11 Mathematical Reasoning

Statement : A sentence is called a statement, if it is either true or false but not both and its truth
or falseness can be definitely decided upon without ambiguity.

Simple Statement : A statement which cannot be decomposed into two or more statements is called
a simple statement.

Negation : If a statement is true, then its negation is false and if a given statement is false, then
its negation is true.

The truth of simple statement and its negation is shown in the tabular form as below :

P ~P
T F
F T
The symbol for complementation is '’ and it is an operation equivalent to negation in mathematical
logic.
~(p) = p

Compound Statement : When two or more simple statements are joined using the logical
connectives, the statement formed is called a compound statement.

Logical connectives : Sometimes two or more simple statements are joined by connectives ‘or’
or ‘and’. These connectives are called logical connectives.

The Conjunction of Statements : If two or more simple statements are joined by logical
connective ‘and’, the statement obtained is called the conjunction of given statements.

Here, given statements are called component statements.

The conjuction of two simple statements is denoted by p A g. If the truthvalue of both the simple
statements is T, then the truthvalue of p A ¢ is T, otherwise it is F.

The above information can be summarised in the tabular form as follows :

P q P NAq
T T T
T F F
F T F
F F F

Intersection of sets A and B is symbolically represented by A N B and it is an operation equivalent

to conjunction in mathematical logic.

Disjunction : If two or more simple statements are joined by logical connective ‘or’, the statement

obtained is called the disjunction of given statements.
The disjunction of two simple statements p and ¢ is denoted by p v gq.

If the truthvalue of both the simple statements is F, then the truthvalue of p v ¢ is F, otherwise
it is T.
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The above information can be written in the tabular form as follows :

14 q PV
T T T
T F T
F T T
F F F

Union of sets A and B is symbolically represented by A U B and it is an operation equivalent
to disjunction in mathematical logic.

Negation of Compound Statements : Negation of the conjunction of two simple statements
is the disjunction of negations of two given simple statements. In symbol, it is expressed as
~p A q =(p) v (~9.

If two simple statements p and ¢ are true, then the negation of conjunction will be false, otherwise
the negation of conjunction will be true.

The above information can be written in the tabular form as under :

)4 q pPAq|~pArq)
T T T F
T F F T
F T F T
F F F T

The negation of the disjunction of two simple statements is the conjunction of the negations of two
given simple statements. In symbol, it is expressed as ~(p v q) = (~p) A (~q).

If two simple statements p and ¢ are false, then the negation of disjuction will be true, otherwise
the negation of disjuction will be false.

The above information can be written in the tabular form as under :

)4 q pvq |~pvyq
T T T F
T F T F
F T T F
F F F T

Results of the negation of a compound statement are equivalent to De’Morgan’s laws of
set operation.
Use of logical Connective ‘or’ in terms of inclusive/exclusive sense :

When two events do not exist simultaneously, at that time logical connectives can be used in
exclusive sense, but when two events can exist simultaneously, then logical connectives can be used
in inclusive sense.

Connectives and their negations :
‘there exists’, ‘for all’ or ‘for each’ phrases are also known as connectives.
The symbol for ‘there exists’ is 3 which is called existential quantifier.
The symbol for the phrase ‘for each’ is V which is called universal quantifier.
Their negations can be denoted in symbols obtained as follows :

~(for some p) = for all ~p. i.e. ~(Ip) = V(~p)

~(for all p) = for some ~p. i.e. ~(Vp) = A(~p)
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Implication and double implication : If p and ¢ are any two statements, the statement of the
form, ‘if p, then ¢’ is called an implication and is denoted by p = g¢. It is called a conditional
statement.

Implication is expressed by any one of the following :

(i) If p then ¢ (ii) ¢q, if p, (iii)) p only if g (iv) p is a sufficient condition for ¢. (v) g is a
necessary condition for p.

p is called the hypothesis or the antecedent and ¢ is called the conclusion or the consequent.

In implication, if antecedent is true and the consequent is false, then the implication is false,
otherwise it will be true.

=9 =P vy
The above information can be written in the tabular form as follows :

4 q |p=>4q| ~p |(p) VY
T T T F T
T F F F F
F T T T T
F F T T T

3

Double Implication : If a given statement is in the form, ‘p if and only if ¢’, then it is called

a biconditional statement or double implication. It is denoted by p & gq.
p < q is true if both p and ¢ are true or both are false.

The above information can be summarised in the tabular form as under :

14 9 P <49
T T T
T F F
F T F
F F T

Contrapositive statement :
The contrapositive statement of p = ¢ is ~¢ = ~p. See p=q = (~q) = (~p).
Table :

(a) (b
)4 q |p=>q9| ~q ~p | (~q) = (~p)
T T T F F T
T F F T F F
F T T F T T
F F T T T T

Converse of a statement : For two statements p and ¢, the converse of, ‘if p then ¢’ is ‘if
q then p’.

Converse of p = ¢q is ¢ = p.

Double implication is a compound statement of implication and its converse.

~p = q9 =p A (9
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Sol.

@)

Sol.

)

Sol.

Validating argument : We can use the following two methods to verify the validity of

argument :

(i) Direct method : To prove a statement with ‘if p then ¢’; assuming p is true, prove ¢q is

true. This is called direct method of proof.

(ii) Method of contradiction (Method of reductio ad absurdum) : Here we assume that ¢

is not true and come to a contradiction against hypothesis.

The truthvalue of tautology is T and the truthvalue of fallacy is F. Tautology is denoted by ¢ and

fallacy is denoted by c.

Important Results :

1 pve=t
G pvip =t
S prc=c

@D lp=@vel =1

@ [prg) = pl =1

D) {evae A (=p)} = ql = ¢

W) =D r@=nt=@=r]=t

@)
“4)
(©)
®)
(10)
(12)

pPAL=Dp

PA(Ep) =c

pve=p

lg=@Vvye] =1

[pArq) = q] =t

He v o A9} =pl=t

: Multiple Choice Questions :

The negation of x €e AN B = (x € A and x € B) is ...... .

A)xe AuUB= (xe Aor x e B)
C)xe AnBand (x ¢ Aor x ¢ B)

B)xe AnBor (x e Aand x € B)
D)xe AnBand (x € Aand x € B)
: Here p: xe AnBand g : x € Aand x € B.

The given statement is of the form p = ¢. Its negation is

~p =9 =p (9

=xe AnBand ~(x € A and x € B)
=xe AnBand (x € Aor x ¢ B)

Ans. : (C)

The negation of ‘x € R if and only if |x| > 0° is ...... .
(A) {x € R" and |x| > 0} and {[x| > 0 and x € R}
(B) {x e Rand |x|] #» 0} and {|x| 2 0 and x ¢ R}
(C) {xe Rand x| 2 0} or {|x] =20 and x ¢ R}

(D) {x € R" and |[x| # 0} or {|x] <0 and x ¢ R}

: Herep : x € R and ¢ : |x| = 0 are given statements.

Here p & ¢ is a biconditional statement. Its negation is,

~p o q =~ =9 A (@@= Dp)]l
=~p =9 Vv ~(q = p
=@ A (q9) V(@A (p)

Negation of given statement = {x € R and |x| * 0} or {|x| 2 0 and x ¢ R} Amnms. : (C)

For two statements p and ¢, p v ~(p = ~q) =

A)~p v q B)p A (~9)

©p

(D) ¢

tpv~p=>~q=pVvPAr~9)=pVvPArqg=p Ans. : (C)
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“4)

Sol. :

®)

Sol. :

(6)

Sol.

™)

Sol.

If the truthvalues of simple statements p, ¢, » and s are respectively T, F, F, T, then the
truthvalue of ((~p A @) vV r) = ~s is ...... .

(A) F B) T
(C) F, if truthvalue of p and g is T (D) T, if truthvalue of s is F
p g9 |r |s |~P |~ |Prq| prgVr [((pArAg V) =~
T F F T F F F F T
Ans. : (B)
~~p A (p & q)] = ......
A)g ~p B)p v q © ~p (D) ~q
Ao Pl=~(p) Vv~ Sq
=p V-l =9 @=Dpl
=lpv@Ar~plv @A~
=pVv@nr-p
=@voA@y-p
=pvVvyq Ans. : (B)
The contrapositive statement of ‘If x2 = 25, then (x = 5 or x = =5)" is ...... .
(A) If x2 # 25, then x # 5 and x # -5 (B) If x # 5 or x # -5, then x* = 25
(C) If x # 5 and x # -5, then x% # 25 (D) If x # 5 and x # -5, then x2 = 25

: Here, p:x2 =25 q:x=5r:x=-5

The given statement is of the form p = (¢ v r). Its contrapositive statement is
~q v r)=
Contrapositive statement of given statement :

If (x # 5 and x # —5), then x% # 25 Ans. : (O)
The contrapositive statement and the converse statement of ‘If the points P, Q and R are
collinear, then APQR is not possible’ are respectively ...... and ...... .

(A) Contrapositive statement : If APQR is possible, then the points P, Q and R are
collinear.

Converse : If APQR is not possible, then the points P, Q and R are collinear.
(B) Contrapositive statement : If APQR is not possible, then the points P, Q and R are
not collinear.
Converse : If APQR is possible, then the points P, Q and R are not collinear.
(C) Contrapositive statement : If APQR is not possible, then the points P, Q and R are
collinear.
Converse : If APQR is not possible, then the points P, Q and R are not collinear.
(D) Contrapositive statement : If APQR is possible, then the points P, Q and R are not
collinear.
Converse : If APQR is not possible, then the points P, Q and R are collinear.

: Here p : The points P, Q and R are collinear.

q : APQR is not possible.

The given statement is of the form p = g¢. Its contrapositive statement is ~¢ = ~p.
Contrapositive statement : If APQR is possible, then the points P, Q and R are not
collinear.

Also, converse statement of p = ¢ is ¢ = p.

Converse : If APQR is not possible, then points P, Q and R are collinear. Ans. : (D)
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®)

Sol.

©)

Sol.

(10)

Sol.

(11)

Sol.

(12)

Sol. :

(13)

The converse of (p A (~q)) = r is ...... .

(A)~r = (=pV9q) B)r = (=pr~q)
©) (pvg) = ~r (D) All of these (A), (B) and (C)
: The converse statement of (p A (~q)) = r is r = (p A (~q)).

r= (pnq)
=~ V(A P=q=~PVvy
= @A~V (n)
= [~epvolv () PA~q = ~(pVvq)
= (pvyg = (1)
Converse of (pA(~q)) = ris (~pVvq) = (~r). Ans. : (O)

p : It rains today. q : I am going to school.

r 1 will meet my friend. s @ I will go to watch a movie.

If it doesn’t rain today or if I won’t go to school, then I will meet my friend and I will go
to watch a movie. This statement can be represented as ...... in logical form.

A)~pAg) = (As) BYpr~q)=(Ars) (C) ~(pvg = (rvs) D) prg = (rVs)

¢ Here, if it doesn’t rain today is negation of p and I won’t go to school is negation of

q. Also, the statement is of ‘if, then’ form.

Given statement is of form (~p v ~q) = (¥ A 9).

pv~q = As)

=~pAq) = F A3 Ans. : (A)
~p = (~pvyg)] = .....
A)pvpv-~r) Bp=~pvyg O preyg D) pr~q
tp=(pvgy=pvipvegy =((=p) Vv (P)Vvyg P=q9=prvy
=~pVvyq
~lp = (pvl =~l-pvql =pr~q Ans. : (D)
~(p Vv q) Vv (~p A q) is logically equivalent to ...... . [Online : 2014]
A p B)g © ~p (D) ~q
P vV (pAg) = (pA~Q V(P AQ)
= ~pA(~qVvq)
= pnt (g v~q =1
= Ans. : (O)
~lpAr(g = ~r)] = ...
(A)pvi(gnr) B)~pv(gnar) © pvigvr) (D) ~pA(g Ar)
~lprlqg = 1] = (=p) v~(g = ~r)
= ~p V(g A~(~r))
=~pvVv(gAr) Ans. : (B)

p : 10 is an even natural number ¢ : 12 is divisible by 8
r : l.e.m. of 6 and 8 is 24. Then, which of the following is true ?
(A (pAr)vyg B p=qvr (C) only (A) (D) (A) and (B) both
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Sol.

(14)

Sol. :

(15)

Sol.

¢ Here, statement p and statement r are true and statement ¢ is false.

(p Ar) is true and ¢ is false. Their disjunction becomes true.
Truthvalue of (p AFr)v g is T.
Also, in p = ¢, p being true and g being false, p = ¢ is false.
r being true, (p = ¢q) v r is true.
Thus, (A) and (B), both the options are true.
Short method : 7 being true, (B) is true.

p A r being true, (A) is true. Ans. : (A), (B), (D)
If[(p =9 A @ =r)] = (p = r)is logically true, then this statement is ...... .
(A p B)gq (C) a tautology (D) a contradiction
p g |r [p=q | p=2r|ep>9Ap=>1n|@p=>9Ap=nl=@P=7
T T T T T T T
T T F T F F T
T F T F T F T
T F F F F F T
F T T T T T T
F T F T T T T
F F T T T T T
F F F T T T T
From the last coloum, we can say that the given statement is a tautology. Ans. : (O)
The equivalent statement of p = (¢ = p) is ...... . (Online 2008 : 2013)
Ap =P Bpr=w=9 ©p=@vy Dyp= Prq
tp=>@=p =pVv(qVvDp
=~ Vv (Vv -~ (Commuative law)
=(~p Vv p V() (Associative law)
RS
=t (D

Now, p = (p © @)= (p) VI = 9 A (g = p)l

~p Vv [((p) v @ A (~q Vv p)]

() v (=P vV @] A [(~=p) Vv (~q Vv p)]
=[pv~p)Vvgl Arl=p) Vv (Vv ~q)]
=l vqg Al=pvVvp Vv~
=(pvgAlv~q
=(pvVvgnt
=p =>q %t

p=>@P=q9 =(p)vipvgyd=(pVvyY=p=q9*t

and p = (pvg =~pVv(pVyg

=(~pvVvp Vvg=tvg=t (Associative law) (2)

From (1) and (2), it is clear that the statement equivalent to the given statement is
p=@Vvag.
P=>2@A=PVEAD=(PD VP ACPYVY=0CtpVvgzt Ans : (0
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(16)

Sol.

(17

Sol.

(18)

Sol.

(19)

Sol.

(20)

Sol.

For S c R, where S # @), which of the following is the negation of the statement p given
below ?

Statement p : There is a rational number x € S, such that x > 0
(A) There is no rational number x € S, such that x < 0

(B) For every rational number x € S, x < 0.

(C) x € S and x £ 0 = x is an irrational number.

(D) 3 a rational number x € S, such that x < 0

: Here statement p : 3 a rational number x € S, such that x > 0 has negation.

~p : V rational numbers xe S, x < 0
~p : for every rational number x € S, x < 0. Ans. : (B)

The negation of the statement ‘if | become a teacher, then I will own a school’ is
...... . [AIEEE : 2012]

(A) I will become a teacher and I will not own a school.

(B) Either I will not become a teacher or I will not own a school.
(C) Neither I will become a teacher nor I will own a school.

(D) I will not become a teacher or I will own a school.

: p 1 will become a teacher.

q : 1 will own a school.
Here, given statement is of the form p = g¢.

The negation of p = g is ~(p = q) = ~(~p vV q¢) = p A —q.

p A ~q : I will become a teacher and I will not own a school. Ans. : (A)
For integers m, n > 1, the following three statements are given :
p : n is divisible by m. g : n* is divisible by m.
r : m is a prime. Then, which of following is symbolic presentation ? [Online : 2013]
A)gnrnr=p B rg =r ©q=r D g =p
If m is a prime and n2 is divisible by m, then # is also divisible by m.

: (g A r) = p is the symbolic presentation. Ans. : (A)
If the truthvalue of r is F, where » : p = (~p Vv ¢q), then the truthvalues of p and ¢ are
respectively ...... and ...... . [Online : 2013]
(A)F, F BT, T O T F D)FE T

: Truthvalue of p = (~p) v ¢q is F.

Truthvalue of p is T and truthvalue of (~p) v ¢q is F.

Truthvalue of ¢ is F. Ans. : (O)
Equivalent statement of ~(p < ~q) is ...... . [JEE : 2014]
Ap = q B)» = ~q ©) ¢ (D) ¢

P |4 ~p | ~q | pe~q~pP S ~q)|poq|(p) & ()

T T F F F T T T

T F F T T F F F

F T T F T F F F

F F T T F T T T

It is clear from the last two columns that ~(p & ~q) = p & g = (~p) & (~q) Ans. : (A), (B)
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(21)  The contrapositive of the statement ‘I will go to school if it does not rain’ is ...... . [Online : 2014]
(A) If it rains, I will not go to school. (B) If I will not go to school, it rains.
(C) If it rains, I will go to school. (D) If T will go to school, it rains.
Sol. : Here p : It does not rain and ¢ : I will go to school.
Here, 1 will go to school if it does not rain is a statement of the form p = ¢. Its contrapositive
statement is ~q = ~p.
Thus, contrapositive statement : If [ will not go to school, it rains. Ans. : (B)
(22)  For three simple statements p, ¢ and r, the logically equivalent statement of p = (¢ v 7) is ...... .
[Online : 2014]
A@evag=r B@=>9vpEp=r
O @@=~ Ap=r D=9 A@p=-1
Sol. : p = (g vr
=pVv@vr
=(pvagVvipvr
=@p=9vp=r
OR
(@) (b)
p g |r |~ ~TrpVvqqVvr| p= |p=4qp=>rp=~qp=-~r|(pV Q|p=9|(P=~q9)| =9
(gvr) =r \ A A
p=r@E=r|{@p=-~r
T|T|T|F|F| T /|T T T T F F T T F F
T|T|F|F|T| T/|T T T F F T F T F T
TI/F|T|T|F| T /| T T F T T F T T T F
T|F|F|T|T| T /| F F F F T T F F F F
F|T|T|F|F| T]|T T T T T T T T T T
F|T|F |F|T| T|T T T T T T F T T T
F|F|T|T|F| F T T T T T T T T T T
F|F|F|T|T| F F T T T T T T T T T
From columns (a) and (b) of the above table, it is clear that,
P=@Gvi=1p=>a9vQp=n Ans. : (B)
(23)  The contrapositive of the statement ‘if I do not feel well, then I will go to see a doctor’ is
...... . [Online : 2014]
(A) If T feel well, then I will not go to see a doctor.
(B) If I go to see a doctor, then I will feel well.
(C) If I do not go to see a doctor, then I will feel well.
(D) If T go to see a doctor, then I will not feel well.
Sol. : Herep : I do not feel well. ¢ : I will go to see a doctor.

The given statement is of the form p = ¢. Its contrapositive statement is ~g = ~p.

Thus, the contrapositive statement of ‘If I do not feel well, then ‘I will go to see a doctor’
is ‘If I do not go to see a doctor, then I will feel well.’ Ans. : (O)
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¢ Question with More Than One Correct Answers :

(24)  Which of the following statements is a tautoloty ?
A)prg)=p B levoArpl=p ©) prt (D) pv ()
Sol. : Consider the statements p, ¢ and . We can find out which of the above statements is a
tautology using the table given below :
M)A BHGH G D] O (&) (10) (11) 12)
Pl |t P~ pVEPPALPAGPAD=PPVIPYDACDIPYPACPI=P
T/ T|T|F|F T T T T T F T
T F|T|F|T T T F T T T T
F| T |T|T|F T F F T T F T
FIF|T|T|T T F F T F F T
It is clear from columns (6), (9) and (12) that,
pVv(=p),(PAq) = pand [(p Vv q) A (~q)] = p are tautologies. Ans. : (A), (B), (D)
Second method :
PArq@=>p=CpVvEQvVvp
=[p) v @] Vv (~9)
=1
(v ACDI=p=1DACPIVgvp=~pVvgVvpyVg=t
pAL=Dp
pv (p =t Ans. : (A), (B), (D)
(25)  Which of the following statements are fallacies ?
(A) (p A ~q) BY@Ar~)A(prg) O P=>r(g=r) D)pnrc
Sol. : For statements p, g, r and c,
M RBH@B G| 6 (D] B (€] (10) | AL 12) 13)
Plag|r|c |~PA~q| P |PAIPA~DAPADP=GI=TP=>PAG21)PpAC
T T|T|F |F F F F F T T T F
TIT|F|F |F F F F F T F F F
T IF|T|F |T T F F F F T F F
T IF|F|F |T T F F F F T F F
F| T|T|F |F F T T F T T T F
F| T|F|F |F F T T F T F F F
FI|F|T|F|T F T F F T T T F
F|F|F|F|T F T F F T T T F

It is clear from the above columns (9) and (13) that,

@ A ~q) A (~p A q) and p A c are fallacies. Ans. : (B), (D)
Second method :

@A) AP AD= P AP AGAEg) =c
pPAC=cC

The remaining two options are clearly not fallacies. Ans. : (B), (D)
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(26)

Sol.

27

Sol.

(28)

Sol.

: Assertion and Reason Type Questions :

Explanation : Each of these questions contains statement 1 (Assertion) and statement 2 (Reason).
Each question has four choices, option (A), (B), (C) and (D), which are as follows. You have to
select the correct choice.

(A) Statement 1 is true, statement 2 is true. Statement 2 is the correct explanation for statement 1.
(B) Statement 1 is true, statement 2 is true. Statement 2 is not a correct explanation for
statement 1.

(C) Statement 1 is true, statement 2 is false.
(D) Statement 1 is false, statement 2 is true.

Statement 1: ~(p < ~q) and p & ¢ are logically equivalent. [IIT : 2009]
Statement 2: ~(p & ~q) is a tautology.

P~pe )=~ @) =p S g

(O NINCI RN ) (C)) C)) (6)
p| 4 |~ |[poqlps ) |~ ()
T T F T F T
T F T F T F
F T F F T F
F F T T F T
Statement 1 is true. (Columns (4) and (6) are same.)
~Ip & ~ql = ~llp = @) A [~9) = pl]

~[[p) v ] A [g Vv Pl
@AV A~

If p is true, g is true or both are false then only this statement becomes true..

Statement 2 is false. Ans. : (O)
Statement 1: (p A (~q)) A ((~p) A q) is a fallacy.
Statement 2: (p = ¢q) & (~g = ~p) is a tautology. [JEE : 2013]

A AP AD=PAEP)AD AG =crc=c

Statement 1 is true.
Also, contrapositive of p = ¢ is ~g = ~p.
=9 = (q=—p =t
Statement 2 is true but it is not a correct explanation for statement 1. Ans. : (B)

Statement 1: A = (B = A) and A = (A v B) are logically equivalent.

Statement 2: ~[(A A B) = ((~A) v B)] is a tautology. [Online : 2013]
tA=> B =>A)=~Av (~-B VA
= (~A v A) v (-B) (Associative law)
=tv (~B) =1
Now, A= ((AvB)=~Av(AvVvB)
=(~A Vv A VB (Associative law)
=tvB=t
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A= (B = A)and A = (A v B) are logically equivalent.
Statement 1 is true.

Also, ~[(A A B) = ((~A) v B)]
= ~[~«(A A B) v (~A v B)]
=(AAB)A A A~B)
=AABAEFB)=AAc=c
Statement 2 is a fallacy.

Thus, statement 2 is false.

Statement 1 is true and statement 2 is false. Ans. : (O)
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