of three subjects and each paper has maximum of » marks.

Ans. : (B)

In how many ways, can he score 2n marks ?

(n+1)§n+2) B) n(n2+1) (©) [;Zj D)y nn+1)(n+2)

(A)

Required number of ways

= The coefficient of x*" in (1 + x + x> + ..+ x")?

= The coefficient of x*" in (1 —x)* (1 +x + x>+ ..+ x")* (I —x)7
= The coefficient of x* in (1 — ¥ 3 (1 — x)3

= The coefficient of x” in (1 — 3x""1 + .. ) (1 — x)73

The coefficient of x> in (1 — x) -3 x The coefficient of x** "~ !in (1 — x)7
2n+3-1 n-14+3-1
2n -3 n—1
2n+2 n+1 3 2n+2 n+1 _ (2n+2)(2n+1) (n+Dn
o |73\t )T 2 )73 2 )T 2 —3 3

(n+1) )2
= (@n+2-3m) = (n1)(n+2) )2(”+ )

Anmns. @ (A)
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GD

Sol. :

(32)

Sol. :

(33)

Sol. :

a a b a b b
If @ and b are positive integers, then (r] + [r—l] (lj + [r—Zj (2] + ..+ (rj = e
a+b a+b a ! alb!
(A) (:1) (B)[ ' ] © (D)

(1 +x%0 +x)? =1 +x)7,

: : N T S e R b+b +b2++bb
Expanding both the sides, || o |*| | [¥F[, & TF| | ol Lo ¥t I
B a+b a+b a+b 5 a+b aih
= 0 + X + ) | X +..+ a+h | X

Comparing coefficient of x” on both the sides,

e L) L)) ) - )

a+b
.. The required sum = | Ans. : (B)

There are numerous balls of red, yellow and blue colours. In how many ways 12 balls can be
chosen from them ?

(A) 105 (B) 55 (C) 91 (D) unlimited

The required sum

The coefficient of x'? in (I + x + x>+ ...)°

= The coefficient of x'? in (I — x) (I +x+x>+ ... 00=(1-x"
12+3-1 14 14 14%13

= [ 1 j:(lzj = (2] = ) = 9] Ans. : (O)

In how many ways 4 alphabets can be chosen from the word ASSASSINATION ?

(A) 60 B) 72 (©) 80 (D) 71

6 6
The number of ways of choosing 4 different alphabets from S, A, N, I, T, O = [4j = [ j =15

(For example SANI, AITO etc.)

The number of ways of selecting two identical alphabets and two different alphabets
4 5
=1 ) =40 (For example SSAN, AATO, NIIO etc.)

4
The number of ways of selecting two pairs of two identical alphabets = (ZJ =06

(For example SSAA, NNII, AANN etc.)
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The number of ways of selecting three identical alphabets and one different alphabet

2\(5
= [1 j (lj =10 (For example SSSA, AAAI, AAAN etc.)

The total number of ways = 15+ 40+ 6 + 10 + 1 =72 (1 for all same alphabets)  Ans. : (B)

G 3+ (23] + () o=

PR VI 47812
(A) V2 -1 (B) 242 + 1 (€) 2421 (D) 22
-1
Sol.:  (1+xy—1= nx+ "(”2 ) 2 4., oo
- 3 (3x2 3.3 L oo
-3t (4X8) * (4X8 Xn)

. _ 3 . nn=1) , 15 .

S XS L (i) and T (1))

. nm=D? g5 4y

(i1) + square of (i) S22 T3 3 0%

n—1 _5
n 3
" 3n-3=5n So 2n=-3. Hence n = -3
ot _ 36 _3)._3 _ =1
Substituting, n = > in (i) we get, ( 2) x=7. So x >
=3 =3 3
(1l +x)Y—=1= _lZ_:lZ_ = 55 =242-1 Ans. ¢ (C
(1 +x) (-3 1= 1 =2 =242 ns. : (C)

(35)  The coefficient of x° in the expansion of (1 +x + x>+ x>+ x*)3 is ...... )

(A) 15 B) 18 (€) 21 (D) 24

(1-x)° A+ x+x> +x +x4)°
Sol. : (I +x+x*+x+x%) = 3
(I-x)
=1-x)P1-x)7
.". The required coefficient of x> = [The coefficient of x° in (I — x°)*] x

[The coefficient of x° in (1 —x)>] +
[The coefficient of x° in (1 — x°)] x

[The coefficient of x* in (1 — x)7]

3 5+3-1
—(JX(I)HI)X[ 5 J

k+r-1
[The coefficient of x" in (1 —x)* ke N is [ . j]

7 7
3+ [5] = 3+ [zj = 3+21=18 Ans. : (B)
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(36)

Sol. :

(37

Sol. :

(38)

Sol. :

The number of solutions of the equation x, +x,+x;+x, = 31, x,, x,, x;x, € Wis ..... .

34 34 35 33
of)  wf) el e

The number of solutions = The coefficient of x*! in (1 + x + x*>+ ..+ x*!)*

2

A=) A x+x% +..+ 04

(1-x?

The coefficient of x*! in

= The coefficient of x*! in (I — x*?)*(1 —x)™

= The coefficient of x*' in (I — x)™

31+4-1 ntr-l
3l The coefficient of x" in (1 — x)™" = -

34 34
(31j = (3J Ans. : (B)

The number of solutions of the equation x +y +z=20,x>21,y2>22,z23,x,),z€ Wis ..... .

(A) 210 (B) 136 (C) 120 (D) 124

The number of solutions,

= The coefficient of x*° in (x' + x*+ .+ x%) @+ x>+ ... +x°) P+ x*+ .. +x9)
= The coefficient of x° in x6 (1 +x+ ..+ x") (1 +x+ ... +x¥) (1 +x+..+x7)

= The coefficient of x™* in (1 +x+ ..+ x) (I1+x+ .. +x®) A +x+..+x)

1220 (12419 (- '8
= The coefficient of x'* in | 7= —x T—x

= The coefficient of x'* in (1 —x%°) (1 —x') (1 —x"®) (1 —x)7

= The coefficient of x'* in (1 — x)~

3+14-1 16 16 16x15 .
= 14 T2 =120 Ans. : (O)

The number of non-negative integral solutions of inequality x + y +z <30 is ...... .

(A) 5465 (B) 5456 (C) 5654 (D) 5646
The number of non-negative integral solutions of x + y + z < 30 = the number of non-negative

integer solutions of x + y + z + a = 30.

The number of solutions = the coefficient of x*° in (1 + x' + x*>+ ...+ x*°)* = the coefficient of

xin (1 —x)* (I +x'+x2+ .+ X3 (1 -x)"
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(39)

Sol. :

(40)

Sol. :

= The coefficient of x* in (1 —x*")* (1 - x)™

= The coefficient of x** in (1 —x)™

4+30-1 33 33 33x32x31
) () - 2

30 30 3

6

(B)

In how many ways can 15 objects be placed in 3 boxes ? (Each box can hold atmost 15 objects).

(A) 91 (B) P, (C) 3B (D) 136
Here in each box, we can put 0 or I or 2.... or 15 objects.

The required number of types,

= The coefficient of x!° in (1 + x + x*>+ ..+ x1%)3
= The coefficient of x> in (1 —x)> (1 +x + x>+ ..+ x> (1-x)73
= The coefficient of x'° in (I — x'9)*(1 — x)~3

= The coefficient of x3 in (1 —x)~

30 ‘l i © ’ ) ’ 430 ’
Ifc = ,then |— | +8|—|+27|—=| +..+30° |— | =....
! r o a &) €29

(A) 76808 (B) 76080 (C) 75880 (D) 76880
30
c, _ \r) __30 GO-r+D!(r-D! _31-r
- ]_ 30y (0-n)r! 30! i
)

30 o V2
The required sum = 2. r3( - j

30
= 2.7 (961 — 62r + 1?)
r=l1

30
= 2 (961 r—62 12+ 1%

r=1

2 2
n (n+l) n (n+)(2n+1) n°(n+l)
[961 5 62 3 +—

n=30

15+3-1 17 17 17x16
15 =lis| =12 =T=136 Ans.

+(D)
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= 2 3 3 2

n(n+1)[961_124n_g+n2+n]
n =30

= 2 6

n(n+1) [5766—248n—124+3n2 +3n ﬂ
n =30

_ M(%z _2451+5642 )}
L 12 n =30

= 122 (8342-7350) = 132 (992) = 155 x 496 = 76880 Ans. : (D)

(41) El[g[fj] = e

(A) n -2 (B) n- 2" (C) 2"+ n (D) (n + 1) 2

Sol. : (1 +x) = (g}r [zjJr [ijﬂ oo+ (ZJX"

Differentiating both the sides with respect to x,

T NV RS [ RS
3)+2(3)+en(l)
)2 (o) e (1))
o] () ()
(o) (O RERE - - ()

n- 2;47]

Ans. : (A)

Il

3

1=
N 3
LT
VR

N S

N—
N——

9
(42)  The coefficient of x° in the expansion of Y, {(x +4)°7 -(X+3)r} is ... .
r=0

10 9 10
(A) 781 - [SJ (B) 780 [5j (C) 781 (D) [SJ
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9
9—r r
Sol. : Here, k= The coefficient of x° in %{(“‘4) (x+3) }

= The coefficient of x> in (x +4)° + (x + 4, (x +3) + (x +4)" (x + 3> + ... + (x + 3)°

= The coefficient of x° in (x + 4)°

= The coefficient of x° in (x + 4)!° {1_(

10 10 10
= The coefficient of x° in (x + 4)!— (x + 3)!* = (5 J45 - [ ]35= [

43) If n €N — {1}, then Z{(—U’ (100—”[’:]}: ......

r=0

(A) 100 (B) 100 (27)

©) 27— 1

5

(D) 0

n , n n - n n , n
Sol. : EB{(_I) (lOO—r)[r]} _ r:O(_l) 100 [r]_gb(_l) r [r]

I

—_

(]

S
—
VR
o S
|
VR
- S

100 {0}+{

(1 -x)"= (ZJ - (?jx + [ZJ x? - [ZJ X+ L+ DX

Differentiating both the sides with respect to x,

n(l-x)"1-1)=- [T] + 2x [Zj — 3x2 [Z] +o ()]

n n n
Taking x =1, 0 ——(1]4-2 [2]—3 [3]4- vt (=

0= m -2 @ +3 [ZJ— D) g

From equations (1) and (2), the required sum = 0

1)" n

5

]-781

Ans.

(M

)

Ans.

*(A)

+(D)
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(44)

Sol. :

(45)

Sol. :

(46)

If C, = (':j,then > (ﬁ CrJ =

m=0\ r=0

(A) (n +2) -2 B) (n+1) 2" (C) n 2™ (D) (n +2) -2

n
The required sum = ZO(CO"'CI +C 44 Cy)
m=

= C+H(C+CHH(Cy+C+CH)+ .. +(C+C+C+ ..+ C)
= (mt])-Cy+n-C+(n-1)-C,+(n-2)-C;+ ... +C,
= (n+t)-C +n-C_ +(n-1)-C_ +.+3-C,+2-C+C,
= (C,+C +C+ .. +CH+(C,+2-Co+..+n-C)
= 2n+n.2n—1:(n+2).2n—l
[Expand (1 + x)”, differentiate w.r.¢. x and then substitute x = 1, we get,
C,+2-C,+3-Cy+..+n-C =n-2""] Ans. : (D)
n k+1
k k+1
IfS, = er , then 2[ jS = ...
r:

r=10 "

(A) (n+ DF -1 (B) (n+ D! (C)n*t -1 D) (n+ 1) -1

The required sum

k+1T k+1 k+1
= 2 Sk+l—r | _ S
r=0L\ " 0 a

k+1T
k+1
B z [ ]{1k+l—r+2k+l—r+3k+1—r+m+nk+l—r}:| _Sk+l

r=0 r

r=0 r=0 r=0 r=0 r

k+1 k+1 k+1 k+1
= 2 (k+lj 1k+1—r + 2 (k:_lj 2k+1—r + 2 (kjlj 3k+1—r + .+ 2 (k+lj nk+1—r_sk+1
r

- 2k+1 + 3k+] + 4k+] + .+ (n + l)k+1 _(lk+1 + 2k+1 + 3k+1 + ..+ nk+1)

= (n+ D1 -1 Ans. : (A)
3 (n
If nisamultiple of 3, then 3, |, | = ...

Wiercyy @ o ©2-2¢ly (@) 21y
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n
Sol. : (1 +x)" = 20 [’J x". Let x = 1, x = w and x = w? respectively, (where 1 +w +w?=0)

n

B2 (L = 2 [':J(wa W)

n

52N (W) () = [gJ (I+1+1D+ [TJ (I+wt+w)+ ..+ (}J (1 +w"+ w?)

-oon 4 (_ l)nw2n+(_ ])n(w)n - 3(3] + (Vll] (O) + (Z] (0) + [;l] (3) + ...+ [Z] (3)

L2041 () +H(=D() =3 Hg]*'[z}"[’;}'"{:ﬂ (n =3k, so, w" = 1)
2" 4 2(-1)" % n % n 1
L = % 5 |- So. % 3| =3 @1 (E1)2) Ans. : (A)
40

(47) The coefficient of x° in ZO (1) x" (14297 is ... .
r=

40 42 41 39
o) e o) ef

40
2 (D) ¥ (149" 7]

40 r
(1 +x)4° Z [(r+1) [ﬁ} }

Sol. : S

r=0
40
— 40 r X _ _
(1+2° 2 @+ 1p (= =p)
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(48)

Sol. :

(49)

Sol. :

S = (1+x)% [1+2p+3p>+..+41 p*] (1)

(1 +x)% [p+2p* + ..+40 p*+41 p*] ()
(1)— (2) gives
(1=p)S = (1 +x)% [14p+p2+ .t p — 41 ]

S
wn
Il

a-p*h

= (+9° 1 =

41 p41]

41
1+x 41
—41( X )
X 1+x

- —=—=)S =(1 +x)%
( 1+x)

1+x

42 41 41
S = 1+ [0 —x Q49 )
(1+x0)" (1+ x4
= 1+ = () -4t = (4R 42—
42
. The coefficient of x> in S = The coefficient of x° in (I + x)* = (5 ] Ans. : (B)

If [x| < I, then the coefficient of x” in the expansion of (1 +x + x>+ + x3+ ... )% is ...... )
(AIEEE : 2002)
(A) n B) n+2 ©) n—1 D) n + 1

1
As| <1, T+x+x*++x+ . 0= T

The coefficient of X" in (1 +x + x>+ + x>+ ... )

. . n+2-1 n+1
= The coefficient of x” in (1 —x)? = Y =, |=ntl Ans. : (D)
3
The smallest positive integer greater than (1 +0-0001)10 is ... . (AIEEE : 2002)
(A) 4 (B)5 ©) 2 (D)3
m = (1+0.0001)°° = (1 + 107
1000x999
= 141000 (104! + TX (1042 + .. 1001 terms
< 1425 +1000 x 1000 x 107 + .. oo

10

g G oo
- 10 10 10 -
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10
9

m< m. Also, m > 1 is true.

9
The smallest positive integer greater than m is 2. Ans. : (C)
=
(50)  The coefficient of x° in (1+2x+3x* +..) 2 is ...... . (AIEEE : 2002)
(A) 21 (B) 25 (C) 26 (D) None of these
-3 =
Sol. : (+2x+3x2+.)2 = {(1—)6)_2 2
= (1 -x)

o) -GG ()

The coefficient of x> =0

Out of given options (A), (B), (C), none is correct. Ans. : (D)
27
(51)  If x> 0, then the first negative term in the expansion of (1 + x)?3 is ...... . (AIEEE : 2003)
(A) 7th term (B) 5th term (C) 8th term (D) 6th term
Sol. : T,H _ n(n—l)(n—2')...(n—r+1) -
r.
27(27_\\(22_,) (2Z_
- ( 5 1)( 5 2)( 5 r”) X

r!

Now, if the last factor in the numerator is negative, T . will be first negative term.

rl
. 27 . .
5ot 1 <0 is necessary for this to happen.
) .
-5 <r 1S necessary.

". The smallest value of » = 7 will make T, negative.

.*. First negative term =T , th term = T, th term
27 27
Note : For r = 6, 2?7 (S_IJ ......... (5—6+1j> 0 Ans. : (C)




(52)

Sol. :

(53)

Sol. :

(54)

256 .
1S

The number of integer terms in the expansion of (Jg +¥5 ) ...... . (AIEEE : 2003)

(A) 35 (B) 33 (©) 34 (D) 32
Here, T, = (2i6j (@)256_r (%)r = (2i6J (3)&; (5)%
256—-r

r o . .
5 and 3 must be both positive integers for integer term T _,.

6-—
Hence, 7 is a multiple of 8. Again for this > L s also an integer.
Here, 0 < r < 256, and so maximum value of 7 is 256.

.. Values of r = 0, 8, 16......256.

ST, T Togenn T,, are integers.

257 =1+ 8(m-1)

n =33

The total number of integer terms = 33. Ans. : (B)
The coefficient of x” in the expansion of (1 + x)(1 —x)" ...... . (AIEEE : 2003)
(A)yn-1 B) D" (n+1) (©) D"'n D) D" (1 —n)

(I'+x) (1 =%

= (1+x) {1—nx+[§]x2 —...+[n’11 j(—x)n_l +(Z] (-x)" }

.. The coefficient of x” in the expansion,

= (1) [] 1y + (1) x[n'ilj 1 = 1y (= ) Ly = (1 (=)

Ans. : (D)
b 2x
If lim [l+§+—2J = ¢2, then a and b satisfy ...... . (AIEEE : 2004)
X—o0 X
(A)b=2,aeR B)a=1,beR (C)a beR Dya=1,b=2
2x
lim (l+£+LJ = e2
X—yoo X x

lim 2x log (1+L‘2"bj =2 loge
x

. ax+b 1(ax+b : 1(ax+b ’
. lim 2x -—= += +..000,=1)
oo 20 20 )2 31,2
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(33)

Sol. :

(56)

Sol. :

N B 2 I
[ log(1+x)—x77+——7+...oo]

1
x—o X X 2 x3 3 x5

2 3
i 2% {ax+b_l (ax+Db) N (ax+Db) ____00}22

2 3
lim 2 {a+£—L (a+£) +L2 (a+£) —...oo}Z 2

X—o0 x 2x X X

S 2{a+0-0(@+0)2+0(a+0) —..c0)=2

S 2a=2

“a=1,beR Ans. : (B)

If the coefficients of the middle term in the expansions of (I + ox)* and (1 — o) are same,

then the value of non-zero o is ...... . (AIEEE : 2004)
-3 -5 3 10

N (B) 5 © % (D) 5

The coefficient of the middle term in (1 + ox)* = The coefficient of the middle term in (1 — owx)°

o= (o £ 0) Ans. : (A)

(1+x)%—(1+§)3

If x is so small that x> and heigher power of x may be neglected, then T may be
(1-x)2
approximated as ....... . (AIEEE : 2005)
3.2 _3 5 X 3. 3
(A) 3x + g B) 1 g X © >~ 3% (D) g X

3 3 -1
Here, {(“x)z "(“%) } 1-x2

2 o
{(“%x +2l!(%)(%)x2)—(1+37x+(3)x7} (1-x)2  [neglecting terms containing x>, x*, x° ...]

(Since, higher powers of x can be neglected)

I
7~ N\
|
w
Sl P
[3e]
N——
N\
—_
+
(Y
+
W
oo|><
N—

= 24 = === [After neglecting terms containg x3, x* | Ans. : (D)
g g g
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(57)  If the coefficient of x” in (ax2 +$) is equal to the coefficient of x™7 in [ax—b;zJ , then a
X
and b satisfy the relation ...... . (AIEEE : 2005)
(Aya—b=1 B)a+b=1 (C) ab =1 D)a=h
Sol. : (r + l)st term in (ax2 +—)ll - ! (ax?)! =7 (L)r
t bx r bx
_ (1 alr 2-2r-r
r b" ’
So, to find coefficient of x’, 22 —3r=7. Sor=>5
1 11 11 1 r
: N N -, | =L
and (» + 1)st term in (ax bxzj = (r j (ax) (bxz)
_ [Hj at > (_1)"x11—3r
r b"
So, comparing with x7, r=6
Taking » = 5 and r = 6 respectively,
1) 46 (11 45
)82
. a6 b6 — aS b
wab =1 Ans. : (O)
(58)  For natural numbers m and n, if (1 —»)" (1 +y)" =1+ay + a2y2 +..and a; = a, = 10, then
(m, n)= ... (ALEEE : 2006)
(A) (20, 45) (B) (35, 20) (C) (45, 35) (D) (35, 45)
Sol. : (l _y)m(] +y)”l = [1 - my + (";}yz - [,;l] y3 + ... (m+1) terms) X
(1 +ny + ["J [ZJ .. (n+1) terms)
m
m n
n—m=a, =10, | Ty |mmn = a, =10
B m(m—1) n(n-1) .
n—m=10, 5 5 —mn =10
n—-m=10, m*—m+n>—n—-2mn=20
“n—m=10, (m—n)>—(m+n) =20
~n—m=10,100 - (m + n) =20
~n—-m=10,m+n=2380
~n=45 m=735
. (m, n) = (35,45 Ans. : (D)
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(59)  If the sum of the 5th and 6th terms in the expansion of (a — b)", n > 5 is zero, then % =

(AIEEE : 2007)

() = B) = © 15 (D) *5°

Sol. : T, +T,=0

. (ZJG n—4 (—b)4 = _[Z] a™ (_b)s

o onn=-1)(n-2)(n-3)  nn-1)(n-2)(n-3)(n-4) b
' 24 a- 120

= Ans. : (D)

. . 1 . .
(60)  If the expansion of the function T—5"7—,= in powers of x is a, + ax + ax® + ax® + ..,

then a, = ...... (AIEEE : 2006)
a'— b an+1 _ bn+l bn+1 _ an+1 bt — "
A) =5 B) = — © = D) ==

Sol. : (I —ax)" (1 =bx)' =1 +ax+a**+..)x (1 +bx+bx*>+.)

a, = The coefficient of x”
= b +ab' + PP+t a”
2 n
= oy |1+ &+
by b"
(i)nﬂ ]
b B an+1 _bn+1 b bl’H’l _ n+l
SO e | T T e T T Ans. : (C)
20 20 20 20 20
61) ol l 11T lal=13]T~Tlio]= = (AIEEE : 2007)
20 1 (20 20
(A) ~l10 (B) E 10 (C) 0 (D) 10

20) (20 20 20 20 20
Sol. : (1 +x)* = [0 ]+ [1 ]x+ [2 ]x2 + [3 jx3 +.+ [10jx1°+ ot [zoszo
20 20 20 20 20) (20 20
Letx=-1.S00 = [Oj— [1 j + [2j—...—[9]+ [10]_ [Uj ++ [20]
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(62)

Sol. :

20 20 20 20 20 20 20
(o)) () (o) () () )
20 20 20 20) (20 20 (20 _
(10] =2 (Oj—2(1]+ —2(9]+ [10] + (10] (Adding [10] on both the sides)
20 20 20 20
-9 o +
) 2 [THT MR
20) (20 20) (20} 4 (20
-.(0]_(1]+..._[9]+(10]:5(10] Ans. : (B)
On dividing 82" — (62)>" " ! by 9, the remainder obtained is ...... . (AIEEE : 2009)
(A) 0 (B) 2 €) 7 D) 8

87— (62) 1 = (1+63)"—(63-1)""1
(1+63)"+(1-63)*"!

20
9

[1 +63n + (Zj(63)2 + ..+ (63)”] +

2n+1

[1 —(2n+1) 63 + ( ) ](63)2 - = (63)2””]

2n+1

2+ 63 [n +[Zj(63) +o 63 —@an+ ) +( ) j(63) e (63)2”]

So, dividing 82 — (62)*" * ! by 9, the remainder obtained is 2. Ans. : (B)

Second method : 8%62)"""'= (1" - (=1)*""! (mod 9) =1 + 1 =2 (mod 9)

1) 1)
(63) The degree of polynomial {x+(x3 —1)2} + {x‘(x3 —1)2} inxis ... . (IIT-JEE : 1992)

Sol. :

(A) S (B) 6 ©) 7 (D) 8

n n n— n n—
We know that, (x + a)" + (x—a)" =2 [x +(2Jx 24? +(4JX 4qt +}

1 1)’ 1)’
Taking a= ()C3—1)E and n = 5, {x+(x3—1)2} + {x_(x3 _])2}

s (3) 3,3 . [2)., 3 ;2
= 2{x +[2Jx (x 1)+[4Jx(x 1)}

The index of the first term is 5, that of the second term is 6 and that of the third term is 7.

The given polygomial is of degree 7. Ans. : (O)
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(64)

Sol. :

(65)

Sol. :

(66)

Sol. :

If n is a positive integer, then (3 + 1)?"— (3 = D> is ...... . (AIEEE-2012)
(A) an irrational number (B) an odd positive integer

(C) an even positive integer (D) a non-integer rational number

(VB + D= (B - 1) =4 +28)'— (4 -23)"

2T[2 V3 — 2 -B)"]

2.2 [mzn—‘ V3 + [ZJzH (B) +.]

n n
ot 3 [[1 j2”1 +[3]2”3-3 +] is an irrational number.

Ans. : (A)
Given that positive integers » > 1, n > 2 and the coefficient of (37)th and ( + 2)nd terms in the
expansion of (1 + x)*" are equal, then n = ....... . (ITT-JEE : 1983)
(A)yn=2r B)yn=2r+1 (C) n=73r (D) None of these

In the expansion of (1 + x)*", coefficients of T, and T , are equal.

)

Jr—1l=r+lor@Br-1)+@E+1)=2n
2r=2or4r=2n
r=1lor2r=n
But » > 1 is given. So, n=2r Ans. @ (A)
: Questions Asked in JEE Main and Advanced :

10
. . . x+1 x—1 .
The term independent of x in the expansion of | 57—~ 1 is ...... .
x3-x3+1 x—x2
(JEE-MAIN :2013)
(A) 4 (B) 120 (C) 210 (D) 310
10
x+1 x—1
2 1 1
x3 —x34+1 x—x2
| | 10
| 1 1
= (x2 =D (xZ2+1) 1 2 1
= [P ) (x +1=(x3+1) (x3-x3 +1))
x2 (x2 -1)
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1 _i1\]'° o)
[(x§+l]—[l+x?ﬂ - [xs - x?2 J
o) (L7 (2 10y w0
Now, T, = (Tj x3 -x2 | = [i’jx3 XT(_IY

(10 . 205
= |, ey =
20-5r
For constant term, G =0. So,r=4
10 10x9x8x7
_ 4 _ _ .
T, = [4 ] =)= — 210 Ans. @ (C)
(67)  The greatest term in the expansion of (10 + 3x)'%, when x =4 is ...... and its value is ...... .
12 12
(A) Tg| 5 | (120)° x 144 B) T, |, | 10°x12}
12 s . 12 ] ,
O T,=T, | g | 10712 DT, | 5| 10°0x12

Sol. : Comparing (10 + 3x)'? with (x + y)", x =10,y =3x, n =12

(n+l)y  (12+1)3x  13x3x4 |54

N = = = I e— 7—8 1 t 1 t
OW, m = "7 10+ 3x 10412 22 11 'Shotaninteger.

So greatest term, T[m] =T, =T

12 12 12
and T, = (7 J (10)° x (3x) = (5] 105 x 127 = (5) 1205 x 144 Ans. : (A)

S d hod : T >T 12 1012—7‘ 3x) > 12 1012—r+| 3 r—1
econd method : T 2T = | (x)_r_1 (3x)

3y 10
= 213,

S>rss (x = 4)

.. The greatest value of r =7

_ — — 12 5 7
- The greatest term =T =Ty = s | 107 x 12

12
(5 j (120)° x 144 Ans. : (A)
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(68)

Sol. :

(69)

Sol. :

The sum of the coefficients of integral powers of x in the binomial expansion of (1 — 2+/x )%
...... . (JEE-MAIN : 2015)

(A) 3 GV + 1) B®) 3 (%) © 3 (V-1 (D)3 @+ 1)

50 50 50 50
—2\/5)50=[0]—[1](2\/§)1+[2] 2x ) —[3] QVx )+ ..

Let £ = The coefficient of integral powers of x.
50 50 5 50 . 50 %
0l T12]|@ |4 ]|@ .t 552
% 50 50 50 5 50 3 50 . 50 50
Now, (1 +x)»* = o 1Tl H o X T3 X+ |4 Xt Tl50|x (1)

. w0 _ 50 50 50 5 50 3 50 . 50 %
Putx=21in(1),37={ [+ | [ |2+, |22t |3 |27+ |4 |2t F5 12" @
Put x =-2 in (1),

w0 _ 50 50 50 5 50 3 50 . 50 5%
=t -l 12T 1212 =132 a2 T|5]/2 3)

Adding (2) and (3),

[(50) (50)., (50).4 50 5 |

35041 =2 _[O]+[2]2 +[4j2 +...+(50]2 |

3041 _ [500j+[520j22+(sf]24+...+[28]250 —k
2 L i

350 41

k= 5 Anmns. @ (A)

If the coefficients of x> and x* in the expansion of (1 + ax + bx?) (1 — 2x)'® in power of x are

both zero, then (a, b) = ...... (JEE-MAIN : 2014)

) (16 251) (B) (14 251) © (14 272) (D) (16 272)

(1 + ax + bx?) (1 —2x)'®

C dtart b (1—(118}”[128](2)6)2—[138](2x)3 +[f](zx)“—...]
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(70)

Sol. :

(71)

Sol. :

18 18 18
Now, the coefficient of x> =~ | ; 12> +a |, |22=b | [2=0 )
18 18) 5 18

The coefficient of x* = | , |2* +a |=| 5 |2 |+b |, [22=0 Q)
From (1), =153 a + 9b + 1632 = 0 giving —51 a + 3b + 544 =0 3)
From (2), 32 a-3b-240=0. “)
So—19a + 304 = 0. (Add (3) and (4))

a=16. So.b= %

- (@ b) = (16, 2;2) Ans. : (D)
Prove that 727 + 237 73 . 371 is divisible by 25. (IIT : 1992)

72)’1 + 2372 -3 . 3}’1—1 = 49" 4 23(”1—]) . 3”1—] = 49" + 24(’7_])

(50 — 1) + (25 — 1)*!

(= D" (1 =50)" + (= 1) (1 - 25)""

1" {[1 - 50n + (Zj (50)* — (Zj (50)° + [Zj (504 — ... + (=50)"]

n-1 n-1
yy —(n—])25+( ) ]252— ( ; jzs3 + o+ 1) sy}

1y {-50n + [Zj (50)° - (Zj (50)* + [Zj (50)* — ... + (= 1)" 50" + (n —1) 25

n-1 5 n—1 3 | .
-, 252 |, 250 - @Sy}
Each term is divisible by 25.

o 72+ 2313 3 g divisible by 25.

Second method : 72 + 2313 . 371 = 4on 4 4(n-1)

49 = (-1) (mod 25) and 24 = (1) (mod 25)
o497+ 2407D = 1y + (-1)7 (mod 25) = (0) (mod 25)

o 497+ 24" s divisible by 25.

.. . \n — 2 3 2n
Let n be a positive integer and (1 +x + x°)" = a, + ax + ax* + ax’ + ... + a, x*". Then show

2
2n

that a> —a? +a’—al’+ .. —a
(IT+x+x) A -x+x)=0+x)-x>2=1+x>+x*

S0 Hx ) (L —x+x)=(1+x%+ x4

L +a=a (IIT : 1994)
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2\n — 2 3 2n
Now, (I +x +x?)'=a, +ax+ax’+ax’ + .. +a,x (1)

Replace x by % in (1),

Xy 2 3 x2n

n
1.1 a a a a
I+—+— :a0+_1+—+—3+_,.+ .
x X x

Multiplying both the sides by x*”,

(FHx+ D=ax+ax* +ax*?+ .. +a,
Replace x by —x,

(F—x+1)y=ax—ax' +ax*?- .. +a, ()
Replace x by x? in (1),

(I+x2+x)y=qg,+ax’+ax*+ .. +ax"+ . +a,x" 3)

2n
Multiplying (1) and (2), we get

(IT+x+x3)" x (1 =x+x)" =(a,+ax+ax’+ .. +a,x") x (ax* —ax'+ .. +a,) @
Equating (3) and (4),

a +tax*+ax*+..+ax¥+ .. +a, x"=
0 1 2 n 2n

2 2 2 2n-1
(a, Tt ax +ax”+ ..+ a,x") % (ax™" —ax™" + .. +a,)
Comparing coefficients of x*” on both the sides,

-a’+a’.. +a,?

a, = 4 1 2 2
val—aftal-al. ta,? =a
(72)  Let R = (545 + 11)2”“ and /= R — [R] where [ ] denotes the greatest integer function,
prove that R-f= 421, (1IT : 1988)
Sol. : For integer I, let [ <R <1+ 1. So, [R] =1 (R is not an integer.)

0<R—-[R]<1. Hence, 0 <f <land R=f+1

Now, 121 <125< 144 = 11 <545 <12=0<55 - 11 <1
=0< (545 — 11" <

o 0 <f <1where, f = (545 — 11)2""!

(55 + 1) (545 — 112!

I+ = f

24 (ZTIJ (54511 + (2,1;1] CREDRERR I

= an even integer
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(73)

Sol. :

(74)

Sol. :

s f = f =an integer (I is an integer.)
But0<f<1,0<f <l=-1<f—f <1
nf-f=0= f=f
AR =R-f1= (545 + 11 (545 — 112!
= {55 + IG5 - 12 =25 - 121 = 42

n n 2n+1
If Z a (x-2)y= 2 b (x—3)and g, = 1, for all k > n, then show that b =
r=0 r=0

n+l

(1T : 92)
Substitute x — 3 =y

2n 2n
% a (1+yy= ZO by

coagta (1+n)+a,(1+3)2+ . 4a, 1+ T+ 1A +)"+1(1+p)" 1 (1 +y)"2+ L+

L1+ =b,+by + .+ by' ..+ bZnyZH (a.a =)

n+1

Comparing coefficients of )" on both the sides,

n+l n+2 n+n
1 + 1 + 2 + ...+ " = bn
n+l1 n+l n+2 2n
bn = 0 + 1 + 2 + ...+ n
n+2 n+2 n+3 2n
R R T A
B n+3 n+3 2n-1 2n
S - U T S U0 ) B
B n+4 2n—1 2n B 2n—1 N 2n—1 N 2n
N 3 Tt n—1 + n) | n=2 n-—1 n
ZnJ (ZnJ [2n+lJ [2n+lJ
= + = =
n-1 n n n+l

3! S . _nCr
Prove that, 2(n+3) = rg(,) -1 Yeh (LLT. : 1997)
2 Ch B n! r!3! B 3l(n+3)!
+3C, T orl(n-r)! % (r+3)! T (n+D)(n+2)(n+3) (n=r)(r+3)!
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(75)

Sol. :

(76)

Sol. :

31 n+3
R [r+3]
rits - 3 {SLBLS) - =8 o (1)
n+3P3 {( 1) [ ] &) [ A ]+(—1)5 [n;3]+,..+(_1)n+3 (Ziij}
— P3 {(_Do (m}( = [n+3}( e (m} (_1)3[;1;3]{__ s [ZI?}(HZ3HI1?3}(11;3J}
Sl (DL

-3l {0 emes (n+3)(n+2)}
n+3 P3 2

3 ~242n+6-n*-5n-6
T 43 (n+2)(n+l) S 2

3! -n" -3n-2 31
= )t 2 = 2m+3 ~ LHS.

0) ( 20 D
If the sum 26 [ ; j [m—i] is maximum, then m = ...... (where [q] =0if p<gq)
1

(IIT-JEE : 2002)
(A) 15 (B) 5 (C) 20 D) 10

% ()= )G ()0« (6)

= The coefficient of x” in the expansion of (1 + x)'° (x + 1)%
= The coefficient of x” in the expansion of (1 + x)*
30
= (mJ which is maximum when m = 15. Ans. : (A)
The coefficient of 24 in (1 +2)2 (1 + ) (1 + ) ...... : (IIT-JEE : 2003)
12 12 12 12
A g B) | ¢]*3 O |g]*2 D le ™

(A +A2A +12) 1+~

= (] + tlz + t24+ [36) (] + t2)12
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(77)

Sol. :

(78)

Sol. :

12) (12, (12, 12) 54
= (1 +12+724+ 7% MO}L[I} +[2]t +...+[12]t

' N 12 12 12
The coefficient of ##* =1 x nlt I x 6 | 1 x 0
12
=1+, |+1
12
=le T 2 Ans. @ (O)
; 10
The coefficient of x* in [%——2] iS ... ) (IIT-JEE : 2003)
X
450 405 504
(A) 263 (B) 756 © 259 (D) None of these

10 10-r (2 Y 10 (D" 3"
_ X 3 — —3r
Here, T, = [rj (5) (xzj = (r J x10-3 .

To find the coefficient of x*, we should have 10 — 37 =4 ie.r=2

(10] (-1)23? _ 45%9

. 4
The coefficient of x ) 8 256

_ 405 .
= 556 Ans. : (B)

If the coefficients of three consecutive terms of (1 + x)”Jr5 are in the ratio of 5:10:14, then

n= ... .
Let the coefficients of three consecutive terms in (1 + x)”™ namely T , T, T, beinthe
ratio 5:10:14. (IIT-JEE : 2013)
n+5 n+5 n+5
PN I S I , =5:10:14
n+5 n+5
r=2) \r-1 2(n+5)! B (n+5)!
5 10 (=riDr=2!  (i-r+6)!(r=1)!
2(r-)=n—-r+7
n-3r+9=0 (1

[n+5] [n+5] T(n+5)! 5(nt5)!
n+J)! n+J)!

11— _

and \""2)=1" )} = G- (i_r+5)r

= Tr=5m-r+06)
= 5n—-12r+30=0. Also, 4n—12r + 36 =0 (From (1))
n—6=0. So,n=6 Ans. : n=6
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(79)  The coefficient of x'! in the expansion of (1 + x?)* (I +x°)7 (1 +x*)"?is ...... )

(JEE- Advanced : 2014)
(A) 1051 (B) 1106 (C) 1113 (D) 1120
Sol. : Here, (x2)%- () - (x*)¢ = x!!
x2a +3b +4c _ xll
s2a+3b+4c=11
s(a b, c)=(0,1,2),(1,3,0), (2, 1, 1), (4, 1, 0)

et (o) (1] (3]« (1) () (o]« (o) () (%) (3] 2] )

e 0 1 2 1 3 0 2 1 1 4 1 0
=(IxXTx66)+@x35x1)+6xTx12)+(1x7x1)
=462+ 140 + 504 +7 = 1113 Ans. : (C)

: Questions with More Than One Correct Answers :

(80)  The coefficient of @ b* ¢> in the expansion of (a + b + ¢)1? is ...... )

(12)! 12 7 12) (12) (12 12 8
wih w30 ol el
a2)! a2)!

plqg!r! @bl = m @ bt

Sol. : The general term in the expansion of (a + b + ¢)!? =

. . (12)! 12! 7! .
. The required coefficient = 37757 = =757 % 3147 (required)

12 7
HERRE

(12)! a12)! 8!

> 314151 814!l < 315!

12 8
_ (4} ) @ Ans. : (A), (B). (D)

7

1 —1
-1 D) 1,15
(81)  If in the expansion of {(9x +7)2+3 +D) 3 } , T, = 84, then x =

Also

(A)3 B) 1 ©)2 (D) 1or2
7 2 =
Sol. : T, = (5) (9"_1+7)2 (3"‘14.1)5 =84

210+ =84 3+ 1)

. 32)6 B i.{.l
LI T —4[3

3T +63 =12-3+36
(3 -12-3 +27=0
*(3-3) 3-9=0

. 3¥=3 or 3*=9

“x=lorx=2 Ans. : (B), (C), (D)
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(82)  The number of terms in the expansion of (5x + 6y — 7z)" ... .

n+2 n+2
A | 3 (B) X (n+2) ©1 » D)X (m+1)
n+k-1 n+3-1 n+2 n+2 2 1
Sol. : The number of terms = ( ] = ( ] = [ ] = [ ] _#DetD
n n n 2 2

. The number of terms =X (n + 1) Ans. : (C), (D)
(83)  If the sums of the coefficients in the expansion of (I — 3x*> + 10x)" and (1 + x7)" are p and ¢

respectively, then ...... (n>1)

(A)p:g=4 B)p+q=pq ©p=¢ (D) pg = 4%

Sol. : Substitute x = 1 in (I — 3x* + 10x°)" and (1 + x7)"

p=(1-3+10"=8" and g=(1+1)y"=2"

Here, ¢° = (2"}=2""=28"=p, So. p=¢’. ©
pq = 8" 2"=16"= 4" (D)
piq=8":2"=23:2" =4" £4, nzl)

ptq=8"+2" 4"

S Pt q#Epq
Sop=¢ and pg =4*" Ans. : (C), (D)
> 1)\
8 If p=..... , then X occurs in the expansion of (x +;) .
(A) 6 (B) 2 ©)5 (D)8,2,5,3
4 r (4 4
_ 1 _ _ -
Sol. : Here, Tr+1 = [r](x2)4 r (;) — [r](x)S 2r = [r]x8 3r
. p=8-73r
8-p . . :
S = 3 isan integer, then x” exists. Also, 0 < r <4

. p=8 or p=2 or p=5.r=3,4 correspond to p =—1, —4 not given. Ans. : (B), (O)

(85)  The largest coefficient in (1 + )12 s .

2n+12 (2n+12)! 21 2n+12
A n+e B) [(nr6)P © oy D) 47

n
Sol. : If n is even, then largest coefficient in the expansion of (1 +x)" = | n
2
' . 2n+12 (2n+12)! (2n+12)!
.. The required coefficient = n+6 | T (mt6)nt6)! (nt 6 Ans. : (A), (B)
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(86)  If T, = 729, then in the expansion of (x + 5)6 ......

(A) T,=7290, x =3 (B) T, =30375,x=%3
(C)x= 3, T,=-7290 (D) T,=£67500,x=%3
6 6—r gr
Sol. = T, =1, 5
6 0 6 6
VTS 2050=729 =20 =3 =x= 13
6 1
LT, =, |05t =6@3) 5= £729
6 422 4
T, = ’ xX'57=15 x (£3)" x 25 = 30375
6 353 3
T, = 3| X 5°= 20 (£3)° (125) = £ 67500 Ans. : (B), (D)
@& Ifn=.... , then the coefficients of T,, T, and T, in the expansion of (1 + x)" are in A.P.
(A) 13 B)7 ©) 14 (D)7, 14
. n n n . n n n
Sol. : The coefficients of T, T, and T, 4l ls and 6 | are in AP & 4 + 6~ 2 5
n! n! 2n!

S T—21 T 6n=06)! = 51—

< (n—4)1(n—5) + 6>1<5 - 5(n2—5)

& 30+(m-4) (n-5)=12 (n—4)

& 30+ -9n+20=12n-48

S n?-21n+98=0

S -7 (n—14) =0

& n=7 or n=14 Ans. : (B), (C), (D)

: Assertion and Reason Type Questions :

Explanation : Each of these questions contains statement 1 (Assertion) and statement 2 (Reason).
Each question has four choices, option (A), (B), (C) and (D), which are as follows. You have to
select the correct choice.

(A) Statement I is true, statement 2 is true. Statement 2 is the correct explanation for statement 1.
(B) Statement 1 is true, statement 2 is true. Statement 2 is not a correct explanation for
statement 1.

(C) Statement 1 is true, statement 2 is false.

(D) Statement 1 is false, statement 2 is true.
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(88)

Sol. :

(89)

Sol. :

(90)

Sol. :

Statement 1 : 23 — 7n leaves remainder 1 when divided by 49.

r=0 r

2 n
Statement 2 : (1 +x)" = 2 X, VneN

=81 = (1+7)

n ) n 5 n .

1 +7n+ 5 7+ 3 TP+ L+ " 7
n n i

I R BT, [

a9 [(2] [3] |

= 1 +49 m where m is a positive integer.

23 7y

. 23" _ 7n leaves remainder 1 when divided by 49.
.. Statement (1) and (2) are true and statement (2) is the correct explanation of statement (1).
Ans. @ (A)

Statement 1 : The number of terms in the expansion (1 + 5x + 10x? + 10x* + 5x* + x°)* are 251.

n n n n
Statement 2 : (1 +x)"=| o |+ || |x+ |, x>+t s

(1 + 5x +10x% +10x> +5x* + x°)*°
=[(1 +x)°]° = (1 +x)*° and the number of terms in its expansion = 250 + 1 = 251
. Statement 1 is true.

.. Statement (2) is also true and statement (2) is the correct explanation of statement (1).
Ans. @ (A)

50
Statement 1 : The number of terms in power of x in the expansion of (1"‘?”‘;) is 101.

n+r-1
Statement 2 : The number of terms in the expansion of (x, + x,+ x;+ ... +x )" is ( n ]

X

= [1+(slo](x+x2)+[52<>](x+x2)2+...+(x+x2)5°}

50
1 1
(1+x+—j = 50 (1 + x + x2)%

X

IOO]

—_ 2
50 [a, t ax +ax”+ .. +a,x

.. The total number of terms = 100 + 1 = 101

.. Statement 1 is true.
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The number of terms in the expansion of (x, + x,+ x,+ ... + x )"
= The number of non-negative solutions of the equation a, + a,+ a,+ .. +a =n
= The coefficient of 7 in (1 + ¢+ £+ ...+ )

= The coefficient of #in (1 — 1" (1 =)~

n+r—1
= The coefficient of /" in (1 — )" = "

n+r-1
So the number of terms in the expansion of (x, + x,+ x,+ ... + x )" = ( " ]

.. Statement (2) is true, but statement (2) is not the correct explanation of statement (1)

Ans. : (B)
n
(91)  Statement 1 : 2 (r+1)-,C.=n+2) Pl
r=0
n
Statement 2 : 2 (r+1)- C-x=0+x)"+nx(l+ x)+ ! (AIEEE : 2008)
r=0
n
Sol. : (1+x)" = 2 ,C,.- X'. Multiply by x on both the sides.
r=0
n
x(1 +x)" = 2 C X "1 Now, differentiating w.rz. x,
r=0
n
(43" +nx (1 +x)" = 2 (+1) C,- ¥ )
r=0

». Statement 2 is true.

Substitute x = 1, in the equation 1,

n
—1 _
24 2l = % 1) - C,

n
s (1) Co= (n2) 2
r=0 ner

.. Statement 1 is also true and statement 2 is the correct explanation of statement 1. Ans. : (A)

(92)  Statement 1 : 323232 —4 is divisible by 28.
Statement 2 : 3232 — 1 is divisible by 3.

SOl. . 3232 :(25)32 :2160 — (] _3)160

160 160
1 - ( | j3+(2 )32+...+3‘60

1 + 3k ke’
.. 3232 — 1 = 3k is divisible by 3.
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(Note : 3232 -1 = (-1)*? -1 =0 (mod 3))
. 3232 — 1 is divisible by 3.
.. Statement 2 is true.
Now, 323232 = 393k+1 = 55 (Bk+1)
_ol5k+S
_ 4.3 Gk+1)

:4'85k+1

=4.-(1+7)7°k"!

Sk+1 Sk+1
=4{1+[ 1 ]7+( ) j72+...+75"+1}

=4 (1+7n) ne’z
=4+ 28n
3232”4 =28 is divisible by 28.

Thus, statement 1 and statement 2 both are true but statement 2 is not the correct

explanation of statement 1.
Note : 323232 and 4 both are divisible by 4.

3232 _ 4 s divisible by 4.
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323 = 4+ (mod 7)

416.16 (mod 7)

42~2 (mod 7)

= 44 =25 =4 (mod 7)
. 3732 A e e
32 4 is divisible by 7.

. 322 g e .
so32 4 is divisible by 28. Ans. : (B)
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