18

Applications of Integration

(1) Area bounded by the curve y= f(x), X-axis and lines x=a,x=b
y
b b
Area = J. y dx| = J‘ f(x) dx
Y a a
) Figure 18.2
© Figure 18.1 ieure
(2) Area bounded by the curve x= g(y), Y - axis and the lines y=c, y=d
gLy y y
d d
Area = j Xdy = J. g()’) dy
Y C C

< > X
O

< > X
Figure 18.3 Figure 18.4 ©

If the curve y = f(x) intersects X-axis at x=c and x=d between the lines x = @ and x =5

(¢,d € (a, b)), then the area of the curve bounded by X-axis and the lines x=a and x=b
is, (a<c<d<b)

c d b
Area = _[f(x)dx + Jf(x)dx + Jf(x)dx
a c d

Y

Figure 18.5
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(4)

Area bounded by the curves y= f{(x) and y= f,(x) between the lines x=a and x=0,

Y /
y=fi(x) Area A =
] y=/ ()
/ I
@l =
=
o X
Figure 18.6
(5) Area bounded by the curves x=g;(y) and x=g,(y) between the lines y=c and y=d
Y 2 4
4’% v=d A;) Area A = J. [&1(») — 820 ]dy
c

y=c
X

b
J 1A - fox)]ax

© Figure 18.7
If a curve is symmetric about X-axis and if one region of area is above X-axis and the other
below X-axis, then find the area in one region and double it to get the required area.

(6)
Y
|
a
/A1 A = J y dx
0
0 X
A:2A1
I~
x=a

(7)
it by four to get the required area.

Y

M

B (0, b)
A
Ala. 0)

-
N

Figure 18.9

Figure 18.8
If a curve is symmetric about both the axes, then find the area in the first quadrant and multiply

Jydx
0

A1:

A=4A
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: Multiple Choice Questions :
(1) The area bounded by the curve xy=16 and the lines x=4 and x=8 is ...... .
(A) 2log, 16 (B) 161log, 2 (C) log, 4 (D) log, 16
Sol. : Here the given curve is xy =16
If x>0, then y>0 and if x<0, then y<O.

y>0 for 4<x<8. The curve lies above X-axis.

% - Required area A = |I|
x=4
8
where [ :J y dx
4

dx

= |

——t———t——t—t— — 1
. : —_— —— — +—+— X

N Izji
4

T = 16[log|x|]§1

= 16[10g8 - 10g4]

= 16log (%)

= 16log, 2 Ans. : (B)

Figure 18.10

(2)  The area bounded by the curve y=x>, X —axis and the lines x=-2 and x=1 is ...... )
(A) -9 (B) L (c I (D) ¥
Sol. : Here the given curve is y=x3. So, if x<0, then y<0 and if x>0, then y>0.
o if 2<x<0, then y<0 and if O<x<1, then y>0.

. Required area A= | I | + | I, |

0 1
I h=fvac | befra
-2 0
0 1
] :j X dx :J.x3 dx
) 0
) 0 1
| [ [
: O/(l D : X [4}_2 [4}0
1 :0—4 12 =%
] I, =-4
(-2.-8) ]
1 ] A =L+
= =41+ ]3]
Figure 18.11 =4+%:% Ans. : (C)
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(3)

The area bounded by the curve y :|x—2
(A) 1 (B) 2

Sol. : The curve is defined as follows :

, X —axis and the lines x=1 and x=3 is ..... .
(C) 3 (D) 4

(AIEEE : 2004)

| 2| x—=2, x=22
=x— =
Y 2—x, x<£2
yp=x—2,x22 and y =2-x, x<2
x|213]|4 x|2(1]-1
y|0]1]2 yl0o|2]1
Y Area =1 +1,
2 3
Vv =
N o J M1 dx+J Vv, dx
< 7 1 2
AN
>
2 3
B\/D = J.(Z—x)derJ.(x—Z)dx
o =| CR0[EG X 1 2
S 2?2 2 3
= |:2x—x7:| +[%—2x}
1 2

Figure 18.12 S I
g = 34’5 =1
(Area = 2 Area of AABC = 2(%><b><h)
= 2xZxIxl = 1) Ans. : (A)
e area bounded by the circle x“+ y“ =16 and the parabola y~ =6x 1s ..... .
(4) Th bounded by the circle x*+ y? d th bola y>=6x i
() $(#B)  ®) F(4r+B) (@ F(4r+B) (D) §(VEe2)
Sol. : Here the circle is x2+y2 =16 and Y
the parabola is y2 =06x. A(2.245) =23
Solving, x? +6x=16
2 C4 0
", (x+8)(x—2):0
. x==-8 or x=2 %ﬁﬁ) y=-23

For x=-8 we have y2 —48 <0, which is

not possible. Figure 18.13
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The points of intersection are, A(Z, 2\/5), B(2, —2\/5)

2
Now, X =416-y>, x, =3

Required area = Area of OACBO
= 2 (Area of OACO)

243
=2 [ (q—x)dy
0

23

)

23

I

i 3
2 . —1
= 2 %\/16—y + 8sin —f—g}

23 1612 + 8sin™ 2 —24*/5}

0

Il
)

18

-2 %-ussm—lg—%}

_of 8T _4

= 2[23+ 32 -4 3}

_ 2_2\/§3+87r}

= %(\/5+47;) Ans. : (C)

Second method :
Area of OACO = Area of OAM + Area of ACM

4
\/a dx +J‘\/16—x2 dx
2

O N

3 2 4
\/6[%] +[%\/16—x2 +8 sin”! i}

0

= %\/6(2\/5)+[8 sin1 1= 243 —8 sin”! l}

2

_ 8 8 ¥4
_\/5_2\/54____
_ 2 8T

_\/734__

Required area = %(\/5 + 47r) Ans. : (C)
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(5) The area bounded by the curve y = xsinx, X —axis and the lines x=0 and x=27 is ...... .
(A) 2=m (B) 3m (C) 4n (D) =«
Sol. : Here the given curve is y = xsinx
If t<x<2m, then y<0. If 0<x<m, then y=>0

2

Jydx

T

T
~. Required area A = j ydx +
0

2r

T
= Ixsinx dx + I xsinx dx
0

T

[—xcosx + sinx ] + ‘ [~xcosx + sinx]}zr” ‘
= 7t+H(—27t)—(7r)H = w+|-3n| = 4m Ans. : (C)
(6) The area of the region bounded by the parabola ay = 3(a2 —x2) and X-axis is ...... . (@>0)
(A) 24 (B) 4a? (C) 24° (D) 24’
Sol. : Here given curve is ay:3(a2 —xz).

Taking y=0 we get, 3(a2—x2)=0. So, x=ta.

The curve intersects X-axis at x=a and x=-a.

Also, if —a<x<a, then y=0

The area bounded by the parabola ay =3(a2 —xz) and X-axis is

a
Area A=Jydx, K
—da

(0, 3a)

(—a, 0) (a, 0)

< - > X
a
= % J. (az—xz)dx
—da
a
= %j(az—xz)dx v
0 Figure 18.14
6 2 x3 .
e s]
3_ 4 ’ 2
- g[a _aﬂ:g(%)zém Ans. : (B)
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(7) The area bounded by the curves y:I—)c2 and y:x2—1 is ... .

(A)

[SIEN

(B) 2 (C)

2

w oo

(D) 2

Sol. : Here the curve y=1-x" ie. x? =(1—y) is a parabola having vertex at A(0,1) and

y= -1 ie x2=1+ y is a parabola having vertex B(O, —1) .
Solving we get,

Y =21
7 1-x2=x*-1

A(0,1)

) P(I0) X
B(0,-1) sox=1=1

“ x=1=y=0 and x=-1=y=0

ol . The points of intersection with X-axis are
Figure 18.15 P(1,0) and Q(-1,0).
Required area A = (Area of region PAQBP)

= 4(Area of region PAOP)
1

= 4j(1—x2)dx
0
1
3
- ¢+~
0
— 1 _ 2 _8 .
= 4(1-4) = 4(3) =8 Ans. : (C)
(8) The area bounded by the curves y=|x—1| and y=1 is ... ) (TIT :1994)
(A) 3 (B) 1 (€) 2 (D) 3
Sol. : The curve is defined as follows :
1-x, x<l1
Y 9
=|x—1=
S
N ~
“\ + y=1l-x,x<1 , y=x-1 x2>1

+
o <
\
N
|
—_
< | =
— O
| L
< | =
O -
il I \S]
N W

X The line y=1 intersects the curve y=1-x at

A(O, 1) and the line ¥ =1 intersects the curve
y=x-1 at B(2, l).

Figure 18.16 Required area = Area of AABC :% |D|
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1 01
D=2 11
= 1(0)-0+1(2) =2
0 1 1
A =1|D| = 12| =1 Ans. : (B)
Second method (Using integration) :
1 1
A = —J(l—y)dy+_[(y+1)dy
0 0
27! 2 1 3 1 5!
I Nl ) — _(1-1)43= 2d=[}=1
][] <ttt o e (L
0
Third method (Geometrically)
Area =5 AB+CM =1 (2-0)-1=1
(9) The area bounded by the curve y=log, (x+e) and the coordinate axes is ...... )
(A) 2 (B) 1 (C) 3 (D) 4  (AIEEE:2005)
Sol. : The curve y=1log, (x+e) is defined if (x+e) >0 ie x>—e.
Also, y=0=1log, (x+e)=0 = x+e=1= x=1-¢
The curve y=log, (x+e), intersects X-axis at A(l—e,0).
Also, when x=0 = y=log, e=1
The curve intersects Y-axis at B(O, 1).
0
Y ~. Required area A= J y dx
? H 1—e
0
= I log(x+e)dx
X 1—e
Let, t=x+e
odx=dt
x=e rel—e Also, x=1-e= t=1
Figure 18.17 =0 = t=¢
e
A= [logt dt
1
= [tlog -1
= (eloge—e)—(-1)=1 Ans. : (B)
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(10) If the area bounded by the curve y=2% and the lines x=0 and x=2 above the X-axis
is @, then £ = ...
(A) -1 (B) 3 (€ 1 (D) 2
Sol. : Here the curve is y =2 We have y>0 for any value of x and £.

So the curve y= 2k s lying above X-axis for 0<x<2.

2 2
Required area, A = J ydx = J. 2 dx
0 0

_ L[ P T Y y=2%
T k| log2 0 /
— 1 2k
= Tiog2 (2 1) //
But A= 1022 o) X
2k
3 _ (2 _1) x=2
log2 = k.log2
2% 1 =3k Figure 18.18
k=1 Ans. : (O)
(11) The area bounded by the curve y:4+3x—x2 and X-axis is ...... .
(A) % (B) % (C) % (D) None of these
Sol. : Given curve y=4+3x—x2
- _(2_ 9),25
y = (x 3x+4)+ ) v
3 2 25 1 P(%%S)
(x=3) = (y ) /\
_ : . . 3 25
. The given curve is a parabola having vertex P (2, )
B(-1,0
Taking y=0, 443x—x*=0 A e 0 SYCA BN
X2 —3x—4=0
(x=4)(x+1)=0 R ¥
x=4 or x=-1 Figure 18.19

. The curve intersects X-axis at A(4, O) and B(—l, 0).

972




4
Required area A = j y dx
-1

A= (4+3x—x2)dx

= {16+24—64 (442 +3)}
— 125 A .
= % ns. : (C)
(12) The area bounded by the curve )cz+y2 =2ax is ... .
(A) 1zd® (B) ma? (C) 2ma? (D) 4na?
Sol. : The given curve is x2+y2 =2ax
x2—2ax+a2+y2 =a’
(x—a)2 +(y—0)2 =a?
The given curve is a circle having centre C(a,0) and radius a.
Taking y=0, x*=2ax
Y o xr=2ax=0
A~
x(x—=2a)=0
x=0 or x=2a
~ The given circle intersects X-axis at O(0, 0) and

N

5 = t > X
T A\ 4

2a
NA x=2a . Required area = 2J. 2ax—x* dx
0
Figure 18.20
2a
= ZJ. az—(x—a)2 dx
0
2a
= Z[T V2ax —x? +72 sin l(u)}
“ 7o
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Note : The area of a circle having radius a is ma?. Ans. : (B)

(13) The area bounded by the curve y= (x—l) (x— 2) (x—3), X —axis and the lines x=0 and x=3

—

(A) 3 (B) 4 c 4 (D)

Do

Sol. : The given curve is y:(x—l) (x—2) (x—3)

x| 0 |[1]2]|3

When 1<x<2, then y=0
When 2<x <3, then y<0. Rough sketch of the curve is drawn.

The area bounded by the curve, X-axis and the

Y
~ lines x=0 and x=3 is
1 2 3
A= J.ydx+ J.ydx+ y dx
X 0 1 2
N o C(2,0)
where y=f(x)=(x—l)(x—2)(x—3)
jA(O"@ = (- 6x7 +11x-6)
\
Figure 1821« F(x) = [ (¥ -6 +11x-6) dx

4
— (2 _» 3,11 2
—(4 2x+2x 6x)

. F(0)=0, F(1)=(%—2+1_21_6) - -9

F(2)=(4-16+22-12)=-2, F(3)=(8}-54+%-18) = 2

o A = [F()=F(0)+|F(2)-F (1) +|F(3)-F(2)
= [2-0[+ |2-(2) +[-2-(2)| = 2+14Lt = U ans:®)
(14) The area bounded by the curve x=y?+4y+3, Y —axis and the lines y=2, y=-2 is ..... )

(A) 18 (B) F (©) % (D) 1
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Sol. : Here, x= y2 +4y+3
x+1= y2 +4y+4
(x+1)=(y+2)°
This is parabola with vertex A(-1, -2).

Y . .
4 Let x=0 for the intersection of x = y2 +4y+3

with Y-axis. We get

S

> y=2
/ y2+4)’+3=0
9 f t ——> X

S

'(ml) s (y+3)(y+1)=0
< A(LQ > y:—2
P(0,-3) soy==3 or y=-1
\ The parabola intersects Y-axis at P(O, —3) and
o 0(0.-1).
Figure 18.22
-1 2
Required area A= J. xdy|+ j x dy
-2 -1
A=[L]+ |1

I, = _J.l(y2+4y+3) dy
)

—1

3 2

S A 5
_{3+ 2+3y}2

A=|L|+| | = 3+18 =38 Ans. : (B)




(15) The area bounded by the curves x? =4by and y2 =4dax is ... . (a>0,b6>0)

(A) 16ab (B) 16mab (c) = (D) 167%ab

Sol. : The curves x? =4by and y2 =4ax are parabolas symmetric about Y-axis and X-axis

respectively and having vertex at the origin.

2
Solving, %zy and y2 =4ax, we get
2
2
X —
(E) =4dax

¥ —64ab’x=0 = x(x3—64ab2)=0

1 2
. x=0 or x=4-a3b3

2 2 1
3 we get y=4a3b3

1
Taking x=0 we get y=0 and taking x=4a3b

1 2 21
The points of intersection of given curves are A(0,0) and 3(4 a’3b3, 443 b3j.

12
Y 4a3b3
x2=4by » Required area = A= J (v —yp)dx
0
12
4a3bp3 )
= X
= J. (2\/(1_— 4b)dx
0
¢ : i X 12
N SRGLE sa3s3
_ 2 5
i) [a]
0 0
1 1 )
_ 212 D) 1 | 64ab
M y2:4ax = 2a? [ggazbJ—E( 3 j
Figure 18.23
= % ab —% ab
= %ab
Ans. : (C)
(16) 1If the area bounded by the curves x=ay? and y=ax> is 1, then a = ...... C@>0)
1
() (B) 1 (©) 1 ) 3
(IIT :2004)

Sol. : Solving equations of given curves xzay2 and yzaxz, we get
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2 Y
xX= a(axz) y= ax? o
x=ax*
. x(l—a3 3) =0

N

1
. = X ==
. x=0 or a

If x=0, then y=0 and x=%, then y=i

. The points of intersection of given curves are O(O, 0) and B(é, %)

v 2

1

q Figure 18.24
Required area A= J (yl — y2) dx

0

Il
S — =
—_
=
[
Q
S
[\*)
N —
&

RN 3
L 0

- 2 _ 1 - _1
3a2 3a2 3a2

Now A=1

L= So, a2 = 4 Hence a = L Ans. : (A
3a2 ) 3 \/5 ( )

(17) The area bounded by the common region of the curves X2+ y2 =4 and x*+ y2 =4y is ......
Yy

(A) -2 (B) -3 (€ 23-2 @ %L
2 2 . Y
Sol. : The curve x“+y“ =4 represents a circle 4

having centre (O, 0) and radius 2,

2 2 _
Hyr=dy = P +yi—dy+4=4 ) %’C y =4y
= x2+(y—2)2 :22 ettt B:(_. 3’.1) ; : A.(ﬁ.,l): ——> X
i ' Q/
represents a circle having centre (0, 2) and 2 9
. x“+y =4
radius 2.

Solving X2+ y2 =4 and x>+ y2 =4y, we get
A4

4y=4. So, y=1 Figure 18.25
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y=1= x*+1=4 = x*=3
.. x:i\/g

The points of intersection of given two circles are A(\/g, 1) and B (—\/g, 1).

Now, x2 +y2 =4. So, y2 :4—X2

Ly = 4-x2. Hence yI:\/4_x2

Also, x?+(y-2)° =4

(y=2)* =4—x7
o y—2=i\/4—x2
From the figure y<?2. So, (y—2)<0 (Also, y % 2 for x> + )% = 4)
. y:2—\/4—x2. Hence y, =2- 4—x?
IR gl
V3
Required area A = J. (vi — o) dx
3
V3
= J. (\/4—x2—2+\/4—x2)dx
3
NE)
= | (2 4—x2—2)dx
-3
V3
/ 2
=4 .[ ( 4-x —ljdx (even function)
0

- N
= 4/ XV4-x° +2sin_1%—x}

= 4:§(1)+ 2sin_1£—\/§—0:|

2

_ 42z B
= 4_?"—7}
= 3 _23. Ans. : (A)
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(18) The area bounded by the curves y=2%, y=2x—x’ and the lines x=0, x=2 is ...... )

4 1 3 4 3 4 4
(A) g_logZ (B) log2 3 (C) 10g2+§ (D) 10g2_1
Sol. : A curve is y:2x—x2 Y
hy=2%
So-y= X% —2x
2
~(-1)= (1) _—
X
It is a parabola having vertex (1, I). 9 (2:0)
Taking y=0 we get, 2x—x> =0 x=2
 x(2-x)=0
y=2x—x2
. x=0 or x=2 Figure 18.26
Thus it intersect X-axis at the points O(0, 0) and B(2, 0).
2
Required area A = J.[zx—(Zx—xz)J dx
0
2
. X 2 3
- [logZ_x +%}0
_ _4 8__1
log2 3 log2
- _3 4
A=12"3 Ans. : (B)
(19) X-axis divides the area bounded by parabolas y =4x— x> and y= x%> —x in the ratio ...... .
(A) 128 (B) 12 (c) 2 (D) L @T:1994)

Sol. : Here, y=4x- x?

(x—2)2 =—(y—4) is a parabola having vertex P(2, 4).
Taking y=0 we get, 4x—x>=0 = x(4-x)=0 = x=0 or x=4.
x=0 = y=0 and x=4 = y=0

. The points of intersection of parabola y=4)c—)c2 with X-axis are O(0, 0) and B(4, 0).
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Also, y=x2—x

<y+%) = (x—%)2 which is a parabola having vertex Q(%, _71)

Taking y=0 we get x> —x=0 = x(x-1)=0
= x=0 or x=1
The points of intersection of parabola y = x* —x with X-axis are 0O(0, 0) and C(1, 0).

Now, we find points of intersection of given

curves.
y:4x—x2:x2—x
" 2x2—5x=0
g x(2x—5)=0

n

. — -3
. x=0 or x=3

0(0,0) and A(% %) are the points of

J intersection.
X-axis divides the region between two curves
into two regions A; and A,. Part A is lying

above the X-axis and A, is lying below it.

20
2 3i
_ (5.2 237
‘[2x 3x}0
_ 5425 2125 _ 125[)_27] - 125,1_125
_2X4 3 8 SI:1 3:| 8X3 2
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0
- ‘l_l‘:l
3 2076
. . A
Required ratio = A—; = % Ans. : (B)

(20) If a tangent to the curve f (x):x2+bx—b at (1, 1) forms a triangle of area 2 in the first
quadrant, then the value of b = ...... . (II'T: 2001)
(A) -3 (B) -1 (c) 1 (D) 3
Sol. : The curve is f(x)=x2+bx—b.
S fi(x)=2x+b
| f’(x)](l,l) =2+b
The equation of the tangent passing through (1, 1) and having slope m=2+b
(y=1)=(2+b) (x-1)
soy=(2+b)x—(b+1) @)
Taking y = 0 in equation (1), we get

x=%. So, the tangent intersects X-axis at P (%, 0).

Taking x=0 in equation (1) we get y=-b—1.
The tangent intersects Y-axis at Q(0,—b—1).

Required area A = Area of AOPQ

Y
_ 1 t F)=x2+bx—b
= 7XO0Px0Q
_ 1. b+l
= EXmX(—b—l)
Now, we are given A = 2. 0(0,—b-1) (1.1)
< —X
L6’ 0 33 0)
2 b2
’ y=(2+b)x—(b+l)
b*+2b+1=-4b—8 v
5 Figure 18.28
b"+6b+9=0
(b+3)* =0
b=-3 Ans. : (A)
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(21) A curve passes through (1, 2) and the slope of the tangent at (x, f(x)) is (2x+1). The area

bounded by this curve, X-axis and the line x = 1 is ...... .

(A) (B) (C)

o[}
w|on

(D) 6 (IIT : 1995)

A\|—

Sol. : The slope of the tangent to the curve ﬂ:(2x+1) Y

dx

—_—
>
>

de = j (2x+1) dx

2 |
y=x"+x+c B(1,2)

The curve passes through the point B(1, 2),

2=1+1+c

:A(—:l, 0) O c(1,:0) :
c=0

The equation of the curve is y=x2 +x

1) _ Lz' v x=1
(y+4) (x+2) Figure 18.29

This represents a parabola having vertex P(_Tl, _Tl)

Taking y = 0 in the equation, we get x> +x=0.
. x(x+1)=0. So, x=0 or x=-1.
.. The curve intersects, X-axis at 0(0, O) and A(—l, 0) .

Taking x = 1 in the equation of the curve we get y = 2.

~. The line x = 1 intersects the curve at B(1, 2).

I ! 3 27
Required AreaA = Iyalx = j(x2+x) dx = [%4—%} =% Ans. : (A)
0 0

(22) Area of the smaller part bounded by the curve x> +y2=9 and the line x = 1 is

(A) (9 sec”! 3—\/§) (B) % (9 sec”! 3—\/§)
(C) (\@_9560_13) (D) None of these
Sol. : Here curve xz+y2 =9 is a circle with centre (0, 0) and radius 3.

Taking x = 1 we get, 1+y2:9 = y:i\/g

. The line x = 1 intersects the given circle x*+y> =9 at P (1, 2\/5) and Q(l, - 2\/5)
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3
Required area A 2_[ y dx
1

3
= 2j 9—x? dx
1

= 2 %\19—)52 +%sin_1 (%)T

L 1

»

Figure 18.30

= 9sec_13—\/§ Ans. : (A)

(23) The curve y=avx+bx is passing through point (1, 2). If the area bounded by this curve,

X-axis and the line x = 4 is 8, then ....... .

(A) a=3,b=-1 (B) a=3,b=1 (C) a=-3,b=1 (D) a=-3,b=-1

Sol. : The curve y = aJx +bx s passing through the point (1, 2).

. 2=a+b (1)

The area bounded by the curve yzax/;anx, X-axis and the line x = 4 is 8.

4
Required area A = J.(a x+bx) dx
0
3 4
. |, 02 p?
.8 =]a (i) +%
: 0
ax%x8+8h=8. S0, 2a+3b=3 (2)
Solving equations (1) and (2) we get, a=3 and b=-1. Ans. : (A)

(24) If f(x):x2—3x+2, then the area bounded by f(|x|) above the X-axis is ...... )

(D)

w|w

(€)

(Y[

(A) (B)

w|wn
[ )
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Sol. : f(|x[) = f(©) = x?=3x+2, x 20

y =x2—3x+%—

=

2
1_ 3)° : 3 -1
y+g= (x —5) is a part of parabola having vertex (2 1 ) . (x>0)
y=x2+3x+2 X y=x2—3x+2
P(0,2) /
< - p— > X
D(2,0)  C-L0)|0 A(,0) B(2,0)
v

Figure 18.31
Also, f(|x|) = f(-x), x<0 = x243x+2

y=x2+3x+2

+1=(x+3)" is a part of parabola having vertex (3, 3)
y+g=(x 2) is a part of parabola having vertex (3 3

Solving (1) and (2), we get X2 —3x+2=x%+3x+2
x=0 and x=0 = y=2
Both the curves intersect at P(0, 2).
Taking y = 0 in the equation of the curve y =x?—3x+2,
(x—2) (x—1)=0 = x=2, x=1
The curve intersects X-axis at A(l, 0) and B(2, O) .
Taking y = 0 in the equation of the curve y =x*+3x+2,
(x+2) (x+1):0 = x=-2, x=-1

The curve intersects X-axis at C(—1,0) and D(-2,0).

Required area A = Area of region APCOA
= 2 X Area of region APOA

2} (x2—3x+ 2) dx

= 2[1-3+2] = 2(3) =3 Ans. : (A)




(25) The function f(x) is non-negative and continuous. If the area bounded by the curve y = f(x),
X-axis and lines x =%, x=f >% is (ﬂsinﬂ +%COS,5+\/§,5), thenf(%) = . .
(AIEEE : 2005)
(A) (E-v2+1)  (B) (E+v2-1)  (C) 1-Z+42 (D) (1-Z-+2)

Sol. : Required area A = (ﬂsinﬂ +%COSﬂ+\/§ﬂ)

f(x)dx = psinf+%cosp +2

BN —

" f(B) = BeosP+sinf - Zsinf+2

t
(Differentiate with respect to B and if J f(x)dx=F(t), then f(1)=F'(t))

o
f(%) = %cos%+sin%—%sin%+\/§
- _%4.\/5 Ans. : (O)

(26) A square is formed by the lines x = 4, y = 4 and coordinate axes. Parabola y2 =4x and x° = 4y
divide this square into three parts S;, S, and S3. Then S§;:8,:83 = ... .
(A) 1:2:3 (B) 1:2:1 (©) 1:1:1 (D) 2:1:2
(AIEEE : 2005)
Sol. : Parabola y2 =4x and x° = 4y are having their vertex at the origin and symmetric about
X-axis and Y-axis respectively.

x2
4

2
2
] =4x
(4) x* = 4y

. x(x*-64)=0
(-4

< i E— >y
S| ol
*© x=0 or x=4 ( Sy
e . S5, s

The points of intersection are O(0, 0) and A(4, 4). N ' O\ ' X

For the points of intersection of y2 =4x and y=2%- we have

>

4 4 4
2 3
_ [ _1|Y | 1 ,43_16
Sl—dey—JTdy—Z[T} "X =3 T \
0 0 0 2 x=4

Figure 18.32
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51:52:532%:§:§
S1:8,:83=1:1:1 Ans. : (C)
€ area bounde the parabola =—x“+2 and the line x+y= 1S ...... .
(27) Th bounded by the parabola y=—x> d the li y=0 i

(A) (B) 9 © % (D) &

o

Sol. : Parabola y:—x2 +2 and line x+y=0 are given.
Parabola x2 =—(y—2) has vertex P(0,2).
. . : 2 _ _
Putting y = 0 in the equation, we get, 2—x“ =0 = x=+2

. The parabola intersects, X-axis at C (\/5, 0) and D(—\/E, 0).

For the points of intersection of both curves we have 2—x*=—x.

xz—x—2=0
(x-2)(x+1)=0
x=2 or —1

Thus both curves intersect at A(2, —2) and B(—l, 1).

S

Figure 18.33
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Required area A = Area I + Area II + Area III

0 V2 2 2
= J.(yl—yz)dx+ J.yldx+ J.yzdx—J.yldx
-1 0 0 V2
0 ) V2 ) 2 2 )
= :[1 {(2—x )—(—x)}dx+ _([ (Z—x )dx+ g(—x)dx—\/jz(2—x )dx

372 3|
242 210 42 7 40 10 42 _ 27 _ 9
‘6*3*‘3*3 = RN = T2
or
2 2
A = J.(yl—yz)dx:J.[(Z—xz)—(—x)de (Explain !)

- 6—%4—2— = % Ans. : (A)

(28) The area bounded in the first quadrant by the curve y= Jx and the line 2y+3=x is ... .

(A) & (B) 9 (C) 18 (D) 36  (IIT:2003)

Sol. : The curve is sz}. So, y2:x, x>0, y=0.
For points of intersection of y2 =x and the line y =XT_3, we have
x=3)2 2
7 (53] =x = ¥ -10x+9=0

2
A(9,3)
s (x-1)(x=-9)=0

. x=1 or x=9

s

Both the curves y2=x and 2y+3=x,
= ct.-1) intersect at A(9,3) and C(1,-1).

\S)
~<
+

w
1]
=

Taking y = 0 in 2y+3=x we get, x = 3.

Figure 18.34
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The line 2y+3=x, intersects X-axis at B(3, O).

9 9
Required area A = J.\/; dx —j (x—f) dx

0 3
- (34 [5-5]
_ 18—[(%—2—27)—(%—%)} ~ 9 Ans. : (B)

(29) The area bounded by the curves y®>=x and y=|x| is ... .

(A) + B) % (c) 2 (D) 1 (AIEEE:2007)

3
Sol. : y2 =x is a parabola having vertex at 0(0,0) and symmetric about X-axis.

x, x20
y:|x|: -x, x<0

For x>0 solving y2=x and y=x,
P=x = x(x-1)=0 = x=0 or x=1
The curves intersect at 0(0,0) and A(1,1).

For y2 =x it is not possible that x<O0.

- Y 1
ye=r ye~ Required area A = I(yl—yz)dx
AW "
1
s = [(Vr-x)ax
,'// 0
0\(0.0) X Ca a7
— X
oot
x=1 0
= 2_1_1
3 2 6
Ans. : (A)
Figure 18.35
(30) The area bounded by the curves x+2y2=0 and x+3 221 is ... .
y y y
(A) 3 B) 3 c) 2 (D) (AIEEE:2008)

Sol. : The curve x+ 2y2 =0 = 2y2 =—x = y2 = —% x is a parabola having vertex origin (1)

and x+3y2 =1 = 3y2 =l-x = y2 :—%(x—l) (2)
is a parabola having vertex P(1, 0).
Solving (1) and (2) we get,

_%x:—%(x—l) = 3x=2x-2 = x=-2
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Taking x=-2 we get y==%L

. Both the curves intersect at A(-2,1) and B(-2,-1).
Y

A(-2.1)
2 4 E
y =—%(x—1) 0 1]

B(-2,-1)

Figure 18.36

Required area A = Area of APBOA
2 Area of (APOA)

= 2| (xq—x)dy

((1-357)= (257))

(1—3y2 + 2y2) dy

O ey —

Il
[\
O ey —

= 2

O =

= 2}(1—y2)dy
0
-2

- 2pp-%] =204 - 20

Y[ )

1
0
Required area A = % Ans. : (A)

1

7
Infact, A, =2 [ (1 -3)?) dy
0

1 1 1 1

Ay ==2|[-2y%dy- [ (A-3y")dy| = -2[-2y%dy+2 ] -3y )dy
0 L 0 L
g g

1 1
A=A +A, =-2[-2y%dy+2[ 1-3y")dy
0 0

1
2(a-y*dy
0
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The area bounded by the curves x“+y“ =9 and y~“ =8x is ...... . <x<3).
(31) Th bounded by th 2442 d y?=8x i 0<x<3

(A) 167 (B) 2249 _9gin'L
8J§ 3\/375 1 INRENEY .11

(C) B2, 387 gsin (L) (D) 42+ 227 _12sin (4]

Sol. : x*>+y2=9 is circle having centre (0, 0) and radius 3. (1)
y2 =8yx is a parabola having vertex (0, 0) and symmetric with respect to X-axis (2)

Solving (1) and (2), we get x*>+8x=9
" x> +8x-9=0
“ (x+9)(x-1)=0
wx=-9 or x=1.

Since 0<x<3, taking x=1 we get y=i2\/§

The curves intersect at A(l, 2\/5) and B(l,—Z\/E).

Required area = Area of region OACBO
Both the curves are symmetric about X-axis,

Area = 2(Area of region OACDO)

= 2 (Area of region OADO +
Area of region DACD)

> <

= 2

1 3
Jl\/adx+J- 9—x? dx]

(=]
—

N

i 37 3
= 2{ \/g-%-xz} + |:%\/9—X2 +%sin_1§} }
0

W
Q

Il
)
N
(O8]
=
| |
1
=N
|
—_
51
+
o
i
S
—~
(ST
N—"
SN~—"
| —
NE—;

\
22 I . —-1(1

= ==+ =2 - 9sin (3
Figure 18.37 2 ()
Ans. : (B)

(32) The area of the region bounded by the circle x?+y? =4, the line x—/3 y =0 and X-axis in the

first quadrant is ........ .
(A) 3-Z (B) 3+Z% () 3 (D) %
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Sol. : Y

S
7

B(+3,1)

> X
A(2,0)

N

g

\ 4

Figure 18.38

Given curves are circle xz+y2 =4 and the line x—\/§y=0-
. ) 2
Taking y:% in x2+y2=4 we get, x2+%=4
Loxr=3. So, xzi\/g.
X _

In the first quadrant x=./3. Hence y=_75= L

The circle and line intersect at B(\/§ , 1) in the first quadrant.

1

A= [(q-x)dy
0
1
= f(\/4—y2—\/§y)dy
0
1
o |2 Ja 2 p Aty A3 2
—[24y+2s1n2 zy]o
) =11 3 _ T _ X
= T+2S1H 5—7—2)(3—?
The area = Z. Ans.
. : =X — __1 .
Note : For the line Y 5 we have m—tane—\/g. So, 0= ¢

1.2 1l 4.8 _Z
The area of the sector =57r 0 =3 4 ¢ 3

2
Second method A = J %dx—i— I 4—x2 dx
0

: (D)




2 9

and the line y=mx is 3, then

m= ... . (IIT :1999)
(A) 23 _4 (B) _29 4 (C) 23 4 (D) _29 _4
Sol. : Given curves are y = x— x2 and y=mx.

To find the points of intersection, we solve the given equations.

x—x2=mx

. x2+(m—l)x=0
" xl:x+(m—l):|=0
© x=0 or x=1-m
If x=0 then y=0 and if x=1-m then y=m(l-m).

(33) If the area of the region bounded by the curve y=x—x

The points of intersection of given curves are A(O, 0) and B (1— m, m(l —m)) ;

1-m

I = | (m-y)dr
0
1-m X
= J(x—xz—mx)dx
0
5 3 1-m
- |o-m -5
_ (my
- 6
Area, A = |I|
9 ‘(l_m)3‘ :
276
[(1=m)[} = 27
" (1-m) = +3 Figure 18.39

. 1-m=3 or 1-m=-3

. m=-2 or m=4.

Infact the options give two figures :

Figure 18.39(a) Figure 18.39(b)
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0 0 0
_ —x%)- _ [ (<3x-x2 I P S 21 9
H A= _.f3[(x x7)—4x]dx = _f3( 3x-x“)dx = [ 313 __( : +9)_2
1 , 5l
2 |l x X _1 1 _1
@ 1, = J(x-x )dx—[T—T} =1-1-1
0 0
3 3 3 ’ 3 3
I, = I—2xdx—j(x—x2)dx: 2 _[X__X_}
- 9 _o)\_(1_1
- [(2 9) (2 3)}
= 9 1
-9 ( 2 6)
_ 9.1 _ _26
= 2t T 7%
1 26 9
A:|11|+|12|:€+?:3 Ans. : (B)

2
(34) The area bounded by the curve y=(x+1)" and ¥ =(x—1)2 and line v =% is ... )

(B) 3 (C) (D) (IIT : 2005)

W=

(A)

N~
ENE

Sol. : The curve y = (x+1)2 is a parabola with vertex A(-1,0) and y= (x—1)2 is a parabola
with vetex B(1,0).
Solving both the equations, we have (x+1)2 = (x—l)z.
(x40 —(x=1)*=0
© 4x=0
~x=0
Taking x=0 we have y=1.
. Both parabolas intersect at P(0,1).

and D(?,

S———

)
).

Bl=

Putting y=-, in y= (x+1)2 we get points of intersections as C _71,%

1
4°

0 [—

. Similarly, putting y = %, in y=(x- 1)2 we get points of intersections as £ (%’ %) and F (

Y

’H

y=()c+1)2 y:(X—l)Z

) A(-1,0) IO B(1,0)

Figure 18.40
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Required area = Area of CPFC
= 2 (Area of PMF)

% 2
= ZJ[(x—l) —ﬂ dx
0
1
2
= 2J.(x2—2x+%)dx
0
3 1
_ z[%_xugx}; - 2[4-142] = & Ans. : (D)
(35) The area of the region bounded by the curves y:|x—1| and y:3—|x| IS ... .
(A) 3 (B) 4 (€) 2 (D) 6
(AIEEE : 2003)
x-1, x>1 x|0|l 2| -1 —2|3
Sol. : Curve y:|x_1|:{1—x, X<l y[tjo[t]2]3 ]2
3 3-x, x=20 x|0|1 2|1-1|-2
=31 = 54k a<0 v[z|2]1]2]1

Solving equations y=x-1 and y=3—x we get A(2,1) as a point of intersection.

Solving equations y=1-x and y=3+x we get B(-1,2) as a point of intersection.

) ' O DbpLo)
y=3+x

Figure 18.41

Required area A = Area of rectangle ACBD

= Area of region BCPB + Area of region CQDPC +
Area of region QADQ

0 1
= j {(3+x)—(1—x)} dx + J {(3—x)—(1—x)} dx

2

+ J {(3—x)—(x—1)} dx

1
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0 1 2
J (2x+2) dx + J. 2dx + J. (4—2x) dx
-1 0 1

2

[x2+2x}0 + [Zx]}) + [4x—x2}

-1 1

[(0-(1-2))]+[2-0]+ [(8-4)~(4-1)]

= 1+2+1
= 4
Note : Area = BCxBD=+2x2V2=4 Ans. : (B)
(36) Area bounded by curves y:|x|—1 and y:—|x|+l is ... .
(A) 1 (B) 2 (c) 3 (D) 4 (IIT : 2002)
x>0
<0 and
x>0
x<0
Required area A = Area of ABCDA
= 4 (Area of AABO)
= 4(%><0A><0B)
— 1
= 4><§
=2
Ans. : (B)

Figure 18.42

Second method :

A =4£(l—x)dx _ 4[)6_%1 = 4f1-4] = 2

(37) The area bounded by the curve y:2x—x2 and the line y=-x is ... .
A) 2 (B)

Sol. : The curve y=2x—x

vertex P(l, 1) .

2

(AIEEE : 2002)

= y:—(x2—2x+1)+1 = y—lz—(x—l)2 is a parabola having
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Taking y = 0 in y=2x—x>, we get 2x—x>=0 = x(2-x)=0
© x=0 or x=2
The curve intersects X-axis at 0(0,0) and B(2,0).

2

Now, solving y=2x—x" and y=-—x, we get

—x=2x—x2

x?=3x=0
x(x—3):0
x=0 or x=3
x=0= y=0 and x=3 = y=-3
. The curve and the line intersect at O(0,0) and C(3,-3). Y

Required area A = [(y—y;)dx

|
y HENRY
]

A
=
S
e
y

>

0]
(3x o ) y=2x-x C(33)
[i _ _} 27 _2 _ 2 _ 9
2 2 3 6 2
; \ 4
Note : Infact, A = f(2x —x%)dx - {[—x dx - [(2x - x%) dx} Figure 18.43
0 0 2

2 3 3
[2x—-x?)dx+] 2x-x>)dx— [ —xdx

0 2 0
3 2
0

(38) The area bounded by the parabola ( y—2)2 = x—1, the X-axis and the tangent to the parabola
at the point whose y-coordinate is 3 is ...... .
(A) 3 (B) 6 (c) 9 (D) None of these
(AIEEE : 2009)
Sol. : Parabola (y—2)2 =(x—1) has vertex (I, 2).

For a point on the parabola whose y-coordinate 3, (3—2)2 =x-1 = x=2.

We find the equation of the tangent at (2, 3).

(y—2)2 =x—1
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2(y-2) L =1

dy _ 1

(B "
dx (2, 3) 2(3—2) 2
The slope of the tangent is % and it passes through (2, 3).

The equation of the tangent is (y—3)= % (x=2)

2y—6=x-2
x=2y—-4

Taking y = 0 in the equation of parabola (y—2)2 =x—1 we get x=5.
The parabola intersects X-axis at (5, 0).

Y x=2y-4

Figure 18.44

(X 2)
3 [( 2)? +1)—(2y—4)} dy
b2,

3
- [ y—32)3 }O B [y2_4y}z

= (%+3)—(‘78—0)—(9—12) = 3+343 =9 Ans. : (C)

Required area A =

3
[ (= x2) dy (Exlplain 1)
0

- j _

(y

(39) The area of the region bounded by the curve x=-4y? and x—1=-5y% is ... )
g Yy y

(A) 2 (B) 2 ) 3 (D) 5 (IT:2006)

Sol. : Given curve x=-4y> = y? =_Tl x is a parabola having centre O(0, 0)

and curve x—1=-5y%> = 2 =—% (x—1) is a parabola having vertex A(l, 0).
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Solving y? =—%x and y? :—% (x-1),

—%xz—%(x—l)

= —S5x=—4x+4 = x=-4
Taking x=—4, we get y==%1.
x=—4 Y

P(—4,1)

Q (—4,-1)

Figure 18.45

Given curves intersect at P(—4,1) and Q(-4,-1).
Required area = Area of region OPAQO = 2 Area of region OAPO (Exlplain !)

1
= 2] (x-x)dy
0

Il
o
O e —
1
—_—
—
|
(9]
<

[\S}
~——
I
|
I
<

[\

N

| I—
S

1
= ZI(I—yz)dy
0
1
= Z{y—y—;}o = 2(1—%)=2(%) = % Ans. : (D)

(40) For which value of b, the area bounded by y=x— bx* and y= %xz becomes maximum ? b > 0.

(A) (B) 1 (c) 2 (D) None of these

0=

(IIT : 1997)

Sol. : Curves y=x—bx2 and y:%x2 are given.
Solving, %xzzx—bx2 = (l+b2)x2—bx=0
- x[(1+b2)x—b}=0

= x=0 or X=L2
1+b
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Required area

b

1+52
J (yi—y2)dx
0

Let f(b) = %(L)2

log f(b) = 210gb—210g(b2+1)—10g6

b2+1

(differentiating w.r.t. b)

maximum or a minimum value of A we have,

f'® _ 2 5 2b
f® b b2 +1
dA _ _2(b—1)(b+1)_A
db b (b2+1)

For a

dA _ _

b 0 = b=1

Also, 9A < where Q<p<] and 94 <0 where b>1.

db

db

The area becomes maximum for b = 1.

(41) The area bounded by y2=9x and x2:9y 1S .. .

(A)

9

(B)

27

(c) 4

(D)

18

dA:O
’

db

Ans. :

Sol. : Both the curves y2 =9x and x? =9y are parabola having vertex origin.

Clearly one point of intersection is O(0, 0)

(b>0)

(B)
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Solving both equations, Y

x¥ =9y 1*
x2=9y = x4=81y2
= x*=81(9x)
- =9 ) |
= x=9 and y=9
. The other point of intersection is A(9,9). M

Figure 18.46
The points of intersection are O(0,0) and A(9,9).

2
The curves are y; —-3.x and Vs :%

9
Required area = J(M —yp)dx
0

—_ 3 9
5 3
g
L 2 0
-3 5 9
= |2x2 —%} = (54-27) = 27 Ans. : (B)
L 0

(42) The area bounded by the curve 4y:3x2 and the line 3x—-2y+12=0 is ... .
(A) 27 (B) 108 (C) =4 (D) 13
Sol. : Here parabola 4y:3x2 and the line 3x—-2y+12=0 are given.
Solving 3x2=4y and 3x+12=2y

" 3x% =2(3x+12)

" x*-2x-8=0

oo (x=4)(x+2)=0

x=4 or x=-2

If x=4, then y=12 and if x=-2, then y=3
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The points of intersection are A(4, 12) and B(—2, 3).

2
Now, y, = 3% and y, = —3)‘;12

4y = 32

X
3x-2y+12=0
Figure 18.47
4 2
Required area = I (%—%) dx
-2
4
= %J. (6x+24—3x2)dx
-2
= l[?)x2+24x xST
4 _
= 1[(48+96-64)— (12-48+8)]
= 1(108) =27 Ans. : (A)
(43) The area bounded by y=cosx and y = sinx; OSXS%T iS .. . (AIEEE : 2010)
(A) 422 (B) 4/2+2 (C) 421 (D) 4V2+1

>

Sol. :

Figure 18.48
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Ans. :

x Sz
4 4
I, = J'(cosx—sinx)dx I, = [ (sinx—cosx)dx
0 r
sz
z _ . 4
= [sinx+cosx](‘)1 = [-cos x—sinx]
4
= (L4 1j_ = (L 4+ L4+ 1 4 1
[+ )0 (BrkrErE)
_ 4
= V2-1. =5 = 22
3z
2
|I3| = .f (cosx—sinx)dx
5z
4
3z
= [sinx+cos x]i
4
= (0-1)—(-L __L
= 0-0-(-%-4)
= J2-1
Required area = |Il|+|12|+|13|
= 2-1+2J2+42-1
- (4J§ —2)
z 3z
2 T T 4
Note : Let I, = [(sinx - cosx) dx + [ sinx dx, 1," = [cosxdx+ | (cosx - sinx) dx
z z Sl4
2 2 T T 4
Then, I,' — I," = [ sinxdx— | cosxdx + | sinxdx— [ cosxdx— | (cosx — sinx) dx
z 3
a 2 T 4
= [ sinxdx - | cosxdx - | cosx dx — | (sinx — cosx) dx
5z
T T 1
= [ sinxdx- [ cosxdx— [ (cosx - sinx) dx
3 .
5z
™ 4
= [ (sinx—cosx)dx + [ (sinx — cosx) dx
z T
5z
)
= [ (sinx - cosx)dx =1,
vy

(A)
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(44) The area bounded by the curves y=x,x=e,y =§ and positive X-axis is ....... }

(B) 1 ) 3 (D)

|

(A)

0=

(AIEEE : 2011)

Sol. :

n

Figure 18.49

1

For the points of intersection of ¥ =% and y = x, we have [ =x.
We get x?=1. So, x=+1
In the first quadrant we have (1, 1).
1 e
Required area = J x dx +J (%) dx
0 1
>t
— X
- 5] +Doe ]
0
= %+logee logl = %+1 = % Ans. : (O)
e area bounded by parabola x“ ==, x“ =9y and the line y=2 is ......
(45) Th bounded by parabol 2, x*=9y and the li 2 i
(A) 2042 (B) 12 (© 22 () 102
Sol. : Taking y = 2 in the equation of the parabola x? =% we get X2 =% = xziﬁ

2_2

= =
The parabola x” =< ,2) and (ﬁ,2).

o

intersects the line y=2 at (

Taking y = 2 in the equation of the parabola x2 =9y we get =18 = x=+32

The parabola x> =9y intersects the line y=2 at (3\/5 , 2) and (—3\/5 , 2).
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(0]

v

Figure 18.50

Required area = (Area of region AOBA) + (Area of region CODC )
= 2(Area of region AOBA)

2T(x1—x2)dy

o

2
~ 2j(3\/_—@jdy
0
2
= 2[5 yay
0
2
3
-5 2 10|32 10x2x+/2 2042
- ? = 3022 | = 3 = =3 Ans. : (C)
0

(46) The area bounded by the curve y = Jx , 2y—x+3=0 and X-axis in the first quadrant is ....... .
(A) 36 (B) 18 () 2 (D) 9  (JEE:2013)
yen . 2 : —
Sol. : Given curve y= Jx is a subset of y- =x and line x=2y+3.

Solving we get y2 =2y+3

Y
9
y2—2y—3=0 Ny =
(y=3)(y+1)=0 ’L?Xq)
17z
=3 or y=-1
’ . o (3.0 X
If y=3,then x=9 and if y=-1, then x=1
P
The curve y2 =x and the line intersect at
Figure 18.51
A(9,3) and B(l,-1).
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Required area (xy—x; ) dy

3
J
0
3 3P

£(2y+3 y ) - [y2+3y—y7}0 = 9+9-9=9 Ans. : (D)

(47) The area bounded by y=sinx+cosx and y=|cosx—sinx| in [0, %] is ... .

(A) 4(\/5—1) (B) 2(\/§+1) (C) 2\/5(\/5—]) (D) 2\/5(\/5_,_1)
(JEE :2014 Adv)

Sol. : Here curve f(x)=y=sinx+cosx= 2sin(x+%), 0<x<% and
0

cos X—sin x,

g(x) = y=|c0sx—sinx| = _
Sin x—cos x, %SxS

Y

"~

Figure 18.52

Required area A = {(sin X+cos x) - (cos xX—sin x)} dx

oy

+ {(sin x+cos x) - (sin X—cos x)} dx

BN —oN

N

2sin x dx + J. 2cos x dx

O —— N

N

A

= -2 [cos x](‘)1 +2 [sin x]

AN N

| I

= 21|
= —2+2+2-V2 =4-2J2 = 2\/5(\/5—1)-
Ans. : (O)
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(48) Find the area of the region formed by A= {(X, y) | x +y2 <1 and y2 < l—x}.
(JEE : 2014 Main)
(D)

+

S]]
W

(A) Z+3 (B)

Y

-% (€) %-

Y

Sol. : Here curve x>+ y2 =1 is a circle having centre O(O, 0) and radius 1, while y2 =1-x

is a parabola having vertex at (1, 0).

B'(0.-1)

v

Figure 18.53
Required area A = I; + 1,

= %nrz +2 (Area of region OABO)

1
3
_ y
= %"‘2{)’—7} = £+2(1—%) = %+% Ans. : (A)

(49) Common tangents of the circle x>+ y2 =2 and the parabola y2 =8x touch the circle at points
P, Q and the parabola at points R, S. Find the area of quadrilateral PQRS.

(A) 3 (B) 6 (c) 9 (D) 15
(JEE : 2014 Adv)

Sol. : If a tangent of the parabola y = mx+ % touches the circle x? + y2 =2, then perpendicular

distance from centre to this tangent is radius.
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m +m2:2

omtem?—2=0

o (m?-1)(m?+2)=0

. m=%1 or m?>=-2 which is not possible.
wom=x1
The equations of the tangents are Yy=x+2 and y=-x-2,

The tangents intersect at A(—2, O).

g /
AMJ\VK > X
s\

Figure 18.54

s
«

Y
P
Q

From y=#(x+2) and »?4y2=2,
x2+(x+2)2=2. So, 2x%> +4x+2=0

x=—1 and y=%1
s P(-L1) and Q(-1,-1)
From y=%+(x+2) and y2 =8x, we have
(x+2) =8x
X2 —4x+4=0
x=2 and y=14
Coordinates of P, Q, R, S
P(-L1), 0(-1-1), R(2,4), S(2.-4)
The area of the region PQSR = %((Sum of the lengths of parallel sides)

% (The perpendicular distance between them)

_ (2”;)(3) - % =15 Ans. : (D)
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: Question with More Than One Correct Answer :

(50) The area bounded by the curve y=Ilogx, y=0 and x=3 is ...... )

(A) (log9—2) (B) (10g27—2) (C) logi—g (D) less then three

3
Sol. : Required area A = j y dx
1

3
J. log x dx
1

S
7
Il

[xlogx— x]f

= 3log3-2
/ ' X g

N

(51)

(1Lo) A

= log 27-2 B)
2
J = log27-log,e
x=3
- oe(%) ©
Figure 18.55 = 1og(2—§) <3 (D)
e

Ans. : (B), (C), (D)

: Assertion and Reason Type Questions :

Explanation : Each of these questions contains statement 1 (Assertion) and statement 2 (Reason).
Each question has four choices, option (A), (B), (C) and (D), which are as follows. You have
to select the correct choice.

(A) Statement 1 is true, statement 2 is true. Statement 2 is the correct explanation for statement 1.
(B) Statement 1 is true, statement 2 is true. Statement 2 is not a correct explanation for

statement 1.
(C) Statement 1 is true, statement 2 is false.

(D) Statement 1 is false, statement 2 is true.

Statement 1 : The area bounded by the curve y = sin®x in [0, 7 | is bigger than the area bounded

by y=sinx in [0, 7 ]. Y
Statement 2 : If 0<t<1, then % <¢.
Sol. : If O<r<l, then % <¢ Lt
) . y=sinx
. oSin“x < sin x
y=sin2x
T T < o © > X
. 2 . (6]
. Jsm xdx<Jsmxdx |
0 0 Figure 18.56
Statement 1 is false and statement 2 is true. Ans. : (D)
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(52) Statement1 : If f(x)=(x—1)(x—2)(x—3), then the area bounded by f(x) and lines

2.8
x=22,x=2.8 and X-axis is given by J (x=1) (x=2) (x—3) dx.
2.2

Statement 2 : (x-1)(x-2)(x-3)<0, where xe[2.2,2.8]

Sol. : It is clear form the figure that if, xe[2.2,2.8], then (x-1)(x-2)(x-3)<0.
If 22<x<28, then (x-1)>0,(x-2)>0,(x-3)<0
S(x=1)(x=2)(x-3)<0

Y ye
V=(r_
” (x. IXX\Q)(X\}})
x=22
N
(2,0) T
P ! P W
) II(&O)
x=28

Figure 18.57

2'8 2.8
Required area = J fx)de] = ~ J. (x=1) (x=2) (x—3)dx
29 2.2

. Thus statement 1 is false and statement 2 is true. Ans. : (D)

tatement 1 : The area bounded by the curve 2x“+3y“ =6 1s smaller than the area bounde

(53) S 1:Th bounded by th 243y2=6 i ller than th bounded
by the curve 2|x|+3|y|[<6.

Statement 2 : The length of the major axis of the ellipse 2x2+3y2 =6 is greater than the
maximum of the distance between any two points on X-axis if 2|x| + 3| y| <6.

2
Sol. : The given curve is 2x° +3y2 =0. So, ﬁ+y__1 represents an ellipse.

3 2 -
a:ﬁ and b:\/i.
2|x|+3|y[<6 = 2x+3y<6, 2x+3y<6,
2x-3y<6 and —-2x-3y <6 indicate subsets of four lines.
Solving 2x+3y=6 and 2x>+3y2 =6

6-20% _
2 -

2x% +3 6

6x%+36—24x+4x> =18
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. 10x% = 24x+18=0 \

. 5x%2—12x+9=0
. A=144-180<0

-, Similarly, other lines too do

not intersect the ellipse.

The area of an ellipse = wab = V6 n Figure 18.58
and area bounded by 2|x|+3|y|s6 is = 4(%><b><h) = 4><%><3><2=12
Since \/gn<12 & 6n% < 144 & w? <24 statement 1 is true.

The length of the major axis of the ellipse = AA’=2./3

The distance between any two points of 2|x| + 3| y| <6 on axes is 6.

Since 2\/§<6 P \/§<3, statement 2 is false. Ans. : (O)

(54) Statement 1 : The area of the region bounded by |x|+|y|<2 is 8.
Statement 2 : |x| + | y| =2 represents a square having sides of length /g .

Sol. : The region bounded by | x| + | y| <2 is the region bounded by four sets satisfying
X+y<2,—x+y<2,x—y<2 and —x—-y<2.
The lines x+y=2,x+y=-2 are parallel. x—y=x2 are parallel.
Product of the slopes of x+y=2,x—y=2 is —1. 4
Diagonal AC=BD =4
ABCD is a square.
AOAB is a right angled triangle.

. OA%>+0B* = AB? C(=20
< > X
. AB®>=4+4
. AB=+[8
ABCD is a square having sides of length /g .
Its area :lxb:\/gx\/g=8 v
Statement 1 is true. Figure 18.59
Also, statement 2 is true and it is the correct explanation of statement 1. Ans. : (A)
2 xz 2
Second method : Area = 4J (2—x)dx=4{2x——} =4(4-2)=8
2
0 0
o
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