





-II B




(BASIC LEARNING MATERIAL)


2021-2022



Sri Syed Omer Jaleel, IAS

Commissioner, Intermediate Education &

Secretary, Telangana State Board of Intermediate Education

Hyderabad

Dr. Md. Abdul Khaliq

Controller of Examinations

Telangana State Board of Intermediate Education

Educational Research and Training Wing

Ramana Rao Vudithyala

Reader

Mahendar Kumar Taduri

Assistant Professor

Vasundhara Devi Kanjarla

Assistant Professor

Learning Material Contributors

M. Vijaya Sekhar

J.L. in  Maths

GJC, BHEL, R.R. Dist.

D. Arundhathi

J.L. in  Maths

GJC, Pochampally, Yadadri Bhongir Dist.

V. Aruna Kumari

J.L. in  Maths

GJC, Toopran, Medak Dist.

D. Srilatha

J.L. in  Maths, RLD. GJC,

S.P. Road, Secunderabad

Coordinating Committee




         






         

(Basic Learning Material) 





          
 ERTW






www.tsbie.cgg.gov.in 








CONTENTS

  

  

  

  

  

  

  

  








AB = 2CB = (2 × ) 

(a, b) r (x – a)2 + (y – b)2 = r2

 (a, b) (a, b) = (0, 0) , r  
2 2 2x y r 

       x2 + y2 + 2gx + 2fy + c = 0. 

(– g, –f), = r = 2 2g f c 

(x
1
, y

1
), (x

2
, y

2
) 

(x – x
1
) (x – x

2
) + (y – y

1
) (y – y

2
) = 0

C

P C =   CP = 

BA
C

0

y

x

1



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

x = x
1
 + r cos 

y = y
1
 + r sin 

 (x
1
, y

1
) = r = 

     < 2

  (x, y) () 
‘’ 



      (x, y) = (x
1
 + r cos , y

1
 + r sin ) = ‘’ 

(x
1
, y

1
),  ‘r’.

S = x2 + y2 + 2gx + 2fy + c = 0 

x = –g + r cos 

y = –f + r sin   2 2r g f c  

‘ ’ = (x, y)

  = (–g + r cos , –f + r sin )

‘r’ 

x = r cos 

y = r sin , 0   < 2

ax2 + 2hxy + by2 + 2gx  + 2fy + c = 0 


(i) a = b  0 (x2 = y2 )

(ii) h = 0 (xy  )

(iii) g2 + f 2 – ac  0



S = x2 + y2 + 2gx + 2fy + c

S
1
 = x x

1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c

S
11

 = x
1

2 + y
1

2 + 2gx
1
 + 2fy

1
 + c
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(0, 0)

y

x

S
12

 = x
1
 x

2
 + y

1
 y

2
 + g(x

1
 + x

2
) + f (y

1
 + y

2
) + c

S
21

 = S
12

S
22

 = x
2

2 + y
2

2 + 2gx
2
 + 2fy

2
 + c

 
   

1
11

1 1 1 1

SSS
, ,x y x y

 

   
1 2

12
2 2 1 1

S S
S

, ,x y x y
 

S = 0 

S = 0 x2 + y2 + 2gx + 2fy + c = 0

 x2 + y2 + 2gx + 2fy + c = 0 ...... (1) ... (1)

(0, 0)  (0, 0)   (1)  

(0, 0) 

 02 + 02 + 2g(0) + 2f (0) + c = 0

0c 

 (0, 0)  x2 + y2 + 2gx + 2fy  = 0.

x2 + y2 + 2gx + 2fy + c = 0 x -(–g, –f ), x - 

0f  . x - y-

x2 + y2 + 2gx + 2fy + c = 0  y-

 (–g, –f ), y- 0g   

y-x-

C (–g, 0)

y

x

C (0, –f )

y

x
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


 x2 + y2 + 2gx + 2fy + c = 0 
x2 + y2 + 2gx + 2fy + c1 = 0 c1 




x-‘P’, ‘Q’ PQ x-
x-

y-‘M’, ‘N’ MN y-
y-

PQ = x-MN =  y-

(g2 – c) > 0 x2 + y2 + 2gx + 2fy + c = 0 x- 22 g c .

2PQ 2 g c   .

x-= PQ = PQ  22 g c  .

x2 + y2 + 2gx + 2fy + c = 0  x-P, Q PQ

x-

2 22 0 0g c g c     

 x2 + y2 + 2gx + 2fy + c = 0  x- g2 – c = 0 or g2 = c.

(f 2 – c) > 0  x2 + y2 + 2gx + 2fy + c = 0 y- = 22 f c

y

x

M

QP

N

y

x

M

QP

N
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MN = 
22 f c

y- 22 f c 

x2 + y2 + 2gx + 2fy + c = 0  y-M, N 
MN y-

22 f c   = 0 f 2 – c = 0

 x2 + y2 + 2gx + 2fy + c = 0  y-f 2 – c = 0  f 2 = c.

  x- g2 = c      y- f 2 = c



A, B 
(i) A, B AB


 

(ii) A, B  AB  AB  



P (x
1
, y

1
) 

S = x2 + y2 + 2gx + 2fy + c = 0 

S
1
 = x x

1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c

•

x

y

o

•

x

y

o

A

o x

y

B

 B

A


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 S = x2 + y2 + 3x – 5y + 9,  (x
1
, y

1
) = (–2, 3)  

S
1
 = x (–2) + y(3) +    

3 5
2 3 9

2 2
x y    [ 2g = 3, 2f = –5]

    
 5 153 6

2 3 9
2 2

yx
x y


     

    
4 6 3 6 5 15 18

2

x y x y      


    
3

2

x y  


S
11

 = x
1

2 + y
1

2 + 2gx
1
 + 2fy

1
 + c

 (x
1
, y

1
) ‘S’

 S
11

 = (–2)2 + 32 + 3(–2) –5(3) + 9

          = 4 + 9 – 6 – 15 + 9 = 1

S
1
, x,  y 

S
11

 
S

1
  S

11
  S = 0 

3x2 + 3y2 + 4x + 5y + 7 = 0 

S = 
2 2 4 5 7

3 3 3
x y x y    .

S
1
 =    1 1 1 1

2 5 7

3 6 3
x x y y x x y y     


S = x2 + y2 + 2gx + 2fy + c = 0 
P(x

1
, y

1
)  

(i) P(x
1
, y

1
)  (S

11
 < 0).

(ii) P(x
1
, y

1
) (S

11
 = 0).

(iii) P(x
1
, y

1
)  (S

11
 > 0).

 P S
11

<0   P S
11

=0 S
11

>0

x

y

o

•
C

P•

x

y

o

•
C

P•

x

y

o

•
C

P•
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P(x
1
, y

1
) 



 PT


 T T PT





S = x2 + y2 + 2gx + 2fy + c P P(x
1
, y

1
) 

PT


PT P S = 0 

 11S .

PT = P S = 0  = 11S .



‘C’ ‘r’  S = 0 P(x
1
, y

1
) 

CP2 – r2  S = 0  P 

S = x2 + y2 + 2gx + 2fy + c = 0 P(x
1
, y

1
)  S

11
.

  



S = 0 A(x
1
, y

1
), B(x

2
, y

2
)    AB


 AB

 S
1
 + S

2
 = S

12

r = 2 2g f c    S = 0 


1
 = (–g + r cos 

1
, –f + r sin 

1
), 

2
  = (–g + r cos 

2
, –f + r sin 

2
) 



   1 2 1 2 1 2cos sin cos
2 2 2

x g y f r
             

        
     

‘P’  ‘P’ 

T

P
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S = x2 + y2 + 2gx + 2fy + c = 0 (x
1
, y

1
)

(i) S
1
 = 0   x x

1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c = 0

(ii)   21y f m x g r m      

2 2r g f c    = m = 

(iii) (x + g) cos + (y + f ) sin =  r  

r =  = 2 2g f c 

= (–g + r cos , –f + r sin (x
1
, y

1
), 

S =  x2 + y2 – r2 = 0 P(x
1
, y

1
)

(i) S
1
 = 0  x x

1
 + y y

1
 – r2 = 0,  P(x

1
, y

1
)

(ii) 21y mx r m    m = 

(iii) x cos  + y sin  = r ‘’ = (r cos , r sin ),

0   2



L = lx + my + n = 0 

S = x2 + y2 + 2gx + 2fy + c = 0 

C L = 0 

   
2 2

2 2

l g m f n
g f c

l m

   
   


  

•r C

P

P 

O
x

r

P

C
•
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

P P 
P 

C P P 


S = x2 + y2 + 2gx + 2fy + c = 0 P(x
1
, y

1
) 

 C = (–g, –f ),  P(x
1
, y

1
)

C, P 

i.e.  1
1 1

1

y f
y y x x

x g


  


()

AB = 2 22 r d

‘r’ = c AB ‘d’

 ACM  r2 = d2 + (AM)2

 (AM)2 = r2 – d2

2 2AM r d  

 AB  =
2 22AM 2 r d 

r C

P

P 

O
x

P 

•

y

r

C

A

O
x

•

y

d

BM
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

PB = PA = P 

     = 11S

P(x
1
, y

1
), S = x2 + y2 + 2gx + 2fy + c = 0

P


P(x
1
 y

1
) S =  0 

11

tan
2 S

r 
 

 
, r 

S = 0 P(x
1
, y

1
) S = 0 

A, B   AB


 S = 0 
P 

S = x2 + y2 + 2gx + 2fy + c = 0 
P(x

1
, y

1
) S = 0 

P S
1
 = 0 

x x
1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c = 0

 

S = 0 P P 
P 

P 

(x
1
, y

1
)

P

A

B

11S

2

r

r

11

Tan
2 S

r


P (x
1
, y

1
)

A

B

P  (S
1
 = 0 )

.

P(x
1
 y

1
)

P 

C

11S



11

S = 0 P(x
1
, y

1
)  S

1
 = 0

x2 + y2 = a2   lx + my + n = 0, (n  0)  = 

2 2

,
a l a m

n n

  
 
 

lg + mf – n  0 S = x2 + y2 + 2gx + 2fy + c = 0 
lx + my + n = 0 

2 2

,
lr mr

g f
lg mf n lg mf n

 
        

, r = 

S = 0    P(x
1
, y

1
)   Q(x

2
, y

2
)     Q(x

2
, y

2
) 

P(x
1
, y

1
) 

S = 0  P Q  P, Q 
(Q P )

S = 0  P(x
1
, y

1
), Q(x

2
, y

2
) S

12
 = 0.

x
1
 x

2
 + y

1
 y

2
 + g(x

1
 + x

2
) + f (y

1
 + y

2
) + c = 0

S = 0   P, Q P, Q S = 0 




S = 0   


x2 + y2 = a2   l
1
x + m

1
y + n

1
 = 0, l

2
x + m

2
y + n

2
 = 0  

a2 (l
1 
l
2
 + m

1 
m

2
) = n

1 
n

2

S = x2 + y2 + 2gx + 2fy + c = 0   l
1
x + m

1
y + n

1
 = 0, l

2
x + m

2
y + n

2
 = 0 



r2 (l
1
 l

2
 + m

1
 m

2
) = (l

1
g + m

1 
f – n

1
) (l

2
g + m

2 
f – n

2
),  2 2r g f c  

S = 0 C, ‘r’. C, P, Q C 
P, Q  (CP)  (CQ) = r2 S = 0 P, Q 

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

S = 0  ‘C’,  ‘r’ P, Q Q S = 0 

P CP  

S = 0 P 
P 



1. x2 + y2 – 4x – 6y + 9 = 0 (–2, 3) 

Sol :  S = x2 + y2 – 4x – 6y + 9 = 0   ... (1)



2g = –4 g = –2

2f = –6   f = –3

c = 9

 = (–g, –f ) = (2, 3) = C

P = (–2, 3) 

CP   2 1
1 1

2 1

y y
y y x x

x x


  



 
3 3

3 2
2 2

y x


   
 

 y – 3 = 0 ... (2)

P  S
1
 = 0, P (x

1
, y

1
) = (–2, 3)

 x x
1
 + y y

1
 – 2(x + x

1
) – 3(y + y

1
) + 9 = 0

 x(–2) + y(3) – 2(x – 2) – 3(y + 3) + 9 = 0

 –2x + 3y – 2x + 4 – 3y – 9 + 9 = 0

 –4x + 4 = 0

 4(–x + 1) = 0

 –x + 1 = 0 ... (3)

C •

•
Q

P 

P

P, Q 

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(2), (3) 

x = 1, y = 3

 P  Q = (1, 3)

S = 0  AB  P(x
1
, y

1
) AB


S

1
 = S

11

x x
1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c = x

1

2 + y
1

2 + 2gx
1
 + 2fy

1
 + c.



S = 0 P(x
1
, y

1
) S

1

2 = S.S
11

 


Sol :

S = 0  P(x
1
, y

1
)A, B 

AB


, P S
1
 = 0, 

x x
1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c = 0

Q(x
2
, y

2
) 

Q P 

P (x
1
, y

1
)

B

A

Q (x
2
, y

2
)

•

C(–g, –f)

P
A B

AB P(x
1
, y

1
)

AB


  S
1
 = S

11
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PQ


  AB


 S
1
 = 0)

  11

12

S

S


11

12

SPB

BQ S


    ... (1)

PB = 11S  = P 

BQ = 22S  = Q 

11

22

SPB

BQ S
  ... (2)

(1), (2)  11 11

1222

S S

SS
 


2

11 11 11

2 2

22 12 22 12

S S S1

S S S S
  

 S
12

2 = S
11

 . S
22

 Q(x
2
, y

2
)   S

1

2 = S
11

 . S

 S
1

2 = S . S
11 

S = 0 P(x
1
, y

1
)







L S = 0, S1 = 0 L S = 0, S1 = 0 


L = 0

R

M(x
1
, y

1
) N(x

2
, y

2
)

MN  R  11

22

L

L


•
•

S = 0 S1 = 0



x

y

O



15




Q,  C
1
, C

2
 

C
1
, C

2
, Q C

1
, C

2
, Q 

S = 0, S1 = 0  
1 2C C  (C

1
, C

2
 



S = 0, S1 = 0  
1 2C C 



P 

C
1 C

2 Q



Q
(Q )

••





C
1

C
2P

C
1

C
2



Q
(Q )





Q
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P, 
1 2C C  r

1
 : r

2
 (r

1
, C

1
 

r
2
 , C

2 
)

Q 

Q  1 2C C r
1
 : r

2
 

P, Q, C
1
, C

2
 

P = 

Q = 

C
1
, C

2
  

(Relative positions of two circles)

S = 0, S1 = 0  C
1
, C

2
, r

1
, r

2
 

C
1
, C

2
     1 2C C        



(i)



: 
1 2C C  > r

1 
+ r

2 
, (r

1 
 r

2
)






 P, Q.

C
1 C

2 Q



P






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(ii)

 : 
1 2C C  >  r

1 
+ r

2 
, r

1 
 r

2


P 


1 2C C  
Q, 


 (iii)

 : 
1 2C C  = r

1 
+ r

2



‘P’, 

‘P’ 

 Q, 



C
1 C

2



P







• • 

C
1 C

2
Q



P




• •
r

1
r

2

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 (iv)

 : |r
1 
– r

2
| <  

1 2C C  
< r

1 
 +  r

2








 (v)

 : 
1 2C C  =  |r

1 
– r

2
|





Q 


 (vi)

 : 
1 2C C  <  |r

1 
– r

2
|







Case (vii)

 C
1
C

2
 = 0 

 
 

C
1

C
2







Q



C
1

Q
C

2

C
1

C
2

C
1

C
2

C
1

C
2


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1. (2, 3),  5 

  (a, b) = (2, 3),   r = 5 

(x – a)2 + (y – b)2 = r2

 (x – 2)2 + (y – 3)2 = 52

 x2 + 4 – 4x + y2 + 9 – 6y – 25 = 0

 x2 + y2 – 4x – 6y – 12 = 0

2. (3, 5), (9,3) 

 A = (x
1
, y

1
) = (3, 5), B = (x

2
, y

2
) = (9, 3) 



(x – x
1
) (x – x

2
) + (y – y

1
) (y – y

2
) = 0

 (x – 3) (x – 9) + (y – 5) (y – 3) = 0

 x2 – 9x – 3x + 27 + y2 – 3y – 5y + 15 = 0

 x2 + y2 – 12x – 8y + 42 = 0

3. 

(i)  x2 + y2 – 4x – 8y – 41 = 0

(ii) 3x2 + 3y2 – 5x – 6y + 4 = 0

 (i)  x2 + y2 – 4x – 8y – 41 = 0

x2 + y2 + 2gx + 2fy + c = 0 



A B
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2g = – 4, 2f = –8, c = –41


4 8

2, 4, 41.
2 2

g f c
 

       

  = (–g, –f ) = (–(–2), –(–4) = (2, 4)

 =      
2 22 2 2 4 41 4 16 41 61g f c           

(ii)  3x2 + 3y2 – 5x – 6y + 4 = 0

2 23 3 5 6 4
0

3 3 3 3 3

x y x y
     

2 2 5 4
2 0

3 3
x y x y     

 x2 + y2 + 2gx + 2fy + c = 0 

[x2 = y2 = 1

x2 = y2 = 1 
]

5 4
2 , 2 2,

3 3
g f c


   

5 4
, 1,

6 3
g f c


    

  = (–g, –f ) = 
5

, 1
6

 
 
 

 =  
2

22 2 5 4
1

6 3
g f c

 
      

 

25 4 25 36 48
1

36 3 36

 
   

13 13 13

36 636
  

C  P  CP 
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4. (2, 3) (2, –1) 

  = C = (a, b) = (2, 3) P = (2,–1) 

P 

= CP 

   
2 2

2 2 3 1    (      
2 2

1 2 1 2x x y y   )

0 16 

16 4 .r  

  (x – a)2 + (y – b)2 = r2

 (x – 2)2 + (y – 3)2 = 42

 x2 + y2 – 4x – 6y + 4 + 9 – 16 = 0

 x2 + y2 – 4x – 6y – 3 = 0



 S = x2 + y2 + 2gx + 2fy + c = 0  ... (1)

(–g, –f ) = (2, 3)

 –g = 2, –f = 3

2 , 3g f    

(1), x2 + y2 + 2(–2) x + 2 (–3) y + c = 0 

 x2 + y2 – 4x – 6y + c = 0          ... (2)

(2, –1) 

 (2) 

(2)2 + (–1)2 – 4(2) – 6(–1) + c = 0 

 4 + 1 –8 + 6 + c = 0  c = –3    3c  

P
C CP = r

P

C CP = r

•

•
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g, f, c (1) 

x2 + y2 – 4x – 6y – 3 = 0

5. 

(i) 4(x2 + y2) = 9

(ii) x2 + y2 – 4x – 6y – 12 = 0



(i)  4(x2 + y2) = 9  
2 2 9

4
x y    

x2 + y2 = r2  2 9

4
r   

 (0, 0) = (x
1
, y

1
)

9 9 3

4 24
r   

 

1

1

3 3
0 cos cos

cos 2 2

sin 3 3
0 sin sin

2 2

x x
x x r

y y r
y y

 
         

   
        

  

(x
1
, y

1
) = , 0 2   

(ii)  x2 + y2 – 4x – 6y – 12 = 0 

x2 + y2 + 2gx + 2fy + c = 0 

2g = –4,   2f = –6, c = –12

g = –2,   f = –3, c = –12

 = (–g, –f ) = (2, 3) = (x
1
, y

1
)

 = 
2 2 4 9 12 25 5r g f c       

 

1

1

cos 2 5 cos

sin 3 5 sin , 0 2

x x r x

y y r y

      
 

         
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6. ax2 + bxy + 3y2 – 5x + 2y – 3 = 0 a, b 


 is ax2 + bxy + 3y2 – 5x + 2y – 3 = 0

x2 = y2 xy  = 0

 a = 3,  b = 0

  3x2 + 3y2 – 5x + 2y – 3 = 0

3 
2 23 3 5 2 3 0

3 3 3 3 3 3

x y x y
     

2 2 5 2
1 0

3 3
x y x y     

 x2 + y2 + 2gx + 2fy + c = 0 

5 2
2 , 2 , 1

3 3
g f c


   

5 1
, , 1

6 3
g f c


    

  =  
5 1

, ,
6 3

g f
 

    
 

 =  
2 2

2 2 5 1
1

6 3
g f c

   
         

   

25 1 25 4 36 65 65 65
1

36 9 36 36 636

 
      

  = 
65

6

7. x2 + y2 – 4x + 6y + c = 0 6 c 

  x2 + y2 – 4x + 6y + c = 0 

x2 + y2 + 2gx + 2fy + c = 0 

2g = –4, 2f = 6, c = c



Basic Learning Material - Maths II(B)24

 g = –2, f = 3, c = c

 = 6  2 2 6g f c   



g2 + f 2 – c = 62

 (–2)2 + 32 – c = 36

 –c = 36 – 4 – 9

 –c = 23 23c  

8. (3, –4), (1, 2), (5, –6) 

Sol : A = (3, –4), B = (1, 2), C = (5, –6) 

A, B, C P(x
1
, y

1
) 

PA = PB = PC = 

 PA = PB        
2 2 2 2

1 1 1 13 4 1 2x y x y       

 (x
1
 – 3)2 + (y

1
 + 4)2 = (x

1
 – 1)2 + (y

1
 – 2)2

 x
1

2 – 6x
1
 + 9 + y

1

2 + 8y
1
 + 16 = x

1

2 – 2x
1
 + 1 + y

1

2 –  4y
1
 + 4

 –6x
1
 + 8y

1
 + 25 + 2x

1
 + 4y

1
 – 5 = 0

 –4x
1
 + 12y

1
 + 20 = 0

 4(–x
1
 + 3y

1
 + 5) = 0

 –x
1
 + 3y

1
 + 5 = 0  ... (1)

PB = PC  PB2 = PC2

 (x
1 
– 1)2 + (y

1 
– 2)2 =  (x

1 
– 5)2 + (y

1 
+ 6)2

 x
1

2 – 2x
1
 + 1 + y

1

2 – 4y
1
 + 4 = x

1

2 – 10x
1
 + 25 + y

1

2 + 12y
1
 + 36

 –2x
1
 – 4y

1
 + 5 + 10x

1
 – 12y

1
 – 61 = 0

A B

P

C
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 8x
1
 – 16y

1
 – 56 = 0

 8(x
1
 – 2y

1
 – 7) = 0

 x
1
 – 2y

1
 – 7 = 0 ... (2)

(1), (2) 

1 1

1 1

1

3 5 0

2 7 0

2 0

x y

x y

y

   

  

 

 y
1
 = 2

y
1
 = 2 (2)  x

1
 – 2(2) – 7 = 0 

 x
1
 = 4 + 7 = 11

 P = (x
1
, y

1
) = (11, 2) 

 = PA =    
2 2 2 211 3 2 4 8 6 64 36 100 10        

    r = 10

 A, B, C 

(x – x
1
)2 + (y – y

1
)2 = r2

 (x – 11)2 + (y – 2)2 = 102

 x2 + y2 – 22x – 4y + 25 = 0

(a, b) = (x
1
, y

1
) + (x

 
– a)2 – (y

 
– b)2 = r2 

9. (1, 2), (3, –4), (5, –6), (19, 8) 


 A = (1, 2), B = (3, –4), C = (5, –6), D = (19, 8) 


S = (x
1
, y

1
), A, B, C 

SA = SB = SC

          SA = SB  SA2 = SB2

 
22 2 2

1 1 1 1( 1) ( 2) 3 ( 4)x y x y       

 x
1

2 – 2x
1
 + 1 + y

1

2 – 4y
1
 + 4 = x

1

2 – 6x
1
 + 9 + y

1

2 + 8y
1
 + 16
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 –2x
1
 – 4y

1
 + 5 + 6x

1
 – 8y

1
 – 25 = 0

 4x
1
 – 12y

1
 – 20 = 0

 4(x
1
 – 3y

1
 – 5) = 0

 x
1
 – 3y

1
 – 5 = 0 ... (1)

 SB = SC  SB2 = SC2

 (x
1
 – 3)2 + (y

1
 + 4)2 =  (x

1
 – 5)2 + (y

1
 + 6)2

 x
1

2 – 6x
1
 + 9 + y

1

2 + 8y
1
 + 16 = x

1

2 – 10x
1
 + 25 + y

1

2 + 12y
1
 + 36

 –6x
1
 + 8y

1
 + 25 + 10x

1
 – 12y

1
 – 61 = 0

 4x
1
 – 4y

1
 – 36 = 0

 4(x
1
 – y

1
 – 9) = 0

 x
1
 – y

1
 – 9 = 0 ... (2)

(1), (2) 

1 1

1 1

1

3 5 0

9 0

2 4 0

x y

x y

y

  

  

  

  

 –2y
1
 = –4

1

4
2

2
y


  



y
1
 = 2  (1)  x

1
 – 3(2) – 5 = 0 x

1
 = 11

 = (x
1
, y

1
) = (11, 2)

  = SA    
2 2 2 211 1 2 2 10 0 100 10       

 A, B, C  (x – x
1
)2 + (y – y

1
)2 = r2

 (x – 11)2 + (y – 2)2 = 102

 x2 + y2 – 22x – 4y + 121 + 4 – 100 = 0

 x2 + y2 – 22x – 4y + 25 = 0 ... (3)

 D = (19, 8) (3) 



27

(19)2 + (8)2 – 22(19) – 4(8) + 25

= 361 + 64 – 418 – 32 + 25

= 450 – 450 = 0

 (3)  D 

 A, B, C, D  (3) 

i.e x2 + y2 – 22x – 4y + 25 = 0

 A, B, C, D 



 (a, b),  ‘r’  (x
 
– a)2 + (y

 
– b)2 = r2

 (x
1
, y

1
) (x – x

1
)2 + (y – y

1
)2 = r2

10. (2, 0), (0, 1), (4, 5), (0, c) ‘c’ 

 A (2, 0), B = (0, 1), C = (4, 5), D = (0, c) 


 A, B, C, D S =  (x
1
, y

1
)

SA = SB = SC = SD

SA = SB, SA2 = SB2

 (x
1
 – 2)2 + (y

1
 – 0)2 =  (x

1
 – 0)2 + (y

1
 – 1)2

 x
1

2 – 4x
1
 + 4 + y

1

2  = x
1

2 + y
1

2 – 2y
1
 + 1

 –4x
1
 + 2y

1
 + 3 = 0 ... (1)

 SB = SC



SB2 = SC2

A

B

D

C
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 
22 2 2

1 1 1 1( 0) ( 1) 4 ( 5)x y x y      

2 2 2 2

1 1 1 1 1 1 12 1 8 16 10 25x y y x x y y        

1 18 8 40 0x y  

1 12(4 4 20) 0x y  

1 14 4 20 0x y   .... (2)

(1), (2) 

1 1

1 1

1

4 2 3 0

4 4 20 0

6 17 0

x y

x y

y

   

  

 

1

17

6
y 

1

17

6
y  (1) 

1

17
4 2 3 0

6
x

 
    

 

1

17
4 3 0

3
x    

1

17 9
4 0

3
x


   

1

26
4

3
x   

1

26 13

12 6
x


  



 1 1

13 17
, ,

6 6
x y

 
   

 

SC = SD SC2 = SD2  SA = SD SA2 = SD2

SA = SD  SB = SC     SC = SD 

A = (2, 0)  SA  SA = SD 
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 SA2 = SD2

 (x
1
 – 2)2 + (y

1
 – 0)2 =  (x

1
 – 0)2 + (y

1
 – c)2

 x
1

2 – 4x
1
 + 4 + y

1

2  = x
1

2 + y
1

2 – 2cy
1
 + c2

 –4x
1
 + 4 =  2cy

1
 + c2

213 17
4 4 2

6 6
c c

   
        

   

226 17
4

3 3

c
c

 
   

226 12 17 3

3 3

c c   
 

 –14 = –17c + 3c2

 3c2 – 17c + 14 = 0

 (c – 1) (3c – 14) = 0

  
17 289 168 17 121 17 11

2 3 6 6
c

   
  

   
28

6
    or  

6

6

  
14

3
   or  1

 c = 1  
14

3
, c = 1  D = (0, 1) = B. A, B, C, D 

D = (0, c) = 
14

0,
3

 
 
 

14

3
c 

11. x2 + y2 + 8x + 12y + 15 = 0 (2, 3) 


  x2 + y2 + 8x + 12y + 15 = 0 ... (1)
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(1) 

x2 + y2 + 8x + 12y + k = 0 ... (2)

()

 (2, 3) 

 22 + 32 + 8(2) + 12(3) + k = 0

 4 + 9 + 16 + 36 + k = 0

 k = – 65

k = –65 (2) 

x2 + y2 + 8x + 12y – 65 = 0

12. x2 + y2 – 8x – 8y + 27 = 0 A(2, 3) A 


  x2 + y2 – 8x – 8y + 27 = 0 ... (1)

A(2, 3) 

22 + 32 – 8(2) – 8(3) + 27 = 0

= 4 + 9 – 16 – 24 + 27

= 40 – 40 = 0

 (1) A 

x2 + y2 – 8x – 8y + 27 = 0  C, AB 

x2 + y2 + 2gx + 2fy + c = 0 

   2g = – 8    2f = – 8 c = 27

g = –4 f = –4

= C = (–g, –f ) = (4, 4)

A = (2, 3)  A, B  B = (x
1
, y

1
) 

AB C 

  1 12 3
4, 4 ,

2 2

x y  
   

 

A
C

B (x
1
, y

1
)

(4, 4)
(2, 3)
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1 12 3
4 , 4

2 2

x y 
  

 8 = 2 + x
1
, 8 = 3 + y

1
,

 x
1
 = 6, y

1
 = 5

 B = (x
1
, y

1
) = (6, 5) 

13. (4, 1), (6, 5) 4x + y – 16 = 0 


 

A (4, 1), B (6, 5) 

x2 + y2 + 2gx + 2fy + c = 0  ... (1)

A (4, 1),(1) 

 42 +12 + 2g(4) + 2f (1) + c = 0

 17 + 8g + 2f + c = 0 ... (2)

B(6, 5) (1) 

 62 +52 + 2g(6) + 2f (5) + c = 0

 61 + 12g + 10f + c = 0 ... (3)

(–g, –f ), 4x + y – 16 = 0 

 4(–g) + (–f ) – 16 = 0

 –(4g + f + 16) = 0

 4g + f + 16 = 0 ... (4)

(2) – (3)

 17 8 2 0

61 12 10 0

44 4 8 0

g f c

g f c

g f

   

   

   

   

 –4(11 + g + 2f ) = 0

 11 + g + 2f = 0 ... (5)

(4), (5) 
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2 (4) 8 2 32 0

2 11 0

7 21 0

g f

g f

g

  

  

  

 

21
3

7
g


    3g  

g = –3  (4) 

4(–3) + f + 16 = 0

 f = –16 + 12 = – 4 4f  

g = –3,  f = –4 (3) 

61 + 12(–3) + 10 (–4) + c = 0

 61 – 36 – 40 + c = 0

15c 

g, f, c (1) 

x2 + y2 + 2(–3)x + 2(–4)y + 15 = 0

 x2 + y2 – 6x – 8y + 15 = 0



A(4, 1), B(6, 5)  S = (x
1
, y

1
) SA = SB

 SA2 = SB2

 (x
1
  4)2 + (y

1

 – 1)2 = (x
1

 – 6)2 + (y
1

 – 5)2

 x
1

2 – 8x
1
 + 16 + y

1

2 – 2y
1
 + 1

= x
1

2 – 12x
1
 + 36 + y

1

2 – 10y
1
 + 25

 –8x
1
 – 2y

1
 + 17 + 12x

1
 + 10y

1
 – 61 = 0

 4x
1
 + 8y

1
 – 44 = 0 ... (1)

S(x
1
, y

1
), 4x + y – 16 = 0 

 4x
1
 + y

1
 – 16 = 0 ... (2)

(1), (2) 

S

A

•

B

r
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1 1

1 1

1

4 8 44 0

4 16 0

7 28 0

x y

x y

y

  

  

  

  1

28
4

7
y  

y
1
 = 4 (2) 

4x
1
 + 4 – 16 = 0

 4x
1
 = 12 1

12
3

4
x  

 S= (x
1
, y

1
) = (3, 4),  

 = SA =    
2 2

3 4 4 1 1 9 10     

  (x – x
1
)2 + (y – y

1
)2 = r2

      
22 2

3 4 10x y   

 x2 – 6x + 9 + y2 – 8y + 16 = 10

 x2 + y2 – 6x – 8y + 15 = 0

14. x- (–2, 3), (4, 5) 

 

x2 + y2 + 2gx + 2fy + c = 0  ... (1)

 ( , )g f  , x-

0f 

(–2, 3) 

 (–2)2 + 32 + 2g (–2) + 2(0) (3) + c = 0 [ 0f  ]

 13 – 4g + c = 0 ... (2)

(4, 5) 

 42 + 52 + 2g (4) + 0 + c = 0

 41 + 8g + c = 0 ... (3)
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(2), (3) 

13 4 0

41 8 0

28 12 0

g c

g c

g

  

  

  

   12 28g  

28 7

12 3
g


  



7

3
g


  (2) 

7 28
13 4 0 13 0

3 3
c c

 
       

 

39 28
0

3
c


  


67

0
3

c 


67

3
c  

g, f, c (1) 

 2 2 7 67
2 2 0 0

3 3
x y x y

 
     

 

 3(x2 + y2) – 14x – 67 = 0



x-

S = (x
1
, 0) 

A(–2, 3), B(4, 5) 

 SA = SB



SA2 = SB2
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A

S
•

B

 (x
1
+ 2)2 + (0 – 3)2 = (x

1

 – 4)2  + (0 – 5)2

 x
1

2 + 4x
1
 + 4 + 9 = x

1

2 + 16 – 8x
1
 + 25

 4x
1
 + 13 + 8x

1
 – 41 = 0

 12x
1
  28 = 0

1

28 7

12 3
x  

 S = (x
1
, 0) = 

7
, 0

3

 
 
 

 = r = S, A   =  
2 2

27 7 6
2 0 3 9

3 3

   
       

   

  

2
13 169 250

9 9
3 9 9

 
     

 

 

   

2

2 2

1

250
0

9
x x y

 
      

 

2

27 250

3 9
x y

 
    

 

2 249 14 250

9 3 9
x x y    

2 2 14 250 49

3 9 9

x
x y    

2 23 3 14 67

3 3

x y x 
 

 3x2 + 3y2 – 14x – 67 = 0

15. A, B x- x2 + 2ax – b2 = 0 y-y2 + 2py – q2 = 0 
 A, B 

 A = (x
1
, y

1
),  B = (x

2
, y

2
) 

 x
1
, x

2
 x2 + 2ax – b2 = 0 
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y
1
, y

2
 y2 + 2py – q2 = 0 

 A, B xx
1
,  x

2 
,

A, B yy
1
, y

2
.

 x2 + 2ax – b2 = 0 

 = x
1
 + x

2 

 2
= 2

1

a
a


 

 = 

2
2

1 2
1

b
x x b


  

 y2 + 2py – q2 = 0 

 = y
1
 + y

2 
= 

2
2

1

p
p


 

 = 

2
2

1 2
1

q
y y q


   

 AB  (x – x
1
) (x – x

2
) + (y – y

1
) (y – y

2
) = 0

 x2 – x
1
 x – x

2
 x + x

1
 x

2
 + y2 – y

1
 y – y

2
 y + y

1 
y

2
  = 0

 x2 + y2 – (x
1
 + x

2
)x – (y

1
 + y

2
)y + (x

1
 x

2
 + y

1 
y

2
)  = 0

 x2 + y2 + 2ax + 2py – b2 – q2 = 0

[ax2 + bx+ c = 0 

= 
 

2

xb

a x




 
 

 = 2

c

a x


 
 

16. (0, 0) x, y-4, 3 

 x2 + y2 + 2gx + 2fy + c = 0  ... (1)

(0, 0)  0c 

x- 4
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2 2 4
2 4 0

2
g c g     

2 2 2g g    

2g  

 y -  3

2 2 2 3
2 3 2 0 3

2
f c f f       

3 3

2 2
f f     

(1) g, f, c 

 x2 + y2  4x  3y = 0

17. S = x2 + y2 – 4x – 6y – 12 = 0 P(3, 4) 

 S = x2 + y2 – 4x – 6y – 12 = 0, P (3, 4)

S
11

 = 32 + 42 – 4(3) – 6(4) – 12 = 9 + 16 – 12 – 24 – 12

= –23 < 0

 P (3, 4) 

18. S = x2 + y2 + 8x + 12y + 15 = 0  P (5, –6) 

 P = (x
1
, y

1
) = (5, –6), S = x2 + y2 + 8x + 12y + 15 = 0

 S = 0  ‘P’ = S
11

= 52 + (–6)2 + 8(5) + 12(–6) + 15

= 25 + 36 + 40 – 72 + 15

= 44

19.  P(1, 3)  x2 + y2 – 2x + 4y – 11 = 0 

 (x
1
, y

1
) = P(1, 3)  S = x2 + y2 – 2x + 4y – 11 = 0  

11S

2 2

1 1 1 12 4 11 1 9 2 12 11 9 3x y x y           
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20.  (2, 5)  x2 + y2 – 5x + 4y + k = 0  37   k 


 P(x
1
, y

1
) = (2, 5) S = x2 + y2 – 5x + 4y + k = 0 

11S 37

 S
11

 = 37

 x
1

2 + y
1

2 – 5x
1
 + 4y

1
 + k = 37

 22 + 52 – 5(2) + 4(5) + k = 37

 4 + 25 – 10 + 20 + k = 37

 k  = 37 – 39

2k  

21. P x2 + y2 – 4x – 6y – 12 = 0, x2 + y2 + 6x + 18y + 26 = 0 
2 : 3 P 

 P = (x
1
, y

1
) 

S = x2 + y2 – 4x – 6y – 12 = 0 & S1 = x2 + y2 + 6x + 18y + 26 = 0 

P  S = 0 = 11S

2 2

1 1 1 14 6 12x y x y    

P S1 = 0  
11

'S

2 2

1 1 1 16 18 26x y x y    


11 11

'S : S 2 : 3

11

11

'

S 2

3S
 



11

11

'

S 4

S 9

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 9 S
11

 = 
11

'4S

 9(x
1

2 + y
1

2 – 4x
1
 – 6y

1
 – 12) = 4(x

1

2 + y
1

2 + 6x
1
 + 18y

1
 + 26)

 9x
1

2 + 9y
1

2 – 36x
1
 – 54y

1
 – 108 – 4x

1

2 – 4y
1

2 – 24x
1
 – 72y

1
 – 104 = 0

 5x
1

2 + 5y
1

2 – 60x
1
 – 126y

1
 – 212 = 0

 P(x
1
, y

1
) 

5x2 + 5y2 – 60x – 126y – 212 = 0

22. (3, –1)   x2 + y2 – 2x + 4y = 0 


  S = x2 + y2 – 2x + 4y = 0 ... (1)

P = (x
1
, y

1
) = (3, –1) 

S
11

 = 32 + (–1)2 – 2(3) + 4(–1) = 9 + 1 –6 –4 = 10 – 10 = 0

 (1) P

 P S
1
 = 0

 x x
1
 + y y

1
 + g (x + x

1
) + f (y + y

1
) = 0

 x(3) + y(–1) + (–1) (x + 3) + 2 (y – 1) = 0

 3x – y – x – 3 + 2y – 2 = 0

 2x + y – 5 = 0 ... (2)

 C = (–g, –f )

 C = (1, –2)

PCB  B 

B = (x
1
, y

1
) C = PB 

  1 13 1
1, 2 ,

2 2

x y   
     

1 13 1
1 , 2

2 2

x y  
   

 2 = 3 + x
1

–4 = –1 + y
1

1 1x   1 3y  

B
 (x

1
, y

1
)

B 

P 

•
C

P (3
, 

1)
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  B = (x
1
, y

1
)

       = (–1, –3)

 (2)  B 

(2) 2x + y + k = 0  ... (3)

B 

 2(–1) + (–3) + k = 0

5k 

(3) 

(2) 2x + y + 5 = 0

23. x2 + y2 – 4x – 6y + 3 = 0 x-45 


 S = x2 + y2 – 4x – 6y + 3 = 0 

x2 + y2 + 2gx + 2fy + c = 0  2g = –4, 2 f = –6, c = 3 

 g = –2, f = –3, c = 3

 = r = 2 2 4 9 3 10g f c     

x-45.

 = m  = Tan 45 = 1

 

y + f = m (x + g) 21r m 



x

y

45
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 3 1 2 10 1 1y x     

1 2 5 0x y    

24. x2 + y2 + 8x – 4y – 16 = 0 3x – y +  4= 0 

 S = x2 + y2 + 8x – 4y – 16 = 0 

x2 + y2 + 2gx + 2fy + c = 0 

2g = 8, 2f = –4, c = –16

 g = 4, f = –2, c = –16

 = 
2 2r g f c  

        
224 2 16   

       36 6 

= C = (–g,  –f ) = (–4, 2) = (x
1
, y

1
)

 AB  3x – y + 4 = 0  ... (1)

CM = d = C 

1 1

2 2
=

ax by c

a b

 


 ()

 ax + by + c = 3x – y + 4 = 0, a = 3, b = –1, c = 4

x

y

o

C

d

A M B

•
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    

 
22

4 3 1 2 4

3 1

   


 

10 10 10
10

10 10


  

  AB

2 22 r d 

 
2

22 6 10 

2 36 10 

2 26 

25. x2 + y2 = a2 x cos  + y sin  = p 

 x2 + y2 = a2

(0, 0) = C

= r = a



x cos  + y sin   p = 0  ... (1)

ax + by + c = 0 

a = cos , b = sin , c = – p

 d = CM  = C = (0, 0) = (x
1
, y

1
) 

1 1

2 2
=

ax by c

a b

 


 ()

   
2 2

cos 0 sin 0

cos sin

p
p p

   
   

 

 AB = 2 22 r d

           = 2 22 a p 

C

d

A M B

•
r
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26.  x2 + y2 = c2,  1
x y

a b
   A, B AB  



 x2 + y2 = c2

 O = (0, 0)

 = r = c

AB  1
x y

a b
  ... (1)

d = O (0, 0) (1) 

= OM

1 1

2 2
=

ax by c

a b

 


 ()  (x

1
, y

1
) = (0, 0)

2 2

0 0
1

1 1

a b

a b

 



   
   

   

[ (1) : 
1 1

1 0x y
a b
     ]

2 2

1

1 1

a b





 AB  

2 22 r d 

2

2 2

1
2

1 1
c

a b

 
 

 
 

= 

2 2
2

2 2
2

a b
c

b a
 



(1) 

O

d

A M B

•
r
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2 2
2

2 2
2 0

a b
c

b a
  



2 2
2

2 2
0

a b
c

b a
  



2 2
2

2 2

a b
c

b a
 



2 2

2 2 2

1 a b

c a b


 



2 2

2 2 2 2 2

1 a b

c a b a b
 

2 2 2

1 1 1

c b a
   , 

27. (–2, 3)  3x + 4y + 4 = 0        


 x2 + y2 + 2gx + 2fy + c = 0  ... (1)

 (–g, –f ) = (–2, 3) ()

 –g = –2, –f = 3

2 , 3g f   

 AB   3x + 4y + 4 = 0 ... (2)

 d = (–2, 3) (2) 

1 1

2 2
=

ax by c

a b

 


 () , (x

1
, y

1
) = (–2, 3)

   
2 2

3 2 4 3 4

3 4

  




10
2

5
 

 AB 2. ()

2 22 2r d  

C

d

A B
•

r

M 3x + 4y + 4 = 0
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2 2 1r d  

2 2 1r d  

2 21r d  

2 2 21 2g f c     [ 2d  ]

 (2)2 + (–3)2 – c = 5

8c 

g, f, c (1) 

x2 + y2 + 4x – 6y + 8 = 0

28. (2, 3) 3x – 4y + 1 = 0 

  (a, b) = (2, 3)

3x – 4y + 1 = 0 

3x – 4y + 1 = 0   ... (1)

  = d =  (2, 3) (1) 

1 1

2 2
=

ax by c

a b

 


 () (x

1
, y

1
) = (2, 3)

   
2 2

3 2 4 3 1

3 ( 4)

 


 

5
1

5


 

 

(x – a)2 + (y – b)2 = r2

 (x – 2)2 + (y – 3)2 = 12

 x2 + y2 – 4x – 6y + 12 = 0

29. (–3, 4) y-

  x2 + y2 + 2gx + 2fy + c = 0 

 = (–g, –f ) = (–3, 4) 

 –g = –3, –f  = 4

C d

(2, 3)
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3 , 4g f   

y-f 2 = c  ()

 c = f 2 = (–4)2 = 16

16c 

  x2 + y2 + 2(3)x + 2(–4)y + 16 = 0

 x2 + y2 + 6x – 8y + 16 = 0

30. S = x2 + y2 + 2gx + 2fy + c = 0 (g, f ) 


 P(x
1
, y

1
)  S = 0  

11

tan
2 S

r 
 

 

r = 

= 90

P(x
1
, y

1
) = (g, f )

Tan 

11

90

2 S

r 
 

 

 Tan 45 = 
11 11

1
S S

r r
 

11S r 



S
11

 = r2

 x
1

2 + y
1

2 + 2g x
1
 + 2fy

1
 + c = g2 + f 2 – c

 g2 + f 2 + 2g (g) + 2f (f) + c = g2 + f 2 – c

 2g2 + 2f 2 + 2c = 0

 2 (g2 + f 2 + c) = 0

 g2 + f 2 + c = 0 

c
•

y

(g, f )


P
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31. x2 + y2 – 5x + 4y – 2 = 0  (2, 5)  

 P = (x
1
, y

1
) = (2, 5) 

 S = x2 + y2 – 5x + 4y – 2 = 0

S = 0 P  S
1
 = 0

 x x
1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c = 0

       
5

2 5 2 2 5 2 0
2

x y x y       

5
2 5 5 2 10 2 0

2

x
x y y       

5
2 7 3 0

2

x
x y        x – 14y – 6 = 0

32. x2 + y2 + 6x + 8y – 96 = 0 (2, 3) 

 P = (x
1
, y

1
) = (2, 3) 

 S = x2 + y2 + 6x + 8y – 96 = 0

S = 0 P = (x
1
, y

1
)  S

1
 = 0

 P(2, 3) 

x x
1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c = 0

 x(2) + y(3) + 3(x + 2) + 4(y + 3) – 96 = 0

 2x + 3y + 3x + 6 + 4y + 12 – 96 = 0

 5x + 7y – 78 = 0

33. x2 + y2 – 3x – 5y + 1 = 0   (4, 2), (3, –5) 

 P = (x
1
, y

1
) = (4, 2), Q = (x

2
, y

2
) = (3, –5) 

 S = x2 + y2 – 3x – 5y + 1 = 0

     S
12

= x
1
 x

2
 + y

1
 y

2
 + g(x

1
 + x

2
) + f (y

1
 + y

2
) + c

= 4(3) + 2(–5) –    
3 5

4 3 2 5 1
2 2

   
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21 15
12 10 1

2 2
    

21 15 6 21 15 0
3 0

2 2 2 2

 
     

S
12

 = 0  P, Q 

34. x2 + y2 – 4x + 6y – 12 = 0 x + y + 2 = 0 

 x2 + y2 – 4x + 6y – 12 = 0  ... (1)

 x + y + 2 = 0  ...  (2)

(2) lx + my + n = 0 

l = 1, m = 1, n = 2

 (2), 1. x + 1 . y + 2 = 0

(1)  x2 + y2 + 2gx + 2fy + c = 0 

2g = –4, 2f = 6, c = –12

 g = –2, f = 3, c = –12

 = 2 2 4 9 12 5r g f c      

 S = 0 lx + my + n = 0 

= 
2 2

,
lg

lr mr
g f

mf n lg mf n

 
    

    

 (2)  = 
       

1 25 1 25
2 , 3

1 2 1 3 2 1 2 1 3 2

  
          

25 25
2 , 3

1 1

 
    

  

= (2 – 25, –3 – 25)

= (–23, –28)

35. x2 + y2  = 17 (4, k), (2, 3) k 

 P = (x
1
, y

1
) = (4, k),  Q = (x

2
, y

2
) = (2, 3) 

S = x2 + y2   17 = 0
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P, Q 

 S
12

 = 0

 x
1
 x

2
 + y

1
 y

2
 – 17 = 0

 4(2) + k(3) – 17 = 0

 8 + 3k – 17 = 0

 3k = 9

3k 

36. (3, 2) x2 + y2 – 6x + 4y – 2 = 0 

 P = (x
1
, y

1
) = (3, 2),  S = x2 + y2 – 6x + 4y – 2 = 0 S = 0 P (x

1
, y

1
)

‘’ 

11

tan
2 S

r 
 

 



2 2

11

tan
2 S

g f c   
 

 

   2 2

9 4 2

3 2 6 3 4 2 2

 


   

S
11

 = x
1

2+y
1

2 + 2gx
1
 + 2fy

1
 + c

   
15

Tan 15
2 1

 
  

 


1Tan ( 15)

2

 

    = 2Tan–1 ( 15)  

B

A

P




Basic Learning Material - Maths II(B)50

() Tan 15
2




cos  = 

2

2

1 Tan 1 15 14 72

1 15 16 81 Tan
2





   
  



 = Cos–1 
7

8

 
 
 

.

37. x2 + y2 + 6x – 2y + 1 = 0, x2 + y2 – 2x – 6y + 9 = 0 

 

S = x2 + y2 + 6x – 2y + 1 = 0,

S1 = x2 + y2 – 2x – 6y + 9 = 0

S = 0  S1 = 0 

 = C
1
 = (–3, 1)  = C

2
 = (1, 3)

 = 
1 9 1 1r     = r

2
 = 1 9 9 

9 3         = 1.

    
2 2

1 2 1 3 3 1 16 4 20 2 5C C        

r
1
 + r

2
 = 4

 C
1
C

2
 > r

1
 + r

2

 

1 2C C  r
1
 :  r

2 
= 3 : 1 

C
1

C
2

3 : 1

C
1 
= (–3, 1)

C
2 
= (1, 3)

Q
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  = Q

2 1 2 1,
m x nx my ny

m n m n

  
  

  

       3 1 1 3 3 3 1 1
,

3 1 3 1

   
  

  

10 5
0, 0,

4 2

   
    
   

38. x2 + y2 – 2x – 6y + 9 = 0, x2 + y2  = 4 

 

S = x2 + y2 – 2x – 6y + 9 = 0

S1 = x2 + y2  – 4 = 0 

S = 0  S1 = 0 

 = C
1
 = (1, 3)  = C

2
 = (0, 0)

 = 
1 1 9 9r    =1  = 2 4r  = 2

    
2 2

1 2 1 0 3 0 10C C     

r
1 
+ r

2 
= 1 + 2 = 3.

1 2CC  > r
1 
+ r

2

 

P, 
1 2C C  

r
1 
: r

2 
= 1 : 2 

 ,

         P = 
2 1 2 1,

mx nx my ny

m n m n

  
 

  

       1 0 2 1 1 0 2 3
,

1 2 1 2

  
  

  
C

1 
= (1, 3)

pC
2C

1

C
2 
= (0, 0)

1 : 2
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2 6
,

1 1

  
  

  

= (2, 6)

39. x2 + y2 – 4x – 6y – 12 = 0, x2 + y2 + 6x + 18y + 26 = 0 


 

S = x2 + y2 – 4x – 6y – 12 = 0

S1 = x2 + y2 + 6x + 18y + 26 = 0 

S = 0  S1 = 0 

 = C 
1
 = (2, 3)  = C

2
 = (–3, –9)

 = 1 4 9 12r     = 
2 9 81 26r   

     25            64

     5             = 8

    
2 2

1 2 3 2 9 3C C      

     25 144 169 13   

r
1
 + r

2
 = 5 + 8 = 13 = 1 2CC

 1 2CC  = r
1
 + r

2

 

 S – S1 = 0

2 2 2 24 6 12 6 18 26 0x y x y x y x y          

 –10x – 24y – 38 = 0

 –2(5x + 12y + 19) = 0

 5x + 12y + 19 = 0 



P(h, k) 
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C
1
 = (2, 3) = (x

1
, y

1
)  5x + 12y + 19 = 0 P.

 1 11 1

2 2

ax by ch x k y

a b a b

   
  



    
2 2

5 2 12 3 192 3

5 12 5 12

h k    
  



2 3 65

5 12 169

h k  
  

2 3 5

5 12 13

h k  
  

2 5 3 5
,

5 13 12 13

h k   
  

25 60
2 , 3

13 13
h k

 
    

25
2

13
h  

60
3

13
k  

   
26 25

13




39 60

13




   
1

13


21

13
 

 

 
1 21

, ,
13 13

h k
 

   
 





P, 
1 2C C  r

1
 : r

2 
= 5 : 8 

 

       5 3 8 2 5 9 8 3
,

5 8 5 8

    
  

  

S1 = 0

S = 0

P
C

2
C

1 ••


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15 16 45 24
,

13 13

    
  
 

1 21
,

13 13

 
  
 

40. x2 + y2 – 4x – 6y – 12 = 0, 5(x2 + y2) –8x – 14y – 32 = 0 


 
S = x2 + y2 – 4x – 6y – 12 = 0

S1 = 
2 2 8 14 32

0
5 5 5

x y x y      () 

S = 0  S1 = 0 

2g = –4,  2f = –6,  c = –12
1 1 18 14 32

2 , 2 ,
5 5 5

g f c
  

  

   g = –2,   f = –3,    c = –12
1 1 14 7 32

, ,
5 5 5

g f c
  

   

  = C
1
 = (–g, –f ) = (2, 3) = 2

4 7
,

5 5
c

 
 

 
C

2

 = 2 2

1r g f c    = 
   

2 2
1 1 1

2r g f c  

4 9 12  
16 49 32

25 25 5
  

= 5
16 49 160

25

 


225
9 3

25
  

  

2 2

1 2

4 7
2 3

5 5
C C

   
      

   

2 2
6 8

5 5

    
    

   

36 64

25 25
 
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36 64

25




100
4 2

25
  

r
1
 + r

2 
= 5 + 3 = 8

r
1
 – r

2 
= 5 – 3 = 2 = C

1
C

2

C
1
C

2  
= |r

1
 – r

2
| 

 P, 1 2C C r
1
 :  r

2 
= 5 : 3 



2 1 2 1P ,
mx nx my ny

m n m n

  
   

  

   
4 7

5 3 2 5 3 3
5 5

,
5 3 5 3

    
     

    
  

 
 

4 6 7 9 2 2
, ,

2 2 2 2

      
    
   

= (–1, –1)

 = (–1, –1).

41. x2 + y2 – 2x – 4y – 20 = 0 (5, 5) 5 


 S = x2 + y2 – 2x – 4y – 20 = 0 

C
1
 = (–g –f )

= (1, 2)

2g = –2 g = –1

2f = –4   f = –2

c = –20

C
2

C
1

(5, 5)

P
S = 0

5
•
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 = 2 2g f c 

1 4 20  

25 5 

S = 0  5,  5.

  P = (5, 5) 

C
1 
= (1, 2), C

2 
= (x

1
, y

1
) 

P, 
1 2C C  r

1
 : r

2
 = 5 : 5 = 1 : 1 


1 2C C P

  1 11 2
5,5 ,

2 2

x y  
   

 

1 11 2
5, 5

2 2

x y 
  

 x
1
 = 10 –1, y

1
 = 10 – 2

x
1
  = 9 , y

1
  = 8

 (x
1
, y

1
) = (9, 8),  r = 5


2 2 2

1 1( ) ( )x x y y r   

2 2 2( 9) ( 8) 5x y   

 x2 – 18x + 81 + y2 – 16y + 64 – 25 = 0

2 2 18 16 120 0x y x y    

42. x2 + y2 – 4x + 6y – 12 = 0  (–1, 1) 


 

S = x2 + y2 – 4x + 6y – 12 = 0

2g = –4 g = –2

2f = 6   f = 3

C
1

C
2

P• •
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c = –12

 C
1
 = (–g, –f ) = (2, –3)

 1 4 9 12 25 5r     

S = 0 C
2
 = (x

1
, y

1
) 

Q = (–1, 1) Q, 

C
1
C

2 
r

1
 : r

2
 = 5 : 2 

2 1 2 1,
mx nx my ny

Q
m n m n

  
  

  

 
   1 15 2 2 5 2 3

1, 1 ,
5 2 5 2

x y   
    

  

  1 15 4 5 6
1, 1 ,

3 3

x y  
    

 

1 15 4 5 6
1, 1

3 3

x y 
   

 5x
1
 – 4 = –3 5y

1 
+ 6 = 3

 5x
1
 = – 3 + 4 5y

1
 = 3 – 6

 x
1
 = 

1

5
5y

1
 = 3

1

3

5
y




  = (x
1
, y

1
) = 

1 3
,

5 5

 
 
 

 2 

(x – x
1
)2 + (y – y

1
)2 = 22

2 2
1 3

4
5 5

x y
   

       
   

2 21 2 9 6
4 0

25 5 25 5
x x y y       
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2 2 2 6 1 9
4 0

5 5 25 25
x y x y       


2 2 2 6 18

0
5 5 5

x y x y    

 5x2 + 5y2 – 2x + 6y – 18 = 0 .

43. x2 + y2 + 2gx + 2fy + c = 0 


 , S = x2 + y2 + 2gx + 2fy + c = 0  

P (0, 0) = (x
1
, y

1
) , S

11
 = 02 + 02 + 2g(0) + 2f(0) + c = c

P S = 0  S
1

2 = SS
11

 [x x
1
 + y y

1
 + g(x + x

1
) + f (y + y

1
) + c]2 = (x2 + y2 + 2gx + 2fy + c) (c)

 [x(0) + y(0) + gx + fy + c]2 = (c) (x2 + y2 + 2gx + 2fy + c)

 (gx + fy + c)2 = cx2 + cy2 + 2gcx + 2fcy + c2

 g2 x2 + f 2 y2 + c2 + 2gfxy + 2fcy + 2gcx – cx2 – cy2 – 2gcx – 2fcy – c2 = 0

 (g2 – c)x2 + (f 2 – c)y2 + 2gfxy = 0

 (gx + fy)2 = c (x2 + y2)



x2 + y2 = 0

 (g2 – c)  + (f 2 – c) = 0

 g2 + f 2 = 2c  

44. x2 + y2 + 22x – 4y – 100 = 0, x2 + y2 – 22x + 4y + 100 = 0 


 S = x2 + y2 + 22x – 4y – 100 = 0

S' = x2 + y2 – 22x + 4y + 100 = 0 

S = 0  r
1 
=  = 2 2g f c 

2g = 22, 2f = –4, c = –100        = 121 4 100 

  C
1
 = (–g, –f) = (–11, 2)        = 225  = 15
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S   = 0  r
2
 =  =  

2 211 2 100  

2g1 = –22, 2 f   = 4, c  = 100 = 121 4 100 

 = C
2
 = ( , )g f    = (+ 11, –2) = 25

= 5

 C
1
C

2
  =    

2 2
11 11 2 2   

       = 484 16

       = 500

       = 5 100  = 10 5

        10 2.2 22

r
1
 + r

2
 = 15 + 5 = 20 < C

1
 C

2

  C
1
 C

2
 > r

1
 + r

2
.



P 

P, 1 2C C  r
1
 = r

2
 = 15 : 5 = 3 : 1 

 P = 
2 1 2 1,

mx nx my ny

m n m n

  
 

  

       3 11 1 11 3 2 1 2
,

3 1 3 1

    
  

  

 
33 11 6 2

, 22, 4
2 2

   
   
 

P (22, –4) = (x
1
,  y

1
) 



P S = 0 S
1

2 = S S
11

.

   S
1

= x x
1
 + y y

1
 + g (x + x

1
) + f (y + y

1
) + c

P
C

1

C
2

 = m

   3:1

(–11,2) (11, –2)

C
1 C

2
P
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=  x (22) + y (–4) + 11 (x + 22) – 2 (y – 4)  100

= 22x – 4y + 11x + 242 – 2y + 8 – 100

= 33x – 6y + 150

S
11

= x
1

2 + y
1

2 + 2gx
1
 + 2fy

1
 + c

= 222 + (–4)2 + 22 (22) – 4 (–4) – 100

= 484 + 16 + 484 + 16 – 100

= 900

S
1

2 = S S
11

(33x – 6y + 150)2 = [x2 + y2 + 22x – 4y – 100] 900

[3 (11x – 2y +50)]2 = 900 (x2 + y2 + 22 x – 4y – 100)

9 (11x – 2y + 50)2 = 900 (x2 + y2 + 22x – 4y – 100)

121x2 + 4y2 + 2500 – 44xy – 200y + 1100x

– 100 x2 – 100y2 – 2200x + 400y + 10000 = 0

21x2 – 96y2 – 44xy – 1100x + 200y + 12500 = 0





3x + 4y – 50 = 0, 7x – 24y –250 = 0





P (22, –4) = (x
1
, y

1
) S = 0

m 
y – y

1
 = m (x – x

1
)

y + 4 = m (x – 22) .... (I)

mx – y – 22m – 4 = 0 ... (1)

(1), S = 0 

= C
1
 = (–11, 2) (1) 

15 = 
 

2 2

11 2 22 4

1

m m

m

   


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15 2 1m   =  | –33m – 6 |

15 2 1m  = 3 | –111m – 2 |

25 1 (11 2)m m    


25 (m2 + 1) = (11m + 2)2

25 m2 + 25 = 121 m2 + 4 + 44 m

96m2 + 44m – 21 = 0

m = 
    244 44 4 96 21

2 96

   



= 
44 10000

2 96

 



= 
44 100

2 96

 


 = 

144

2 96




  

56

2 96

= 
3

4


 

7

24

(I) ‘m’ 

y + 4 = 
3

4


 (x – 22) y + 4 = 

7

24
 (x – 22)

3x + 4y – 50 = 0 7x – 24y – 250 = 0

45. x2 + y2 – 4x – 10y + 28 = 0, x2 + y2 + 4x – 6y + 4 = 0 

  S = x2 + y2 – 4x – 10y + 28 = 0

S   = x2 + y2 + 4x – 6y + 4 = 0 

S = 0   2g = – 4, 2f = –10, c = 28 g = –2, f = –5, c = 28

 C
1
 =  = (–g, – f ) = (2, 5).

 2 2

1 4 25 28 1r g f c      

S   = 0  2g = 4, 2f = – 6, c = 4 g =2, f = –3, c = 4

 = C
2
 = (–2, 3),  2 2

2 4 9 4 3r g f c      
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  1 2C C  =    
2 2

2 2 3 5   

         = 16 4  = 20  = 2 5  2 2.2

        4.4

r
1
 + r

2
=  1+3 = 4 < C

1
 C

2



Q 

Q, 1 2C C  r
1
 : r

2
 = 1 : 3 

 Q = 
2 1 2 1,

mx nx my ny

m n m n

  
 

  

       1 2 3 2 1 3 3 5
,

1 3 1 3

   
  

  

2 6 3 15
,

4 4

   
  
 

 1 1
9

1, ,
2

x y
 

  
 

Q Q  ‘m’ 
y – y

1
 = m (x – x

1
)

y – 
9

2
 = m (x – 1) .... (I)

2y – 9 = 2mx – 2m

2mx – 2y + 9 – 2m = 0 .... (1)

S = 0 (1) 

 =  C
1
 = (2, 5)  (1) 

1 = 

   

   
2 2

2 2 2 5 9 2

2 2

m m

m

  

 

 24 4 2 1m m  

C
1

C
2

Q
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

4m2 + 4 = (2m – 1)2

 4m2 + 4 = 4m2 + 1 – 4m

 4m = – 3

3

4
m  

‘m’  (I) 

 
9 3

1
2 4

y x


  

2 9 3 3

2 4

y x  
 

 4y – 18 = – 3x + 3

 3x + 4y – 21 = 0 

m2 y-

 Q 
9

1,
2

 
 
 

 

y- x = k

9
1,

2

 
 
 

 k = 1.

 x = 1  x – 1 = 0

  x – 1 = 0 3x + 4y – 21 = 0.

46. S = x2 + y2 + 2gx + 2fy + c = 0 lx + my + n = 0 
gl + mf = n 

 lx + my + n = 0  S = x2 + y2 + 2gx + 2fy + c = 0 

  (–g, –f ),  lx + my + n = 0 

 l(–g) + m(–f ) + n = 0

 lg + mf = n.
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
 2




 S = 0,S = 0 P, Q P, Q 

 C
1
, C

2
  d = C

1
C

2 
,  r

1
, r

2
 

  

2 2 2
1 2

1 2

Cos
2

d r r

r r

 
  .



 'P' 
T

1
, T

2
 

 1 2T PT  = 

1 2 1 2 2 2C PC C PT T PC    C
1
P = r

1
, P PT

2
 



=  900 + 900    0
1 2C PT 90 

=  1800  
C

1
PC

2
  C

2
P = r

2
, P PT

1
 

 

(C
1
C

2
)2 = (C

1
P)2 + (C

2
P)2  2(C

1
P) (C

2
P) cos 1 2C PC   0

2 1C PT 90 

 Y

O
X

P
r

2

C
2T

2
C

1 T
1

Q

r
1
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2 2 2 0
1 2 1 22 cos(180 )    d r r r r 0

1 2 2 2T PT T PC 90    

    = 
2 2

1 2 1 22 [ cos ]   r r r r 0
2 2T PC 90    

2 2 2
1 2 1 22 cos    d r r r r 0

2 2T PC 90   

2 2 2
1 2

1 2

cos
2

 
  

d r r

r r .

Cos  P  (P ). Q 
 
 S = x2 + y2 + 2gx + 2fy + c = 0, S  = x2 + y2 + 2 g x + 2 f y + c  = 0 
'' 

Cos   =  
2 2 2 2

2 2

2 ( ) ( )

c c gg ff

g f c g f c

    

      
 


 x2 + y2 + 2gx + 2fy + c = 0 ...(1)

x2 + y2 + 2 g x + 2 f y + c  = 0 ...(2)

C
1
, C

2
 r

1
, r

2
 

 C
1
 = (g, f ) C

2
 = ( g  ,  f )

2 2
1r g f c   2 2

2 ( ) ( )r g f c    

d = C
1
C

2
 

2 2( ) ( )g g f f     ()

      2 2 2 2( ) ( ) 2 2g g f f gg ff        

2 2 2 2 2 2 2
1 2 ( ) ( ) 2 2d r r g g f f gg ff           

2 2 2 2( ) [( ) ( ) ]g f c g f c       

2 2gg ff c c      

2 2c c gg ff     

(1), (2)  ''  
2 2 2

1 2

1 2

cos
2

d r r

r r

 
 

  2 2 2 2

2 2

2 ( ) ( )

c c gg ff

g f c g f c

   


       


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 90º 


 S = x2 + y2 + 2gx + 2fy + c = 0, S  = x2 + y2 + 2 g x + 2 f y + c  = 0

2gg' + 2ff' = c + c'

  2 2 2
1 2d r r    d = r

1 
, r

2
 


(i) S = 0, S = 0         S  S  = 0

(S S = 0) 
(ii) S = 0, S = 0 SS  = 0 (S S = 0) 


 S = x2 + y2 + 2gx + 2fy + c = 0, L = lx + my + n = 0 
  S + L = 0 S = 0, L = 0  


S = 0 L = 0 A, B A, B 

(S + L) = 0 ( A, B )

 S = x2 + y2 + 2gx + 2fy + c = 0, S  = x2 + y2 + 2 g x + 2 f y + c  = 0 
,    SS    S + kS  = 0,  kR 
S = 0, S  = 0 
 S = 0, S  = 0 A, B AB


  S  S = 0. 

A, B S +  (S  S ) = 0,  R  S +  L = 0   
L = 0 L = (S  S ) = 0 
A, B S + kS = 0, kR

   SS   R

  S (S  S )  R


 

 S = x2 + y2 + 2gx + 2fy + c = 0, S  = x2 + y2 + 2 g x + 2 f y + c  = 0  
S = 0, S  = 0  S S = 0  . 

2 (g – g')x + 2 (f – f ')y + (c – c') = 0
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
1) S S = 0     

(x2, y2 
2) 


 
 

i) 
ii) 

 

 

S S = 0  ,  S S = 0   & S S = 0   P 
'P' 

 
  

 
  S = x2 + y2 + 2gx + 2fy + c = 0  S  = x2 + y2 + 2 g x + 2 f y + c  = 0 ,

S = x2 + y2 + 2 g x + 2 f y + c  =  0  S =0,

S = 0 S = 0 
 S  = 0,   S = 0, S  = 0 


(i) 
(ii) 





1. x2 + y2 + 4x  14y + 28 = 0,  x2 + y2 + 4x  5 = 0 
 

S = x2 + y2 + 4x  14y + 28 = 0    & S' = x2 + y2 + 4x  5 = 0

2g = 4,  2f = 14,  c = 28 2 g = 4, 2 f   = 0,  c = 5

  g = 2,  2f = 7,  c = 28   g = 2, f   = 0,  c = 5
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 = C
1
 = (g, f ) = (2, 7) C

2
 = ( g  ,  f ) = (2, 0)

 = 2 2g f c  r
2
 = 2 2( ) ( ) 4 0 5 9g f c       

       1 4 49 28r        = 3

          25 5 

d = C
1
C

2
 

2 2( 2 2) (7 0) 7     

    

     

2 2 2
1 2

1 2

49 25 9
cos

2 2 5 3

d r r

r r

   
  

 

015 1
cos 60

2 5 3 2
  

 

   = 600.

   600.



S = x2 + y2 + 4x  14y + 28 = 0        & S' = x2 + y2 + 4x  0.y  5 = 0

2g = 4    g = 2 2 g   = 4   g   = 2

2f =  14    f =   7 2 f   = 0   f   = 0

c =  28    c =  28 c  =  5   c  =   5

    

     2 2 2 2

2 2
cos

2 ( ) ( )

c c gg ff

g f c g f c

    
 

       

28 5 8 0

2 4 49 28 4 0 5

  


     

15 1

2 5 3 2
 

 

=  cos 600.

   600.

2. x2 + y2  12x  6y + 41 = 0, x2 + y2 + kx + 6y  59 = 0  450   k 


 
S = x2 + y2 + kx  6y  59 = 0    S = x2 + y2  12x  6y  41 = 0

2g = k, 2f = 6,  c = 59 2 g   = 12, 2 f   = 6, c = 41

  g = ,
2

k
  f = 3, c = 59          g   = 6, f   = 3, c = 41.
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 450       = 450.

2 2 2 2

2 2
cos

2 ( ) ( )

c c gg ff

g f c g f c

    
  

       

0

2

59 41 6 18
cos 45

2 9 59 36 9 41
4

k

k

   
 

    

3

2

1 6

2
2 68 4

4

k

k


 

  



2

1 (3 )

2
68 4

4

k

k




 

  
 

2
22(9 ) 68 4

4

k
k

 
   

 

         18k2 = k2 + 272

        17k2 =  272   
2 72

16
17

k


   4k  

3. x2 + y2  2x  2y  7 = 0, 3x2 + 3y2  8x  29y = 0 


 

S = x2 + y2  2x  2y  7 = 0      2 2 8 29
S 0 0

3 3
x y x y     

[      x2   y2  


3x2 + 3y2  8x + 29y = 0   

2 23 3 8 29
0

3 3 3 3

x y x y
   

2 2 8 29
0

3 3

x y
x y     ]

2g = 2,      g = 1
8

2
3

g


   
4

3
g




2f = 2      f = 1 2
29

3
f    

29

6
f 

c = 7      c = 7 c  = 0   c  = 0.
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  4 29
2 2 2( 1) 2( 1)

3 6
gg ff

   
            

 
8 29 8 29 21

7
3 3 3 3

 
     

c + c  = 7 + 0 = 7

S = 0, S  = 0  2 2gg ff c c      


4. x2 + y2 + 2by  k = 0, x2 + y2 + 2ax + 8 = 0 k
  S  = x2 + y2 + 2by  k = 0

S = x2 + y2 + 2ax + 8 = 0

2g = 0 2 g  = 2a

2f = 2b 2 f  = 0

 c = k   c  = 8.

  g = 0,  f = b,   c = k,  g  = a,  f  = 0,    c  = 8.

S = 0, S = 0 
   2 2gg ff c c    

   2(0) (a) + 2(b) (0) = k + 8

   0 = k + 8

   k = 8.

5. x2 + y2 = a2, x2 + y2 = ax + ay 
3

4


 

  S = x2 + y2  a2 = 0

&S = x2 + y2  ax  ay = 0.

2g = 0,      g = 0 2 g  = a   
2

a
g




2f = 0      f = 0 2 f a    
2

a
f




c = a2      c = a2 c  = 0   c  = 0.

S = 0, S  = 0  ''

    2 2 2 2

2 2
cos

2 ( ) ( )

c c gg ff

g f c g f c

    
 

       

2

2 2
2

0 0 0

2 0 0 0
4 4

a

a a
a

   


    
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2

2
22

2

a

a
a






2 2

4 4

a a





22

4

a


2

2

a 
 



2

2 . .
2

a

a
a




2 2

2 2 2

 
 



1

2
 

=  cos(180  450)

=  cos 1350.

cos= cos 
3

4


.

  S = 0, S = 0   
3

4


.  


6. x2 + y2  8x – 2y + 16 = 0, x2 + y2  4x  4y  1 = 0 (1, 1) 


  x2 + y2 + 2gx + 2fy + c = 0 ...(1)

(1, 1)       12 + 12 + 2g(1) + 2f(1) + c = 0

   2g + 2f + c + 2 = 0 ...(2)

(1), S =  x2 + y2  8x  2y  16 = 0 
   2g g   + 2f f   = c + c  2 g  = 8    g   = 4

   2g( 4) + 2f( 1) = c + 16     2 f  = 2    f   = 1

    8g   2f   c  16 = 0    ...(3)    c  = 16    c  = 16

(1)  x2 + y2  4x  4y  1 = 0 
   2g g   + 2f f   = c + c  2 g  = 4    g   = 2

   2g(2) + 2f( 2) = c  1 2 f  = 4    f   = 2

    4g   4f   c  1 = 0   ...(4) c  =  1.

(2), (3), (4) 
(2)         2g  + 2f + c + 2 = 0 (3)   8g   2f   c  16 = 0

(3)    8g   2f   c  16 = 0 (4)  4g   4f   c  1 = 0

       +       +      +    

  6g  14 = 0      4g   2f   17 = 0
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      g = 
14 7

6 3

 


7
4 2 17 0

3
f

 
       

28
2 17 0

3
f   

23
2

3
f 

23

6
f 

(2) 'g', 'f ' 

7 23
2 2 2 0

3 6
c

   
         

14 23
2 0

3 3
c


    

14 23 14 23 6 15
2 5.

3 3 3 3
c

  
       

g,   f,  c  (1)  

2 2 7 23
2 2 5 0

3 6
x y x y

   
          

  3x2 + 3y2  14x + 23y  15 = 0

7. 
x2 + y2 + 2x + 17y + 4 = 0, x2 + y2 x + 6y + 11 = 0  & x2 + y2  x + 22y + 3 = 0.

 
S  = x2 + y2 + 2x + 17y + 4 = 0 ...(1)

S =  x2 + y2  7x + 6y + 11 = 0 ...(2)

S  =  x2 + y2  x + 22y + 3 = 0 ...(3)

(1), (2), (3) 
S = x2 + y2  2gx + 2fy  + c = 0 ...(4)  
(1), (4) 

2 2gg ff c c       2 g   = 2  g  = 1

  2g(1) + 2f 
17

2

 
    = c + 4 2 f   = 17   f   = 

17

2

  2g + 17 f  =  c + 4   ...(5)  c  = 4

(2), (4) 

  2g g   + 2f f   = c + c  2 g   = 7    g  = 
7

2

2g
7

2

 
    + 2f 

6

2

 
    = c + 111     2 f   = 6     f  = 

6

2

  7g + 6f   =  c + 111 ...(6)     c  = 11.
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(3), (4) 

  2g g   + 2f f   = c + c  2 g  = 1    g   = 
1

2


  2g 
1

2

 
    + 2f (11) = c + 3 2 f   = 22   f   = 111

   g + 22f = c + 3 ...(7) 3c 

(5), (6), (7) 
(5)   2g + 17f  =  c  + 4 (6)    7g +   6f   =  c  + 111

(6)   7g +   6f  =  c  + 111 (7)    g + 22f   =  c  + 3

        

      5g   + 11f  = 7 ...(8)  8g  16f   =  8 ...(9)

(8), (9) 
8(5g + 11f  = 7)

5(  8g  16f  =  8)

 40g + 88f = 56 (8)   f  = –2  
   40g  80f = 40 5g + 11(2) = 7

8f = 16   5g = 7 + 22 = 15

 f  = 
16

8


  g = 

15
3.

5
 



2f       3g  

'g', 'f '  (7) 
g + 22f = c + 3

   3 22( 2) 3c    

    44c  

 'g'  'f ', 'c' (4)  
x2 + y2 + 2(3)x + 2(2)y  44 = 0

  x2 + y2  6x  4y  44 = 0

8. x2 + y2  4x + 2y + 4 = 0  .x + y = 4


 S = x2 + y2 + 2gx + 2fy + c = 0 ...(1) 

    c = 0 ...(2)

 (g, f ),  x + y = 4 
  (g) + (f ) = 4     g  f  = 4 ...(3)
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S  = x2 + y2  4x + 2y + 4 = 0  (1)  ...(4)

  2g g   + 2f f   = c + c   2 g   = 4  g   = 2

  2g(2) + 2f(1) = c + 4 2 f   = 2  f   = 1

  4g + 2f = 0 + 4    [  c = 0] c  = 4

  2(2g + f ) = 4

  2g + f  = 2 ...(5)

(3), (5)  
g  f  = 4

2g + f = 2 g = –2 (3) 
3g      = 6 (2)  f = 4

6

3
g 


4 2 2f    

2g  2f 

g,   f , c  (1) 
x2 + y2 + 2(2)x + 2(2)y = 0

 x2 + y2  4x  4y = 0

9. (2, 0), (0, 2) 2x2 + 2y2 + 5x  6y + 4 = 0 


 S = x2 + y2 + 2gx + 2fy + c = 0 ...(1) 
(2, 0) 
   22 + 02 +2g(2) + 2f(0) + c = 0

  4g + c + 4 = 0 ...(2)

(1), (0, 2)     02 + 22 + 2g(0) + 2f(2) + c = 0

  4f + c + 4 = 0 ...(3)

(1), 2x2 + 2y2 + 5x  6y + 4 = 0

 2 2 5 6 4
0

2 2 2
x y x y      

  2g g   + 2f f   = c + c 
5 5

2
2 4

g g   

5 3
2 2 2

4 2
g f c

   
         

6 3
2

2 2
f f

 
   

4
2.

2
c  

5
3 2

2

g
f c    ...(4)
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(2), (3), (4)  
(2)      4g + c + 4 = 0 (2)    4g + c + 4 = 0

(3)      4f + c + 4 = 0 (4)   
5

3 2 0
2

g
f c   

         

4g  4f = 0          4g + 
5

3 2 0
2

g
f  

  4g = 4f   g = f

  g = f
5

4 3 2 0
2

g
g g    

8 5 6 4
0

2

g g g  
 

  7g + 4 = 0

  
4

.
7

g f


 

(2)   c = 4g  4

4 16 16 28 12
4 4 4

7 7 7 7

   
        

(1) 

2 2 8 8 12
0

7 7 7
x y x y

    
          

   7x2 + 7y2  8x  8y  12 = 0.

10. (2, 3)  x2 + y2  4x  2y  7 = 0 


  S =  x2 + y2  2gx  2fy  c = 0  ...(1) 
 (2, 3)     (g, f ) = (2, 3)

     g = 2,  f = 3

   2 , 3g f   

(1), S  =  x2 + y2  4x + 2y  7 = 0  
  2g g   + 2f f   = c + c [  2 g   = 4, 2 f   = 2,  c  = 7]

  2(2)(2) + 2(3)(1) = c  7

  8   6 = c  7      = 9c

(1) 
  x2 + y2 + 2( 2)x + 2(3)y  9 = 0

   x2 + y2  4x – 6y  9 = 0.
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11. x2 + y2  8x  6y + 21 = 0, x2 + y2  2x  15 = 0 (1, 2) 


 
S = x2 + y2  8x  6y + 21 = 0

S =  x2 + y2  2x  15 = 0

 S  S  = x2 + y2  8x  6y + 21  x2 – y2  2x  15

    = 6x  6y + 36

S = 0, S  = 0 
S + (S  S )  = 0,   R 
 S + (S  S )  = 0.

    x2 + y2  8x  6y + 21 (x  6y  36 0 ...(1)

 (1, 2) 
 12 + 22  8(1)  6(2) + 21 + (6(1)  6(2) + 36) = 0

 1 + 4  8  12 + 21 + (6  12 + 36) = 0

 6 +  (18) = 0

  
6 1

18 3

 
  

1

3
    (1) 

x2 + y2  8x  6y + 21 
1

3


(x  6y  36 0

    x2 + y2  8x  6y + 21 x  2y  12 0

    x2 + y2  6x  4y + 9 0

12. x2 + y2  2x  4y  8  0  AB x + y = 3AB 


  S = x2 + y2  2x  4y  8  0,  L = x + y  3  0 
A, B 
A, B S + L = 0

    x2 + y2  2x  4y  + (x + y  3) = 0 ...(I)

    x2 + y2  (  2)x  + ) y  8  3 = 0 ...(1)

AB  (1) 

C = 
( 2) (4 + )

,
2 2

     
   , L = 0 

C = 
( 2) (4 + )

,
2 2

     
    L = 0 
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( 2) (4 + )
3 0

2 2

    
  

2 4 6
0

2

     
 

    2  8 = 0

    2 = 8
8

2
  


4   

= 4  (1) 
x2 + y2  2x  4y  8 –4(x  y  3 0

    x2 + y2  6x  4  0.

13. 2x2 + 2y2 + 3x + 6y   5 = 0, 3x2 + 3y2   7x + 8y   11 = 0 


 

S = 

2 22 2 3 6 5
0

2 2 2 2 2

x y x y
    

  S = x2 + y2 + 
3

2
x  + 3y 

5

2
 = 0

2 2 7 8 11
S 0

3 3 3
x y x y     

S = 0, S   0  S  S   0

   
2x

  + 

2y

  + 

3

2
x  + 3y 

5

2
 –  

2x

   

2y

  + 

7

3
x   

8 11
0

3 3
y  

3 5 7 8 11
3 0

2 2 3 3 3
x y x y      

9 18 15 14 16 22
0

6

x y x y    
 

   23x + 2y + 7 = 0.

14. x2 + y2  2x + 6y = 0,   x2 + y2  4x  2y + 6 = 0  &  x2 + y2  12x + 2y + 3 = 0 


 
S  =  x2 + y2  2x  6y  = 0,

S  =  x2 + y2  4x  2y + 6 = 0

S  =  x2 + y2  12x + 2y + 3 = 0 
S = 0, S  = 0  S  S  = 0

   
2x

  + 

2y

  2x + 6y 

2x

   

2y

  4x  2y  6 = 0

   2x + 8y  6 = 0

     x + 4y  3 = 0 ...(1)
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S  = 0, S  = 0  S  S  = 0

   
2x

  + 

2y

  4x  2y 

2x

   

2y

  12x  2y  3 = 0

   8x  4y + 3 = 0 ...(2)

(1), (2) 
x + 4y  3 = 0

 8x – 4y + 3 = 0

       9x = 0          x = 0

x = 0  (1) ,  y = 
3

4
.

  
3

0,
4

 
   .

   (S S ) = 0, (S  S ) = 0,  (S  S ) = 0   


15. S = x2 + y2 + 3x + 5y  4 = 0, S  = x2 + y2 + 5x + 3y  4 = 0 


 
S = x2 + y2 + 3x + 5y  4 = 0

S  = x2 + y2 + 5x + 3y  4 = 0 
S = 0  S  = 0 

 C
1
 = 

3 5
,

2 2

  
   C

2
 = 

5 3
,

2 2

  
  

1

9 25
4

4 4
r    2

25 9
4

4 4
r   

  
9 25 16 18

4 4

 
      

3

2


    
9 3

2 2
   C

1
C

2
 =  

2 2
5 3 3 5

2 2 2 2

    
        

1 2

6

2
r r                    

2 2
2 2

2.
2 2

   
        

r
1 
+

 
r

2 

6 2
3 2

2 2
  

3 2  >  2     2   <   3 2

   C
1
C

2
 < r

1 
+

 
r

2
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r
1 
 r

2 
 = 0

|r
1 
 r

2 
| <  C

1
C

2 
<  |r

1 
 r

2 
|

    S  S  = 0.

   
2x

  + 

2y

  3x  5y  4 

2x

   

2y

  5x  3y  4  = 0

2x + 2y = 0  x  y  = 0 
   L = x  y  = 0 ...(1)

 2 22 r d

 S = 0 'r'

&  d = C
1
 (1) 

2 2

3 5

2 2

1 ( 1)
d





 

  
1 1

2 2

| |ax by c

a b

 



  (x
1
, y

1
)   =  1

3 5
,

2 2

  
   

C

1

2
 x  y ax + by + c    a = 1, b = 1, c = 0

  = 

2 2
3 1 9 1

2 2
2 22 2

   
        

      =  2   2 = 4  
16. S = x2 + y2  2x  4y  20 = 0, S = x2 + y2 + 6x + 2y  90 = 0  


   S = x2 + y2  2x  4y  20 = 0  S = x2 + y2 + 6x + 2y  90 = 0

S = 0  S = 0 
 = C

1
 = (1, 2) = C

2
 = (3, 1)

 = r
1
 = 1 4 20   = r

2
 = 9 1 90 

                 25 5         100 10 

 C
1
C

2
  =  2 2( 3 1) ( 1 2)    

     =  16 9 25 5  

C
1
C

2
 = |r

1
  r

2
|  [ 5 = |5  10|]


SS  = 0 
   x2 + y2  2x  4y  20  x2 – y2  6x  2y + 90 = 0

    8x  6y  70 = 0

C
2

C
1

d

r
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     2 (4x  3y  35) = 0

    4x  3y  35 = 0.

 P,   P, C
1
C

2
  r

1
 : r

2
 = 5 : 10 = 1 : 2 



2 1 2 1P ,
mx nx my ny

m n m n

  
     

      = 
3 2 1 4

,
1 2 1 2

    
   

      =  
5 5

,
1 1

  
   

 = (5, 5).

 4x + 3y  35 = 0  C
1
  C

2
 


P(h, k), C

1
 = (x

1
, y

1
)  = (1, 2), 4x + 3y  35 = 0  

ax + by + c = 0  a = 4   b = 3  c = 35



1 1 1 1
2 2

( )h x k y ax by c

a b a b

    
 



2 2

1 2 (4 6 35)

4 3 4 3

h k    
  



   
25

1
25

 

 

1 2
1, 1

4 3

1 4, 2 3

h k

h k

  
   




     

h = 5,   k = 5.

   (h, k)  =  (5, 5).

17. x2 + y2 + 2x + 4 y + 1 = 0, 2x2 + 2y2 + 6x + 8y 3 = 0, x2 + y2  2x + 6y  3 = 0 


 
S = x2 + y2 + 2x + 4y + 1 = 0 ...(1)

         
2 2 6 8 3

S = 0
2 2 2

x y x y    

      
2 2 3

S = 3 4 0
2

x y x y      ...(2)

    2 2S = 2 6 3 0x y x y      ...(3)
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(1), (2)  S S   = 0

2 2 2 2 3
2 4 1 3 4 0

2

                x y x y x y x y

3
1 0

2
x    

5
0

2
x    ...(4)

(1), (3)  S S   = 0

2 2 2 22 4 1 2 6 3 0
   

            x y x y x y x y

   4x  2y + 4 = 0

   2(2x  y + 2) = 0

  2x  y + 2 = 0 ...(5)

(4), (5) 

(4) 
5 5

0
2 2

x x     

(5) 

5
2 2 0

2
y

 
    

  5  y + 2 = 0

  y  = 7

  = 1 1

5
, 7 ( , )

2
x y

 
  

 S = 0 
5

, 7
2

 
    

2 2
11 1 1 1 1S 2 4 1x y x y    

         

2
25 5

7 2 4(7) 1
2 2

   
          

         
25

49 5 28 1
4

    

         
25

83
4

 

         
25 332

4


        

357

4

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   (1),  (2), (3) 
2 2 2

1 1 11( ) ( ) ( S )x x y y   

2
25 357

( 7)
2 4

x y
 

      

2 2 25 357
49 5 14

4 4
x y x y      

2 2 25 357
5 14 49 0

4 4
x y x y       

2 2 25 357
5 14 49 0

4
x y x y


      

2 2 332
5 14 49 0

4
x y x y      

2 2 5 14 49 83 0x y x y      

2 2 5 14 34 0x y x y      . 


S = x2 + y2 + 2gx + 2fy + c = 0 
S  =  x2 + y2 + 2x + 4y + 1 = 0 2 g   = 2,  2 f   = 4,  c  = 1

S  =  x2 + y2 + 3x + 4y  
3

2
 = 0 2 g  = 3,  2 f   = 4,  c  = 

3

2



S =  x2 + y2  2x + 6y  3 = 0 2 g  = 2,  2 f   = 6,  c  = 3


S = 0, S  = 0 
  2g g   + 2f f   = c + c

  2g(1) + 2f(2) = c + 1   2g + 4f = c + 1 ...(1)


S = 0, S  = 0 
  2g g   + 2f f   = c + c

3 3 3
2 2 (2) 3 4

2 2 2
g f c g f c
 

         
...(2)

S = 0, S  = 0 
  2g g  + 2f f   = c + c

  2g(1) + 2f(3) = c  3   2g + 6f = c  3 ...(3)

(1), (2), (3) 



83

(1)    2g + 4f  = c + 1 (1)    2g + 4f = c + 1

(2)    3g + 4f = c   
3

2
(3)    2g + 6f = c  3

                       + + 

g  =      1 + 
3

2
4g   2f = 4

5

2
g


 

5
4 2 4

2
f

 
    

  2f = 4 + 10

14
7.

2
f   



g = 
5

2


, f = 7 (1) 

5
2 4( 7) 1

2
c

 
     

     5   28  1 = c      c =  34

S = 0  ‘g’, ‘f ’, ‘c’ 
x2 + y2  5x  14y  34 = 0.

18.  x2 + y2  6x  4y + 9 = 0, x2 + y2  8x  6y + 23 = 0 


 
 S = x2 + y2  6x  4y + 9 = 0 2g = 6,  2f = 4,  c = 9

S  = x2 + y2  8x  6y + 23 = 0 2 g   = 8,  2 f   = 6,  c = 23

S = 0  S  = 0 
= C

1
 = (3,2)  = C

2
 = (4,3)

 = 1 9 4 9 2r      = 2 16 9 23 2r    

 C
1
C

2
 

2 2(4 3) (3 2) 2 2 2.      

|r
1
   r

2
| < C

1
C

2
 < r

1
 + r

2
[2 2  

2 1.414   = 0.586]

   
 S S  = 0 

2 2 2 26 4 9 8 6 23 0x y x y x y x y          

2 2 14 0x y   

7 0x y     ... (1)   
S  = 0 
S =  0 (4,3)

(4, 3)  (1)  4 + 3 7 = 0 
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 S  = 0 S = 0 & S  = 0  AB  
 S  = 0 

  

= S  = 0 
= 2   S  = 2 2   




2 22 r d 

 r = S = 0 = 2

         d = C
1
 = (3,2) x + y  7 = 0 

1 1

2 2

| |ax by c

a b

 



  ()

2 2

| 3 2 7 | 2

21 1

 
 



2 . 2
2

2
 

 2 22 r d 

2 22 2 ( 2)  

2 4 2  

2 2   
19. S   x2 + y2 + 2x + 3y + 1 = 0, S   x2 + y2 + 4x + 3y + 2 = 0 


 

S = x2 + y2 + 2x + 3y + 1 = 0

S = x2 + y2 + 4x + 3y + 2 = 0

S = 0  S  = 0 

= C
1
 =

3
1,

2

 
    = C

2
 = 

3
2,

2

 
  

 = r
1
 =

9
1 1

4
   = r

2
 = 

9
4 2

4
 
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        1

9 3
.

4 2
r  

9 17
2

4 2
  

r
2
 

4.12
2.06.

2
 

    C
1
C

2
= 

2
2 3 3

( 2 1)
2 2

 
     

= 1.

3 17
1

2 2

 
  

 

1 2 1 2 1 2| | | |    r r C C r r

  AB  S S  = 0.


2x

  + 

2y



 + 2x + 3y + 1  
2x

    

2y

   4x  3y  2 = 0

 2x  1 = 0

 2x  1 = 0

       L = 2x + 1 = 0 
A, B S  + (S  S ) = 0  
A, B S = 0, S  = 0 
S + (S S ) = 0 or S + L = 0

    x2 + y2 + 2x + 3y + 1 + (2x  = 0

    x2 + y2 + (2 + 2)x + 3y + (1  = 0 ...(1)

(1)  AB  
(2 2 ) 3

,
2 2

   
 
 

 

L = 0 

(2 2 )
2 1 0

2

  
     

  2  2 + 1 = 0   2  = 1     = 
1

2


  = 
1

2
    (1)   = 

1

2
  

2 2 1 1
2 2 3 1 0

2 2
x y x y

    
               

2 2 1
3 0

2
x y x y     

2 22 2 2 6 1 0.x y x y     
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 (Conic Sections)


    

          
  

 (Conic)

           ‘e’ 
    

1.      S  

2. 

3. ‘e’ 

4.     


5. e = 1   

0 < e < 1    

e > 1 

e = 0   

6. 

7. 

3







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   

 S(, ),  0lx my n         


SP = PM

2 2

2 2
( ) ( )

lx my n
x y

l m
 

 
    



2
2 2

2 2

( )
( ) ( )

lx my n
x y

l m
 

 
    


.  x, y     



( ) ( ) 0m x l y     .

 



: 
         
‘S’  l 


l  S   Z  

ZS A 

ZA = AS A 

‘A’ 

A   YAY'


.

ZXZ'


X YY'


 Y 
 A = (0,0) 

S = (a, 0), (a>0) Z = (–a, 0),  l  x + a = 0.

 P(
1 1,x y ) P  l PM 

Y

l

M
P

X 
S

X
Z

Y

A




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SP
1

PM
e  .

SP PM 

2 2SP PM 

   
2 22x a y x a    

2 4y ax 

 2 4y ax  P(x, y) 

   
2 22 2 2SP 2 4 PMx a y x a ax ax x a x a           

  P(x, y)      P(x, y) 
  2 4y ax .

   2 4y ax .

, 2 4y ax , (a>0)

1. y = 0  4ax = 0  x = 0.

       

2. x = 0  y2 = 0, y = 0      Y- 

3.
2 4y ax   P(x, y)   a > 0  0, 4x y ax   .

   x  y 
  X-     

  (x, y)  0x    Y-    
  

4. x y 
    X-       

5. S,  l. 2 4 ,y ax (a > 0) 
S = (a, 0),  x + a = 0,  y = 0,  A(0, 0) 

6.  (h, k)      2 4y ax  

    
2

4y k a x h   (h, k)X-

   
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

1.     

2.          

3. y-P 
P y-

4.        y-   

5.    4a, (a > 0)

  (a, 2a)  (a, 2a).

:         ,


:      
    

: S(a, 0)    2 4y ax  
P(x

1
, y

1
)  

P   = SP

= PM

= NZ

= NA + AZ

= x
1
 + a

:

t  2( , 2 )P at at   2 4y ax  
 2 4 ( 0)y ax a   P(x, y)   0, 0x a    2x at 

t R   2 2 2 24 ( ) 4y a at a t    y = 2at  –2at.  (at2, 2at) 

 2( ) , 2 ( )a t a t    P 

    2 , 2x at y at  .   
2( , 2 )P at at   t  

:
(1) 2 4S y ax  (2) 

1 1 12 ( )S yy a x x  

(3) 2

11 1 14S y ax  (4) 
12 1 2 1 22 ( )S y y a x x  

 (x
1
, y

1
), (x

2
, y

2
)   2 4y ax   
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







2 4y ax   2 4 0S y ax  

 


(i) S = 0   

1 1P( , )x y  

11 0S 

(ii)
1 1P( , )x y  S = 0  

11 0S 

(iii)   
1 1P( , )x y  

S = 0   
11 0S 



(i) 

I. X- II. X 

    

 : 2 4 , ( 0)y ax a  2( ) 4 ( ), ( 0)y k a x h a   

 (A) : (0, 0) ( , )h k

 (S) : (a, 0) ( , )a h k

 : x a  x h a  

 : y = 0 0y k 

  : 4a 4a

 :( , 2 )a a ( , 2 )a h a k  
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(ii) 

I. X- II. X 

    

 : 2 4 , ( 0)y ax a   2( ) 4 ( ), ( 0)y k a x h a    

 (A) : (0, 0) ( , )h k

 (S) : (a, 0) ( , )a h k 

 :x a x h a 

 : y = 0 0y k 

  : 4a 4a

 :( , 2 )a a  ( , 2 )a h a k   

(iii)       y- y- 

I. Y- II. Y 

    

 : 2 4x ay 2( ) 4 ( )x h a y k  

 (A) : (0, 0) ( , )h k

 (S) : (0, )a ( , )h a k

 : y a  y k a  

 : x = 0 0x h 

X
S(a, 0)

A

Y

Y

x 


 a
 =

 0

X

XX

S A

Y

Y

x 


 h
 

 a
 =

 0

y  k = 0

XX

S(0,a)

A

Y

Y

y +a = 0

XX

S

A

Y

Y

yk+a = 0

x  h = 0
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  : 4a 4a

 :( 2 , )a a ( 2 , )h a a k 

(iv)   y-y-


 : 2 4 x ay , a > 0 2( ) 4 ( )   x h a y k , a > 0

 (A) : (0, 0) (h, k)

 (S) : (0, a) ( , )h a k 

 : y = a y k a 

 : x = 0 0x h 

  : 4a 4a

 :( 2 , )a a  ( 2 , )h a a k  

(v) 


2
2 2

2 2

( )
( ) ( )

lx my n
x y

l m
 

 
   



 (S) = ( , ) 

: 0lx my n  

 = ( ) ( ) 0m x l y    

: 1) X- 2x ly my n  

2) Y- 2y lx mx n  

    , , ,l m n     0l  

XX

S(0,a)

A

Y

Y
y a = 0

XX

S

A

Y

Y
y ka = 0

x  h = 0

XX

Y

Y



S()

A


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
  

1. 24 12 20 67 0y x y      

   24 12 20 67 0y x y   

24 20 12 67y y x    

24( 5 ) 12 67y y x    

2 2

2 5 5 5
4 2. 12 67

2 2 2
y y x

    
               

2 2
5 5

4 12 67
2 2

y x
    

         
     

2
5 25 12 67

2 4 4

x
y

    
     

   

2
5 12 67 25

2 4 4

x
y

  
    

 

2
5 12 42

2 4

x
y

  
   

 

            

42
12

12

4

x
 

  
 

2
5 7

3
2 2

y x
   

       
   

 2( ) 4 ( )y k a x h      

5 7 3
, , 4 3

2 2 4
k h a a


        

7 5 3
, ,

2 2 4
h k a


   

2( ) 4 ( )y k a x h       ( , )h k ,  ( , )h a k

     
7 5

( , ) ,
2 2

h k
 

  
 

.
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                       = S = ( , )h a k

7 3 5
,

2 4 2

 
  
 

17 5
,

4 2

 
  
 

.

2. 2 6 6 6 0x x y     

       2 6 6 6 0x x y   

                   2 2 22. .3 3 3 6 6 0x x y      

                   2 22. .3 3 6 3x x y    

                   
2 3

( 3) 6
6

x y
 

    
 

                   
2 1

( 3) 6
2

x y
  

      
  

  2( ) 4 ( )x h a y k     

                   
1

3, , 4 6
2

h k a    

         
3

2
a 

   1
( , ) 3,

2
h k

 
  
 

     = 
1 3

( , ) 3, (3,1)
2 2

h k a
 

     
 

.

3. 2 6 2 5 0y y x     

   2 6 2 5 0y y x   

2 2. .3 2 5 0y y x    

2 2 22. .3 3 3 2 5 0y y x      

2( 3) 2 4y x   

2( 3) 2( 2)y x    

    2( ) 4 ( )y k a x h     
3, 2, 4 2k h a    

1
3, 2,

2
k h a      .
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 0 3 0y k y     .

 x h a  

1
2 0

2
x   

2 5 0x   .

  
4. 

(i) 2 4 4 3 0y x y    (ii)  2 2 4 3 0x x y   

 (i)  2 4 4 3 0y x y   

2 2. .2 4 3 0y y x    

2 2 22. .2 2 2 4 3 0y y x      

2( 2) 4 4 3 0y x     

2( 2) 4 7y x    

2 7
( 2) 4

4
y x

 
     

 

  2( ) 4 ( )y k a x h      

  2k  ,  4 4a   , 
7

4
h 



         
7

2, 1,
4

k a h    

 
7

( , ) , 2
4

h k
 

   
 

.

   
7

, 1, 2
4

h a k
 

     
 

                    
3

, 2
4

 
  
 

.

 7
1

4
x h a x    

                    4 11 0x   .

 0y k    2 0y   .
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 (ii)   2 2 4 3 0x x y   

2 2 22. .1 1 1 4 3 0x x y      

2( 1) 1 4 3 0x y     

2( 1) 4 4x y    

2( 1) 4( 1)x y    

  2( ) 4 ( )x h a y k      

1, 1, 4 4 1h k a a     

 ( , ) (1,1)h k  .

    ( , ) (1,0)h k a   .

    y k a 

             0 2 0y k a y       .

   0x h 

       1 0x   .

5. (2, 1), (1, 2), (1, 3)X-


 X-  

   2ly my n x           __(1)

(  A     P, B, C  )

 P(2, 1)  
2(1) (1) 2l m n    

2l m n     ___ (2)

   B = (1, 2), C  (1, 3)   
2(2) (2) 1l m n        2(3) (3) 1l m n   

4 2 1l m n       __ (3)  9 3 1l m n       __ (4)

(2), (3), (4)    , ,l m n  

  l   +  m + n = –2   l   +  m + n = –2

  4l + 2m + n =  1   9l + 3m + n = –1

 –   –      –     –  .  –   –      –     +  .

– 3l – m       = –3   __(5) – 8l – 2m      = –1   __(6)
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(3 3)l m   × 2 __(5)

      8 2 1l m  __(6)

 



 

6 2 6

8 2 1

2 5

l m

l m

l

  

 

 

    
5

2
l  

5

2
l     (5)   

15
3

2
m  

      
15 21

3
2 2

m   

21

2
m 

(2)       2n l m   

5 21
2 10

2 2
n    

        10n 

, ,l m n   (1)     

25 21
10

2 2
y y x


  

25 21 20

2

y y
x

  
 

25 21 20 2y y x    

25 21 2 20 0    y y x .

6. (4, 5), (2, 11), (4, 21)    Y-   



  P(4, 5), Q(2, 11), R(4, 21). 

Y-

   2lx mx n y     __(1)

 P(4, 5)  
2(4) (4) 5l m n    .

16 4 5l m n           __(2)

  Q(2, 11), R(4, 21)   



Basic Learning Material - Maths II(B)98

2( 2) ( 2) 11l m n           2( 4) ( 4) 21l m n    

4 2 11l m n         ___(3) 16 4 21l m n      ___(4)

(2), (3), (4)  
   (2) 16 4 5l m n    (3)  4 2 11l m n   

   (3)   4 2 11l m n   (4)   16 4 21l m n  
   –  +     –     –  –  +    –     –

    12 6 6l m   12 2 10l m   

6 3 3 (5)l m          6 5l m    __(6)

(5)      6 3 3l m  

(6)     6 5l m   

      4 8m      2m  

(6)          6 2 5l   

6 5 2l   

        6 3l  

        
1

2
l 

l, m  (3)  

         
1

4 2( 2) 11
2

n
 

    
 

2 4 11n   

5n 

, ,l m n   (1)      

    
21

( 2) 5
2

x x y   

2 4 10

2

x x
y

 
 

2 4 10 2x x y   

2 4 2 10 0x x y    

7.  (2, 3),   2 3 4 0x y         
  

  ( 2,3)S   ,  2 3 4 0x y   
SP = PM.
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 P = 1, 1( )x y    
       SP = PM (P    

2 2 1 1
1 1

2 2

2 3 4
( 2) ( 3)

2 3

x y
x y

 
    





   
22 2

1 1 1 113 ( 2) ( 3) 2 3 4x y x y       

2 2 2 2

1 1 1 1 1 1 1 1 1 113( 4 4 6 9) 4 9 16 12 24 16x x y y x y x y y x           

2 2

1 1 1 1 1 19 12 4 68 54 153 0x x y y x y      

 P  
2 29 12 4 68 54 153 0x xy y x y      

  
= 4a

= 2(2a)

= 2 x     

2 2

2( 2) 3(3) 4
2

2 3

  
 


                [  : 

1 1

2 2

ax by c

a b

 


  

1 1( , ) Sx y  ]

1
2

13
 

2

13


  

     
2

3


  

3

2

   
3

2
  S( 2,3)   

                  
3

3 ( 2)
2

y x  

       3 2 12 0x y    .

8.  S(1, 7),  A(1, 2)     
   = S (1, 7) 

 = A (1, 2) 
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   
  x-   AS


 y-  

 A (1, 2)     2( ) 4 ( )x h a y k   

 S = (1, 7)   

 2( ) 4 ( )x h a y k   

AS = 2 2(1 1) ( 2 7) 5a      

    
2( 1) 4(5)( 2)x y   

2( 1) 20( 2)x y     .

   
9. 2 6y x    (6, 6)       



  2S 6 0y x  

1 1( , ) 6, 6)x y    

    2

11 1 16S y x 

         2( 6) 6(6) 

        36 36 

        = 0

   
11 0S      (6, 6) ,  S = 0  

10. 2 8y x   10    

 2 8y x  1 1( , )P x y  

 2

1 18y x ___(1)

2 8y x      2 4y ax   

4 8 2a a  

P   = 10 

1 10x a  

1 2 10x           1 8x 

(1)    2

1 8(8) 64y  

1 64 8.y    
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        
1 1( , ) (8,8) & (8, 8)x y   .

11. 2 8y x      
1

, 2
2

 
 
 

     

   2 8y x ,  2 4y ax    4 8 2a a  

 = (a, 0) = (2, 0)

  PB  

 2

1 1

1
P  at , 2 , 2

2
at

 
   

 
  ()

    2

1

1

2
at  , 

12 2at   
12.2. 2t 

        1

1

2
t 

 2

2 2B , 2at at  

  PB , 
1 2 1t t  

             2

1

1 1
2.

1/2
t

t

 
    

    22

2 2B ,2 2 2 ,2(2)( 2)at at    

     = (8, 8) .    PB   

   
12. 2 4y ax      y- 1 2 3,y y y   

 1 2 2 3 3 1

1
( )( )( )

8
y y y y y y

a
      

   2 4y ax      ___(1)

1 1 2 2P( , ), Q( , )x y x y , 3 3R( , )x y 
2

1 14y ax , 2

2 24y ax , 2

3 34y ax

 

22 2

31 2
1 2 3, ,

4 4 4

yy y
x x x

a a a
   
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  ΔPQR  2 1 3 1

2 1 3 1

1
= 

2

x x x x

y y y y

 

 

22 2 2

32 1 1

2 1 3 1

1
= 4 4 4 4

2

yy y y

a a a a

y y y y

 

 

   2 2 2 2

2 1 3 1

2 1 3 1

1 1
=

2 4

y y y y

a y y y y

 

 

2 1 2 1 3 1 3 1

2 1 3 1

( )( ) ( )( )1

8

y y y y y y y y

y y y ya

   


 

2 1 3 1

2 1 3 1

1
( )( )

1 18

y y y y
y y y y

a

 
  

1 2 2 3 3 1

1
( )( )( )

8
y y y y y y

a
   


2

1 1 1 1P ( , ) ( ,2 )x y at at 

Q = 2

2 2 2 2( , ) ( , 2 )x y at at

R = 2

3 3 3 3( , ) ( , 2 )x y at at    2 4y ax     

 2 1
1 1 1 1 1, 2

2

y
x at at y t

a
    .

      

2 2 2

1 1 1
1 22 4 4

y ay y
x a

a a a

 
    

 

PQR  = 1 2 3

1
( )

2
x y y

                

2

1
2 3

1
( )

2 4

y
y y

a
 

                

22 2

31 2
2 3 3 1 1 2

1
( ) ( ) ( )

2 4 4 4

yy y
y y y y y y

a a a

 
      

 

                
2 2 2

1 2 3 2 3 1 3 1 2

1
( ) ( ) ( )

2 4
y y y y y y y y y

a
     


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2 2 2 2 2 2

1 2 1 3 2 3 1 2 1 3 2 3

1

8
y y y y y y y y y y y y

a
     

                1 2 2 3 3 1

1
( )( )( )

8
y y y y y y

a
      

1 2 2 3 3 1( )( )( )y y y y y y  

2

1 2 2 3 1 2 3 1 3( )( )y y y y y y y y y    

2 2 2 2 2 2

1 2 1 3 2 3 1 2 1 3 2 3 .y y y y y y y y y y y y     

  PQR = 1 2 2 3 3 1

1
( )( )( )

8
y y y y y y

a
    
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4


'e'  


 

2 2

2 2
1,

x y
a b

a b
  

 : 

2 2

2 2
1, ( 0)

x y
a b

a b
   

(i) y = 0x = ±a.  X- A(a, 0), A'(–a, 0) 
AA' = 2a. x = 0y = ±a.  Y-B(0, b), B'(0, –b) 
BB'= 2b.

 
2a, 2b AA', BB' a > b  AA'

BB' a < b AA'BB'



1. 

2. 

3.  


 S, S', A, A' 


2 2

2 2
1, ( )

x y
a b

a b
   .

b2 = a2 (1–e2),    0 < e < 1



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C =  = (0, 0), S =  = (ae, 0), S' =  = (–ae, 0)

= SS' = 2ae.

: CZ , Z ,0
a a a

x
e e e

 
      

Z' , 0
a a

x
e e

 
      

 CZ , Z ,0
a a a

x
e e e

 
      

, Z' , 0
a a

x
e e

 
      

 = ZZ' = 2
a

e
.

:  AA' = 2a

[A = (a, 0), A' = (–a, 0)]

: BB' = 2b [ B = (0, b), B' = (0, –b)]

  = C = S, S' 
= A, A' 
= Z ,,Z' 



a = b  1
2

2

2

2


b

y

a

x
 ‘a’

a   b 

(i)  )0(1
2

2

2

2

 ba
b

y

a

x

 X-

(A A ) 2a

 Y-

(B B ) 2b

  C = (0, 0)

   S = (ae, 0),

S= (ae, 0)

   x = a/e

  x = a/e    Fig

             e  = 
2

22

a

ba 

X
Z A  S C S N A

P
B

M M

X
Z

B

Y



Y

 



Basic Learning Material - Maths II(B)106

(ii) )0(1
2

2

2

2

 ba
b

y

a

x
(0 < a <  b)

 Y-

(B B ) 2b

 X-

çV Ÿ²k ÍÇ¿£Œ+ b õ& ƒe Ú ( A A ) 2a

  C = (0, 0)

  S = (0, be)

S  = (0, be)

    y = b/e

  y = b/e

   e = 
2

22

b

ab 
      Fig.



XY-  (h, k)  
(i), (ii) (h, k) 
(iii), (iv)  

(iii) 

2 2

2 2

( ) ( )
1, ( 0)

x h y k
a b

a b

 
   

 y = k 

(A A ) 2a

 x = h 

(B B ) 2b

 C  = (h, k)

  S = (h+ae, k)

S= (hae, k)

   x = h+a/e

  x = ha/e

  e  = 
2

22

a

ba 
         Fig





 


y = k
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(iv)  
2 2

2 2

( ) ( )
1, (0 )

x h y k
a b

a b

 
   

 x = h 

(B B ) 2b

 y = k 

( A A ) 2a

  C = (h, k)

    S = (h, k + be)

 S= (h, kbe)

   y = k+b/e           Fig.

  y = kb/e

  e  = 
2

22

b

ab 

  S, S'   
2 2

2 2
1, ( )

x y
a b

a b
    P(x, y)   

SP + S'P 




2 2

2 2
1, ( )

x y
a b

a b
    S, S' ZM, Z'M' 

P Px-PL,  M'M.








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

SP = e(PM) = e(LZ) = e(CZ – CL) = e
a

x
e

 
  

 = a – xe

S'P = e(PM') = e(LZ') = e(CL + CZ') = e
a

x
e

 
     = a + xe

SP + S'P = a – xe + a + xe = 2a =  = 

     SP + S'P = e(PM + PM') = e(MM')

 = e ×  = e × 
2a

e
=2a = 

(Auxiliary Circle)



 

2 2

2 2
1, ( )

x y
a b

a b
     

2 2 2x y a  .


P PN Q
 ACQ P 
0   < 2.


2 2

2 2
1

x y

a b
   x = a cos, y = b sin

P() = (acos, bsin ) 


2 2

2 2
S 1

x y

a b
  

1 1
1 2 2

S 1
xx yy

a b
  

2 2

1 1
11 2 2

S 1
x y

a b
  

1 2 1 2
12 2 2

S 1
x x y y

a b
  

S
11

  P(x
1
, y

1
) 



Y

Y '

XX' A' A

B'

B

C


N

P

Q
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

1.  2 0x y    
2

3
e  ,  (1, –1) 

 S = (1, –1), 
2

3
e  ,  2 0x y    

P(x
1
, y

1
) 

 SP

PM
e  ............ (1)

P PM

1 1

2 2
PM

ax by c

a b

 
 



   
1 1

2 2

2

1 1

x y 




(1) 
 SP = e PM

1 12 2

1 1

22
( 1) ( 1)

3 2

x y
x y

 
    


2

1 12 2

1 1

4 2
( 1) ( 1)

9 2

x y
x y

 
    



2 2

1 1 1 1 1 17 7 4 26 10 10 0x y x y x y      

 P(x
1
, y

1
) 

2 27 7 4 26 10 10 0x y xy x y     

 

2.  15

2
,      



 
2 2

2 2
1

x y

a b
   

 = 2ae = 2  ae = 1.

 = 

22 15

2

b

a

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24 15b a  [ 2 2 2 2 2 2(1 )b a e a a e    ]

2 2 24 15a a e a    

2 2 24 4 15 0a a e a   

24 15 4 0a a    [ 2 2 2 2( ) 1 1a e ae   ]

(4 1)( 4) 0a a   

1
or 4

4
a


 

4a  [ a  1

4
a


 ]

2 2 2 2 16 1 15b a a e     

   

2 2

2 2
1

x y

a b
  .

     

2 2

1
16 15

x y
  

3. 8, 32 


  

2 2

2 2
1

x y

a b
   

 = 2ae = 8  ae = 4.

 
2

32 16.
a a

e e
  

, 24 16 64 8.
a

ae a a
e

      

2 2 2 2 2 2 2(1 ) 64 (4) 64 16 48.b a e a a e        

 
2 2 2 2

2 2
1 1

64 48

x y x y

a b
     .

4. 

  

2 2

2 2
1

x y

a b
   

 = 
1

2
 × 

2
2 22 1

(2 ) 2
2

b
a b a

a
   
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2 2 22 (1 )a e a    

22(1 ) 1e  

2 1
1

2
e  

2 1 1 1
1

2 2 2
e e     

  1

2
e  .

5. (–2, 2), (3, –1) 

 
2 2

2 2
1

x y

a b
   

(–2, 2), (3, –1) 

 
2 2

2 2

2 2
1

a b


        

2 2

2 2

3 1
1

a b


 

2 2

1 1
4 4 1

a b

   
       

   
   2 2

1 1
9 1 1

a b

   
         

2 2

1 1
,m n

a b
   

 4m + 4n = 1

9m +   n = 1

4m + 4n = 1

36m + 4n = 4
–       –        – .

–32m  = –3

3 3 5
1 9 1 9

32 32 32
m n m        

  2 2

2 2

1 1
1x y

a b

   
       

2 2 1x m y n  

2 23 5
1

32 32
x y
   

        

2 23 5 32x y   . 
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6. 

 
2 2

2 2
1

x y

a b
   

 = 3 × 
 2a = 3 × 2b   a = 3b

      2 2 2(1 )b a e 

2 2 2(3 ) (1 )b b e  

2 2 29 (1 )b b e  

2
2

2
(1 )

9

b
e

b
  

2 1 8
1

9 9
e   

8 2 2

9 3
e    = 

7. 

(i) 9x2 + 16y2 = 144 (ii) 4x2 + y2 –8x + 2y +1 = 0 (iii) x2 + 2y2 –4x + 12y +14 = 0

 (i)   9x2 + 16y2 = 144

2 2 2 29 16
1 1

144 144 16 9

x y x y
     


2 2

2 2
1

x y

a b
   

a2 = 16, b2 = 9   a = 4,   b = 3.

a > b  b2 = a2(1–e2)

 9 = 16(1–e2)

  
29

1
16

e  

  
2 9 7

1
16 16

e   

  
7 7

16 4
e  

a > b 
(i)  = 2a = 8.
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(ii)  = 2b = 6.

(iii)  = 
22 2(9) 9

4 2
 

b

a

(iv)  = 
7

4
e 

(v)  = (0, 0)

(vi)  = (±ae, 0) = ( 7 , 0)

(vii) : 
16

7 16
7

a
x x x

e
       

(ii) 4x2 + y2 –8x + 2y +1 = 0

:
2 2(4 8 ) ( 2 ) 1 0x x y y    

2 2 2 24( 2 ) ( 2. .1 1 1 ) 1 0x x y y       

2 2 2 24( 2. .1 1 1 ) ( 1) 0x x y      

2 24[( 1) 1] ( 1) 0x y     

2 24( 1) 4 ( 1) 0x y     

2 24( 1) ( 1) 4x y    

   
2 2

4 1 1 4

4 4 4

x y 
  

   
2 2

1 1
1

1 4

x y 
  

    
2 2

2 2
1

x h y k

a b

 
   

h = 1, –k = 1  k = –1,

a2 = 1 a  = 1,  b2 = 4  b = 2

 a < b.

2 2 2 2(1 ) 1 4(1 )a b e e     

2 21 1 3 3
1 1

4 4 4 2
e e e        

(i)   = 2b = 4.

(ii)  = 2a = 2.
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(iii) = 

22 2(1)
1

2
 

a

b

(iv) = 
3

2
e 

(v)  = (h, k) = (1, –1)

(vi) = (h, k±be) = (1, 1 3  )

(vii)  : 
4

1 3 3 4
3

b
y k y y

e
          

(iii) x2 + 2y2 –4x + 12y +14 = 0

:
x2 –4x + 2y2  + 12y +14 = 0

2 2( 2. .2) 2( 6 ) 14 0x x y y     

2 2 2 2 2 2( 2. .2 2 2 ) 2( 2. .3 3 3 ) 14 0x x y y         

2 2( 2) 4 2[( 3) 9] 14 0x y       

2 2( 2) 4 2( 3) 18 14 0x y       

2 2( 2) 2( 3) 8x y    

2 2( 2) 2( 3)
1

8 8

x y 
  

2 2( 2) ( 3)
1

8 4

x y 
  

    
2 2

2 2
1

x h y k

a b

 
   

h = 2, k = –3

a2 = 8 a  = 2 2 ,  b2 = 4  b = 2

 a > b 
2 2 2 2(1 ) 4 8(1 )b a e e    

2 24 4 4 1 1
1 1

8 8 8 2 2
e e e         

(i)   = 2a = 4 2 .

(ii) = 2b = 4.

(iii)  = 

22 2.4 4 4 2 4 2
2 2

22 2 2 2 2

b

a
     

(iv)   = 
1

2
e 
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(v) = C = (h, k) = (2, –3)

(vi) = (h±ae, k) = (2±2, –3) = (4, –3), (0, –3)

(vii)  : 2 2
2 2 4

1
2

a
x h x x

e
          

2 4, 2 4x x      

6 0, 2 0x x      

8.    
2 2

2 2
1

x h y k

a b

 
   

(i)  = (2, –1);  = (2, –5) ,  e 
1

3


(ii)  = (4, –1);  (–1, –1) (8, 0) 

(iii)  = (0, –3); 
2

3
e  ,  = 5

(iv)  = (2, –1); 
1

2
e  ,  = 4

 (i) C = (2, –1) = (h, k)

 = B = (2, –5) = 
C, B x-

CB


,  y-
C, B 
 y-
 a > b 

2 2CB (2 2) ( 1 5) 4b      

1

3
e   

2 2 2(1 )a b e  

2 1 8 128
16 1 16

9 9 9
a

 
       

         
2 2 2 2

2 2

2 1
1 1

128 16

9

   
    

x h y k x y

a b

    
   

2 2
9 2 1

1
128 16

 
  

x y
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(ii) = C = (h, k) =  (4, –1)

 = A = (–1, –1)

C, A y-

CA


,  x-
C, A 
 x-

 2 2C A (4 1) ( 1 1) 5a      

  
       

2 2 2 2

2 2 2

4 1
1 1

25

x h y k x y

a b b

   
      ............... (1)

(8, 0) 

 
2 2 2

2 2

8 4 1 1 16 9
1 1

25 25 25b b


      

2

1 9

25


b
 (1) 

 
 

 
 

2 2

2 2

2

4 41 9
1 1 1 1

25 25 25

x x
y y

b

 
         

   
2 2

4 9 1 25x y    

(iii)  = (0, –3); 
2

3
e  ,  = 5

 (i) a > b  = C = (h, k) =  (0, –3)

 = 
2

5
2

b
b 

2 2 22
(1 )

3
e b a e   

2 2 24 5 9
25 1 25 25 45

9 9 5
a a a
   

              

         
2 2 2 2

2 2

0 3
1 1

45 25

x h y k x y

a b

   
     .

 (ii) a < b  = C = (h, k) =  (0, –3)

 = a = 5  (when the ellipse is a vertical ellipse)

2 2 22
(1 )

3
e a b e   

2 24
25 1 45

9
b b
 

      
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         
2 2 2 2

2 2

0 3
1 1

25 45

x h y k x y

a b

   
     .

(iv)  = (2, –1); 
1

2
e  ,  = 4

 (i) a > b  = C = (h, k) =  (2, –1), 
1

2
e 

 = 

22
4

b

a


2 22 4 2b a b a   

2 2 1
(1 ) 2 1 2

4
a e a a

 
       

3 8
2

4 3

a
a   

2 16
2

3
b a  

  
       

2 2 2 2

2 2

2 1
1 1

64 16

9 3

x h y k x y

a b

   
     .

       
   

2 2
9 2 3 1

1
64 16

x y 
  

 (ii) a < b  = C = (h, k) =  (2, –1),  
1

2
e 

 = 
22

4
a

b


2 22 4 2a b a b   

2 2 1 8
(1 ) 2 1 2

4 3
b e b b b

 
         

2 16
2

3
a b  

  
       

2 2 2 2
2 1 3 2 9 1

1 1
16 64 16 64

3 9

x y x y   
     .
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        


 



   
2 2

2 2
1

x y

a b
       2 2 2 1b a e  ,  e > 1

 (Trace of the Curve)

   

2 2

2 2
S 1 0

x y

a b
    ,  a > 0, b > 0, 2 2 2( 1)b a e 

(i)  x- A(a, 0), A1(a, 0)   

(ii) 20x y b      y-

5

B

B
M

P

N S
X

AZCA Z
X

Y

Y

S'
.



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(iii)
2 2  

b
y x a

a
. y  2 2 0  x a  or   x a x a

2 2a
x y b

b
    x a  , x a      

y x     y k 
   

y x   

(iv) y     
  Y-  
      

(v) X- 1AA  Y--
1BB  

BC = 1 2B C 1b a e      Y--  B, B' .

(vi)          

S ( ,0)ae , S ( ,0)ae   ,  a
x

e
   

(vii) C          
       


      

:  C   S, S   ZM


, Z M 


   
 P( , )x y 

M P

N SZCS Z

M

XX

Y

Y
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P  X-     PN, PM, PM

 SP = e(PM) = e(NZ) = e(CNCZ) = 
a

e x ex a
e

 
   

 
.

S P = e(PM ) = e(NZ ) = e(CN + CZ ) = e
a

x ex a
e

 
       

 
.

S P SP ( ) ( ) 2ex a ex a a        
       

: 



2 2

2 2
S 1

x y

a b
   1 1

1 2 2
S 1

xx yy

a b
  

2 2

1 1
11 2 2

S 1
x y

a b
   1 2 1 2

12 2 2
S 1

x x y y

a b
  

(Definition Rectangular Hyperbola)

     (2a),   (2b)  
 2 2 2x y a  .

2 2 2 2 2( 1) 1 1 2 2b a a a e e e e          

  2 .

(Auxiliary Circle)

          

 S = 0     2 2 2x y a  .

(Parametric equations)

M

P(x, y)

XA



CA
X

Y

Y

a

Q
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S = 0  2 2 2x y a  .

 P( , )x y  C 

P M  M  QM 
θMCQ   

secθ

 =  tan θ

x a

y b


    (S = 0)   

3
θ [0,2 ), θ ,

2 2

 
 

 (Conjugate Hyperbola)




2 2

2 2
1

x y

a b
      

2 2

2 2
1

x y

a b
  

S = 

2 2

2 2
1 0

x y

a b
     

2 2

2 2
S 1 0

x y

a b
     





   

1. 
3

2
,    (1, –3),   y = 2    



  
SP

PM
e .

3
S (1, 3), ,

2
e     2 0y    


1 1P( , )x y 

 
SP

PM
= e
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PM = P    

SP e PM 

2 2 1
1 1

2 2

3 2
( 1) ( 3)

2 0 1

y
x y


    


:- 

1 1

2 2

ax by c

a b

 



  0ax by c  

2 2 2

1 1 1

9
( 1) ( 3) ( 2)

4
x y y      . 1. 2 0o x y  

2 2 2

1 1 1 1 1 1

9
1 2 9 6 ( 4 4 )

4
x x y y y y        

2 2 2

1 1 1 1 1 14( 2 6 10) 9 36 36x y x y y y       

2 2 2

1 1 1 1 1 14 4 8 24 40 9 36 36 0x y x y y y        

2 2

1 1 1 14 5 8 60 4 0x y x y     

 
1 1P( )x y  2 24 5 8 60 4 0x y x y     ,  

2. 
5

4
  

    e, e' 

2 2

1 1
1

( )e e
 


   


5

4
e 

2 2

1 1
1

( )5

4

e
  

 
 
 

 
2

1 16 9
1

25 25e
   



 
2

25 25 5

1 9 9 3

e
e


    

5

3
 e  = 
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   

1. e, e
1
  2 2

1

1 1
1

e e
 



 
2 2

2 2
1

x y

a b
    ___ (1)

  'e'.

2
2 2 2 2

2
( 1) 1

b
b a e e

a
    

2 2 2
2 2

2 2
1

b a b
e e

a a


    

2

2 2 2

1 a

e a b
 


___ (2)

(1)  
2 2

2 2
1

x y

a b
  

 
1e .

2 2 2

1( 1)a b e 

2
2

1 2
1

a
e

b
  

2 2 2
2

1 2 2
1

a b a
e

b b


   

2

2 2 2

1

1 b

e a b
 


__(3)

(2), (3)  
2 2

2 2 2 2 2 2

1

1 1 a b

e e a b a b
  

 

2 2

2 2
1

a b

a b


 


. 

2.  

(i) 2 216 9 144y x  (ii) 2 29 16 72 32 16 0x y x y    
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 (i)  2 216 9 144y x 

2 29 16 144x y   

2 29 16 144

144 144 144

x y 
  

2 2

1
16 9

x y
   

 (0, 0)    
   y-
 2 2 2( 1)a b e  ,  2 216, 9a b 

216 9( 1)e         4, 3a b 

2 16
1

9
e  

2 16 25
1

9 9
e   

5

3
e 

        = (0, 0)

    0, 0, 5be   

 e = 
5

3

  = 

22 32

3

a

b


 =  
b

y
e

9

5
y  

5 9 0y  

(ii)  2 29 16 72 32 16 0x y x y    

2 2(9 72 ) (16 32 ) 16 0x x y y     

2 29( 8 ) 16( 2 ) 16 0     x x y y

 2 29[ 2. .4] 16[ 2. .1] 16x x y y   

2 2 2 2 2 29[ 2. .4 4 4 ] 16[ 2. .1 1 1 ] 16        x x y y
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2 29[( 4) 16] 16[( 1) 1] 16      x y

2 29( 4) 144 16( 1) 16 16x y      

2 29( 4) 16( 1) 144x y    

2 29( 4) 16( 1)
1

144 144

x y 
  

2 2( 4) ( 1)
1

16 9

x y 
  

 
2 2

2 2

( ) ( )
1

x h y k

a b

 
    

2 2 24, 1, 4, 3, ( 1)h k a b b a e       

2
2

2

9
1

16

b
e

a
   

2 9 25
1

16 16
e   

5

4
e 

  = ( , ) ( 4, 1)h k   

   ( , ) ( 4 5, 1)h ae k     

            = ( 4 5, 1), ( 4 5, 1)     

            = (1, 1) , ( 9, 1) 


5

4
e 

 : 
a

x h
e

  

16
4

5
x   

5 20 16x   

5 20 16x   , 5 20 16x   

5 4 0x   , 5 36 0x  

  = 

22 2 9 9

4 2

b

a


  .

3.  2,  (4, 2), (8, 2)     
   S = (4, 2), S = (8, 2) ,  y- .
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  SS


, X-  
   X-  
  

 
2 2

2 2

( )
1

x h y k

a b

 
  ___ (1)

 = C = ( , )h k  = SS   4+8 2 2
= ,

2 2

 
  

     (6, 2)

6, 2h k  

   = SS' = 2 2(8 4) (2 2) 4   

2 4ae 

2. .2 4a  [ e = 2 ()]

1a 

2 2 2( 1)b a e 

    1(4 1) 3  

  
2 2

2

( 6) ( 2)
1

1 3

x y 
 

    

2 23( 6) ( 2)
1

3

x y  
 

2 23( 36 12 ) ( 4 4 ) 3x x y y      

2 23 36 4 101 0x y x y     

4.  6   


 
2 2

2 2
1

x y

a b
   

   = 2 6a     ()

  3a 

 
 = C, S  

 C = (0, 0),  = S = (ae, 0),   = (a, 0)
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0 0 0
( ,0) , , 0

2 2 2

    
        

ae ae
a

2
2

ae
a e   

 2 2 2( 1) 9(4 1) 27b a e     .

  
2 2

1
9 27
 

x y

  

2 2
2 23

1 3 27
27


   

x y
x y

5. 3 4 12x y  , 3 4 12x y     S = 0   S = 0



 3 4 12x y  , 3 4 12x y   S = 0 

(3 4 )(3 4 ) 12 12x y x y   

2 29 16 144x y  

2 29 16 144

144 144 144

x y
  

2 2

1
16 9

x y
   .   

2 2 2( 1)b a e      a2 = 16, b2 = 9

29 16( 1)e  

29
1

16
e     

2 9 25
1

16 16
e   

25 5

16 4
e  
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6

   


R  E E 
f : E  R E F,  xE F'(x) = f (x).E 
F  f F f f  

f : I  R I f   F I  f  
c  F + c I f  

( )f x dx  (integral) f (x) dx  ( )f x dx  f 

 ( ) F( )f f x dx x c    .

'c' 

 ( )f x dx 'f '  'x'  

 (i)  ( ) ( )
d

f x dx f x
dx



(ii) '( ) ( )f x dx f x c  , 'c' 

( ) ( )
d

f x dx f x c
dx

 

(iii)    ( ) ( ) ( ) ( ) ( ) ( )
d d

f x c g x g x dx f x c f x c dx f x c
dx dx

         

(iv) ( ) '( )y f x dy f x dx  



1.

1

, 1
1

n
n x

x dx c n
n



   
 1.dx dx x c   



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2

.
2

x
x dx c 

3
2

3
2

x
x dx c 

1
2dx x c

x
 

3
2

3

x
x dx c 

4
3

4

x
x dx c 

2.
1

logedx x c
x

  3. . , 0, 1
log

x
x

e

a
a dx c a a

a
   

4.
x xe dx e c  5. sin cosx dx x c  

6. cos sinx dx x c  7.
2sec tanx dx x c 

8.
2cosec cotx dx x c   9. sec tan secx x dx x c 

10. cosec cot cosecx x dx x c  


(i) 2( ) 2d x x dx (ii) 2( ) 2d t t dt

(iii) 3 3 3 2 3 2( ) .3 .3d x y x y dy y x dx  (iv)
 

3 3 2 3 2

23 3

.3 .3x y x dx x y dy
d

y y

  
 

 

11.
1 1

2

1
sin cos

1
dx x c x c

x

     


 1 1cos sin
2

x x   
   



12.
1 1

2

1
tan cot

1
dx x c x c

x

     


1 1tan cot
2

x x   
   



13.
1 1

2

1
sec cosec

1
dx x c x c

x x

     


 1 1sec cosec
2

x x   
   



14. sinh coshx dx x c  15. cosh sinhx x c 

16.
2sech tanhx dx x c  17.

2cosech cothx x c  

18. sech .tanh sechx x dx x c   19. cosech .coth cosechx x dx x c  

20.
1 2

2

1
sinh log 1

1
edx x c x x c

x

       
 


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21.
1 2

2

1
cosh log 1

1
edx x c x x c

x

     




22.
1 1

2

1
tanh coth

1
dx x c x c

x

    


23. ( )( ) ( ). ( ).f g x dx f x dx g x dx c     

24. . ( ) ( ).a f x dx a f x dx c    where aR




1.    ' ( ) . '( ). ( )f g x g x dx f g x c 

2.
'( )

log ( )
( )

f x
dx f x c

f x
 

3.  
 

1
( )

( ) . '( ). , 1
1

n

n f x
f x f x dx c n

n



   


4.
 

2
( )

( ). '( ).
2

f x
f x f x dx c 

5.
 

3
2( )

( ). '( ).
3

2

f x
f x f x dx c 

6.
'( )

2 ( )
( )

f x
dx f x c

f x
 

7.
( )

'( )
f ax b

f ax b dx c
a


  

8. 2

'( ) 1

( ) ( )

f x
dx c

f x f x


 

9. tan log | sec | log | cos |x dx x c x c    

10. cot log | sin |x dx x c 

11. sec log | sec tan | log tan
4 2

x
x dx x x c c

 
       

12. cosec log | cosec cot | log tan log | cosec cot |
2

x
x dx x x c c x x c

 
          
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13.
1

2 2

1 1
tan

x
dx c

a x a a

  
   

14. 2 2

1 1
log

2

a x
dx c

a x a a x


 

 

15. 2 2

1 1
log

2

x a
dx c

x a a x a


 

 

16.

2 2
1

2 2

1
sinh log   

     


x x a x
dx c c

a aa x

17.
1

2 2

1
sin

x
dx c

aa x

  
   



18.

2 2
1

2 2

1
cosh log   

     


x x x a
dx c c

a ax a

19.

2
2 2 2 2 1sinh

2 2

x a x
a x dx a x c

a

  
      

20.
2

2 2 2 2 1sin
2 2

x a x
a x dx a x c

a

  
      

21.

2
2 2 2 2 1cosh

2 2

x a x
x a dx x a c

a

  
      



1. log 1
1

x
x

x

e
dx e c

e
  



2.
log log 3 81 1 2 1

, ,
3 8 8

ax b xax b
dx c dx c dx c

ax b a a xax b

 
     

  
  

3. ,
1

ax x
ax xe e

e dx c e dx c
a


   

 

4.
cos( ) cos(9 )

sin( ) , sin(9 )
9

ax b x
ax b dx c x dx c

a

  
     

5.
sin( ) sin(2 )

cos( ) , cos(2 )
2

ax b x
ax b dx c x dx c

a


     

6.

1 5

4

(2 3 ) (2 3 )

1 5(2 3 ) , (2 3 )
3 3

n

n

x x

nx dx c x dx c

 

      
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7.
2 tan( )

sec ( )
ax b

ax b dx c
a


  

8.
2 cot( )

cosec ( )
ax b

ax b dx c
a

 
  

9.
cosec( )

cosec( ).cot( )
ax b

ax b ax b dx c
a

 
   

10.
sec( )

sec( ). tan( )
ax b

ax b ax b dx c
a


   

11.

3
2(7 5 )

3
27 5
5

x

x dx c



  


3
2

3
2

x
x dx

 
 
 
 


12.
1 2 3 9

93 9

x
dx c

x


 




1
2dx x

x

 
 

 


13.

5
log 4

1 7

5 5
4

7 7

x

dx c
x



 

 


1
logdx x

x

 
 

 


14.

2
3

2 53
5

2

5

x
x

e
e dx c




 




x xe dx e 
 

15.  
1

2

1 1
log 1 , tan

1 1
dx x c dx x c

x x

    
      ()


1.

2cot x dx  

  2 2cot cos 1x dx ec x dx  

            
2cos . 1. cotec x dx dx x x c      

2.

6

2

1

1

x
dx

x

 
    


6

4 2

2 2

1 2
( 1)

1 1

x
dx x x dx

x x

   
          
 

                  

5 3
12 tan

5 3

x x
x x c    
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3.    1 4 3 3 2x x x dx    

       21 4 3 3 2 1 12 8 9 6x x x x x x x       

  2 2 2 3 3 21 12 6 12 6 12 6 6 5 13 12x x x x x x x x x x x             

    3 21 4 3 3 2 (6 5 13 12)x x x dx x x x dx        
4 3 2 4 3 23 5 13

6 5 13 12 12
4 3 2 2 3 2

         
x x x x x x

x c x c

4. 1 sin 2x dx 

 1 sin 2 1 2sin cosx dx x x dx   
2 2 2(sin cos ) 2sin cos (sin cos )x x x x dx x x dx     

(sin cos ) cos sinx x dx x x c     

5.
3

2

2 3 5

2

x x
dx

x

 
 ,  x > 0 


3 3

2 2 2 2

2 3 5 2 3 5

2 2 2 2

x x x x
dx dx

x x x x

  
     

                    
23 1 5

.
2 2

x x dx
x

 
    

                    

2 2 13 5
log | | .

2 2 2 2 1

x x
x c

 

   
 

                   

2 13 5
log | | .

2 2 2 1

x x
x c



   


                   

2 3 5 1
log | | .

2 2 2

x
x c

x
   


2 3 5 1

log | | .
2 2 2

d x
x c

dx x

 
   

 

1 1

2

2 3 1 5 3 5
. ( )

2 2 2 2 2

x
x x

x x x

       

2 3

2 2

(2 ) 3( ) 5 2 3 5

2 2

x x x x x

x x

   
  .  



Basic Learning Material - Maths II(B)134

6.

2 3 1

2

x x
dx

x

 
  
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2 2 2 2
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1 3 1 1

. .1 .
2 2 2

x dx
x

 
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1 3 1 1
. 1. .

2 2 2
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x
    

                  

21 3 1
. log | |

2 2 2 2

x
x x c     

2 3 1
log | |

4 2 2

x x
x c   

7.
2

2 3
1 dx

x x

 
    


2 1

2

2 3
1 2log | | 3.

2 1

x
dx x x c

x x

 
 
           

1
2log | | 3.x x c
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   

8. 2

4

1
x dx

x

 
    

 2 2

4 1
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1 1
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x x

 
         

2
14 tan

2

x
x c  

9.
2

1 2

1

xe dx
x x

 
   

  


1

2

1 2
log | | 2cosh

1

x xe dx e x x c
x x


 

       


10. 2 2

1 1

1 1
dx

x x

 
     


1 1
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x x

  
      

11.
2 2

1 2
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dx

x x

 
   

  


2 2 2 2
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1 1 1 1
dx dx dx
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 
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  

                                  1 1sin 2sinhx x c   
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12.
2log(1 tan )xe dx

 


2 2log(1 tan ) log(sec ) 2sec tanx xe dx e dx x dx x c        loga x

a x

13.

2sin

1 cos 2

x
dx

x  
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2 2
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2

sin sin 1 1
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14.
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
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  


 

            
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16.
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   

          
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17.
2

1
cosh

1
x dx

x

 
  
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20.
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24.
1
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3.

1 2
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6.
3cos sinx x dx .
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  
2

1
1 dx dt

x

 
    

1 1

2 2

1 1
1 . 1 .

x x
x xe dx e dx

x x

   
          

            

1

.
x

t t xe dt e e c

 
  

   

8.
1 2

1

sin 1
dx

x x 


 1sin x t  
2

1

1
dx dt

x
 



1 2 1 2

1 1 1
.

sin 1 sin 1
dx dx

x x x x 
 

 
 

                               
11

. 2 2 sindt t x c
t

   

9.

4

6

sin

cos

x
dx

x


4 4

6 4 2

sin sin 1
.

cos cos cos

x x
dx dx

x x x
 

            
4 2tan .secx x dx   

 
1

( )
( ) . '( ).

1

 
 

  


n

n f x
f x f x dx

n

            

4 1 5tan tan

4 1 5

x x
c



  


10.
2sin x dx

 2 1 cos 2
sin

2

x
x dx dx


   

1
(1 cos 2 )

2
x dx 

           
1

1. cos 2 .
2

dx x dx  
    

1 sin 2

2 2

x
x c
 

   
 
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11.

2

5

x
dx

x 


 5x t  
5 2x t dx t dt     , 2 2 2 4 25 ( 5) 25 10x t x t t t       

2 4 225 10
.2

5

x t t
dx t dt

tx

 
 


 

                 
4 22 ( 25 10 ).t t dt    

5 310
2 25

5 3

t t
t

 
   

 

                 

   
5 3

5 10 5
2 25 5

5 3

x x
x

  
    
 
  

                 
5 31

2 2 2
2 20

( 5) 50( 5) ( 5)
5 3

x x x c      

12. 24 9

dx
dx

x


 2 2 2

1 1

4 9 2 (3 )
dx dx

x x


 
  1

2 2

1
sin

  
    


x

dx
aa x

                  

1

1

3
sin

1 32
sin

3 3 2

x

x
c





 
    

    

13. 2

1

1 4
dx

x

 2 2 2

1 1

1 4 1 (2 )
dx dx

x x


  
1

2 2

1 1
tan  

     


x
dx

a x a a

      

1

1

2
tan

11
tan (2 )

2 2

x

x c





 
  

  

14. 2

1

4
dx

x


 2 2 2

1 1

4 2
dx dx

x x


 
   

1sin
2

x
c  

   

1

2 2

1
sin

  
    


x

dx
aa x
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15. 24 9x dx

 2 2 24 9 (2 ) 3x dx x dx   
2

2 2 2 2 1sinh
2 2

  
        


x a x

x a dx x a
a

          

2 12 9 2
4 9 sinh

2 2 3

2

x x
x   
    



          
2 19 2

4 9 sinh
2 4 3

x x
x c  

     

16. 29 25x dx

 2 2 29 25 (3 ) 5x dx x dx   
2

2 2 2 2 1cosh
2 2

  
        


x a x

x a dx x a
a

          

2 13 25 3
9 25 cosh

2 2 5

3

x x
x   
    



          
2 125 3

9 25 cosh
2 6 5

x x
x c  

    
 

17. 216 25x dx

 2 2 216 25 4 (5 )x dx x dx   
2

2 2 2 2 1sin
2 2

  
        


x a x

a x dx a x
a

             

2 15 16 5
16 25 sin

2 2 4

5

x x
x   

    


             
2 116 5

16 25 sin
2 10 4

x x
x c  

     

18. 21

x
dx

x

 2 2

1 2

1 2 1

x x
dx dx

x x


  
'( )

log | ( ) |
( )

 
  

 


f x
dx f x c

f x

     
21

log |1 |
2

x c  
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19.

2(log )x
dx

x


2

2(log ) 1
(log ) . .

x
dx x dx

x x
   

 
1

( )
( ) . '( )

1

 
 

  


n
n f x

f x f x dx
n

        

2 1 3(log ) (log )

2 1 3

x x
c



  


20.

1tan

21

xe
dx

x





 1tan x t   
2

1

1
dx dt

x
 



1

1
tan

tan

2 2

1
. .

1 1

x
xe

dx e dx
x x






  

           
1t tan. t xe dt e e c


   

21.

1

2

sin(tan )

1

x
dx

x





 1tan x t  
2

1

1
dx dt

x
 



1
1

2 2

sin(tan ) 1
sin(tan ).

1 1

x
dx x dx

x x




  

             
1sin . cos cos(tan )t dt t x c     

22.

2

6

3

1

x
dx

x

 3x t  23x dx dt 

 

2 2

26 3

3 3

1 1

x x dx
dx

x x


 
   

1 1 3

2
tan tan ( )

1

dt
t x c

t

    


23. 2

2

25 9
dx

x




1

1

2 2 2

3
sinh

2 1 2 35
2 2 sinh

3 3 525 9 5 (3 )

x

x
dx dx c

x x





 
    

      
 
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24. 2

3

9 1
dx

x 



2 2 2

1

1

3 1
3

9 1 (3 ) 1

3
cosh

1
3 cosh (3 )

3

dx dx
x x

x

x c






 

 
  

  

 

25. sin cosmx nx dx

 1
sin cos (2sin cos )

2
mx nx mx nx

                 
1

sin( ) sin( )
2

mx nx mx nx   

                 
1

sin( ) sin( )
2

m n x m n x     

 
1

sin cos sin( ) sin( )
2

mx nx dx m n x m n x dx     

                          
1 cos( ) cos( )

2 ( ) ( )

m n x m n x
c

m n m n

    
   

  

26. sin sinmx nx dx

  
1 1

sin sin (2sin sin ) cos( ) cos( )
2 2

mx nx mx nx mx nx mx nx      

 
1

sin sin cos( ) cos( )
2

mx nx dx m n x m n x dx     

                          
1 sin( ) sin( )

2 ( ) ( )

m n x m n x
c

m n m n

  
   

  

27. cos cosmx nx dx

  
1 1

cos cos (2cos cos ) cos( ) cos( )
2 2

mx nx mx nx mx nx mx nx      

 
1

cos cos cos( ) cos( )
2

mx nx dx m n x m n x dx     

                          
1 sin( ) sin( )

2 ( ) ( )

m n x m n x
c

m n m n

  
   

  
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28.
sin

sin( )

x
dx

a x


sin sin(( ) )

sin( ) sin( )

x x a a
dx dx

a x a x

 


  

                 
sin( ) cos cos( )sin

sin( )

x a a x a a
dx

a x

  




                 
sin( ) cos cos( )sin

sin( ) sin( )

x a a x a a
dx

a x a x

  
  

  


                  cos cot( ).sina x a a dx  

                 cos 1. sin cot( )a dx a x a dx   
                 (cos )( ) (sin ) log | sin( ) |a x a a x c   

29.
1

7 3
dx

x 


1 log | 7 3 |

7 3 7

x
dx c

x


 



30.
log(1 )

1

x
dx

x





  
2

log(1 )log(1 ) 1
log(1 ).

1 1 2

xx
dx x dx c

x x


   

  

31.
1 5

dx
dx

x



2 1 5

51 5

dx x
dx c

x


 




32.
3 2(1 2 )x x dx


3 6 3 6

3 2 2 5 2
(1 2 ) ( 2 )

3 6 3 3

x x x x
x x dx x x dx c        

33.

2

3

sec

(1 tan )

x
dx

x

 1 tan x t   2sec xdx dt 

2
3

3 3

sec

(1 tan )

x dt
dx t dt

x t

 
    

3 1 2

2 2

1 1

3 1 2 2 2(1 tan )

t t
c

t x

  

    
     
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34.
3 4sinx x dx

 4x t  3 34
4

dt
x dx dt x dx   

3 4 4 3sin (sin ).x x dx x x dx 
41 1 cos

sin sin ( cos )
4 4 4 4

dt x
t t dt t c


      

35. 2

cos

(1 sin )

x
dx

x

 1 sin x t   cos x dx dt 

2 1
2

2 2

cos 1 1

(1 sin ) 2 1 1 sin

x dt t
dx dt t dt c

x t t x

 
       

     

36. 3 sin .cosx x dx



1
1

1 43
3 3 3

(sin ) 3
sin .cos (sin ) .cos (sin )

1 4
1

3

x
x x dx x x dx x c



   


 

37.
2

2 xx e dx
 x2 = t   2x dx = dt

2 2 2

2 .2x x t t xx e dx e x dx e dt e e c      

38.

log xe
dx

x

 log x t  1
dx dt

x
 

log
log log1x

x t t xe
dx e dx e dt e e c

x x
      

39.

2

61

x
dx

x


 3x t  2 23
3

dt
x dx dt x dx   

2 2
1 1 3

6 3 2 2

1 1 1
sin sin ( )

3 3 31 1 ( ) 1

x x dx dt
dx t x c

x x t

     
  

  
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40.

3

8

2

1

x
dx

x

 4x t  3 3 34 2.2 2
2

dt
x dx dt x dx dt x dx     

3 3
1 1 4

8 4 2 2 2

2 2 1 1 1 12 tan tan ( )
1 1 ( ) 1 2 1 2 2

dt
x x dx

dx dt t x c
x x t t

      
      

41.

8

181

x
dx

x

 9x t  8 89
9

dt
x dx dt x dx   

8 8

18 9 2 2

9

1 1 ( ) 1

dt

x x dx
dx dx

x x t
 

      
1 1 9

2

1 1 1 1
tan tan ( )

9 1 9 9
dt t x c

t

    


42. 2

(1 )

cos ( )

x

x

e x
dx

xe




 xxe t  ( . .1) ( 1) (1 )x x x xx e e dx dt e x dx dt e x dx dt        

2

2 2

(1 )
sec tan tan( )

cos ( ) cos

x
x

x

e x dt
dx t dt t xe c

xe t


      

43.

2

5

cosec

( cot )

x
dx

a b x

 cota b x t   2 2( cosec ) cosec
dt

b x dx dt xdx
b

    


2

5 5 5

cosec 1 1

( cot )

dt

x bdx dt
a b x t b t

  
  

 

5 1 4
5

44

1 1 1 1 1

5 1 4 4 4 cot

t t
t dt c

b b b bt b a b x

  
        

   


44. sinx xe e dx

 xe t  xe dx dt 

sin sin cos cos( )x x xe e dx t dt t e c      
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45.
sin(log )x

dx
x

 log x t  1
dx dt

x
 

sin(log ) 1
sin(log ). sin . cos cos(log )

x
dx x dx t dt t x c

x x
        

46.
1

log
dx

x x

 log x t 
1

dx dt
x

 

1 1 1 1
. . log | | log | log |

log log
dx dx dt t x c

x x x x t
      

47.
(1 log )nx

dx
x




 1 log x t   1
dx dt

x
 

1 1(1 log ) 1 (1 log )
(1 log ) . .

1 1

n n n
n nx t x

dx x dx t dt c
x x n n

  
     

   

48.
cos(log )x

dx
x

 log x t  1
dx dt

x
 

cos(log ) 1
cos(log ). cos . sin sin(log )

x
dx x dx t dt t x c

x x
      

49.
cos x

dx
x



 x t  2 2x t dx t dt   

cos cos
.2 2 cos 2sin 2sin

x t
dx t dt t dt t x c

tx
      

50. 2

2 1

1

x
dx

x x



 

 2 1x x t    (2 1)x dx dt  

2

2 2

2 1 1 1
(2 1) . log | | log | 1|

1 1

x
dx x dx dt t x x c

x x x x t


       

     
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51.

1n

n

ax
dx

bx c





 nbx c t   1 1( . . )n n dt
b n x dx dt x dx

bn

    

1
11 1

. . .
n

n

n n

ax dt
dx ax dx a

bx c bx c t bn


 

   

1

1
. log | | log | |    

na a a
dt t bx c c

bn t bn bn

52.  
1

log log(log )
dx

x x x

 log(log )x t 
1

(log )
log

d
x dx dt

x dx
 

                      
1 1 1

log log
dx dt dx dt

x x x x
   

 
1 1 1 1

. .
log log(log ) log(log ) log

dx dx dt
x x x x x x t

     log | | log | log(log ) |t x c  

53. coth x dx


cosh

coth log | sinh |
sinh

x
x dx dx x c

x
   

54.
1

( 3) 2
dx

x x 


 2x t   2 22 2 2 .x t x t dx t dt       

2

1 1
2

( 2 3).( 3) 2
dx t dt

t tx x


  
 

                        
1 1

2

1
2 2 tan 2 tan 2

1
dt t x c

t

     


55.
1

1 sin 2
dx

x


1 1 1 sin 2

.
1 sin 2 1 sin 2 1 sin 2

x
dx dx

x x x




   

                 2 2

1 sin 2 1 sin 2

1 sin 2 cos 2

x x
dx dx

x x

 
 

 
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                 2

1 sin 2

cos 2 cos 2 cos 2

x
dx

x x x

 
   

                  2sec 2 tan 2 sec 2x x x dx 

                 
tan 2 sec 2

2 2

x x
c  

56.

2

4

1

1

x
dx

x







2

2 2

4
2 2

2

1
1

1

11

x
x x

dx dx
x

x x
x

 
  


  

  

 

            

22 2

2
2 2

2 2

11 1 11 1

1 1 12 2 2

xx xdx dx dx

x x x
x x x

 
   

   
       
 

  

1
x t

x
  

2

1
1 dx dt

x

 
    

            
1

2 2 2

1
tan

2 ( 2) 2 2

  
 

 
dt dt t

t t

            

2
1 1

1

1 1 1
tan tan

2 2 2 2

x
xx c

x

 

 
   

     
  

 

57. 2cos sin 2

dx

x x


2

2 2 2

sec

cos sin 2 sec (cos sin 2 )

dx x
dx

x x x x x


  

                     

2 2

2

2

sec sec

1 1 2 tan
(cos sin 2 )

cos

x x
dx dx

x
x x

x

 



 

1 2 tan x t   2 22sec sec
2

dt
xdx dt xdx   

                     1 1 1 12 log | | log |1 2 tan |
2 2 2

dt

dt t x c
t t

      
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58.

2

2( )

x
dx

a bx

 a bx t    
2 2 2

2

2 2

( ) 2
. ,

dt t a t a t a at
b dx dt dx x x

b b b b

   
       

2 2 2

2 2 2

( 2 )

( )

x t a at dt
dx

a bx b t b

 
 

 

                          

2 2
2 2

3 2 2 2 3

1 2 1 1
1 2

t a at
dt a t a dt

b t t t b t

   
           

                          

2 1 2

3 3

1 1
2 log | | 2 log | |

1

a t a
t a t t a t

b b t

   
        

   

                          

2

3

1
( ) 2 log | |

a
a bx a a bx c

b a bx

 
      

 

59. 1 cos 2x dx

 21 cos 2 2cosx dx x dx     2 cos 2 sinx dx x c  

60.
cos sin

1 sin 2

x x
dx

x






 2 2

cos sin cos sin

1 sin 2 sin cos 2sin cos

x x x x
dx dx

x x x x x

 


  
 

                     2

cos sin cos sin
1.

sin cos(sin cos )

x x x x
dx dx dx x c

x xx x

 
    


  

61. 2

sin 2

( cos )

x
dx

a b x

 2 2

sin 2 2sin cos

( cos ) ( cos )

x x x
dx dx

a b x a b x


  

( cos )a b x t   sin sin cos
dt t a

b x dx dt x dx x
b b


      



2 2

2sin cos cos .sin
2

( cos ) ( cos )

x x x x dx
dx

a b x a b x
 

  

2 2 2 2

1 2
2

t a dt t a
dt

b t b b t t

  
      
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2 1
2

2 2

2 1 2
log | |

2 1

at
at dt t

b t b

 
   

           


2 2

2 2
log | | log | cos |

cos

a a
t a b x c

b t b a b x

   
             

62. 2

sec

(sec tan )

x
dx

x x

 (sec tan )x x t    2(sec tan sec )x x x dx dt  

sec (tan sec ) sec ( ) sec
dt

x x x dx dt x t dx dt x dx
t

      

2 2 3

sec 1

(sec tan )

x dt dt
dx

x x t t t
  

  

3 1
3

2 2

1 1

3 1 2 2(sec tan )

t
t dt c

t x x

 
      

  

63. 2 2 2 2sin cos

dx

a x b x


2

2 2 2 2 2 2 2 2 2

sec

sin cos sec ( sin cos )

dx x dx

a x b x x a x b x


  

tan x t  2sec x dx dt 

                           

2

2 2 2 2 2 2 2 2

sec 1

tan ( )

x dx dt
dt

a x b a t b at b
  

    

                           

1

1

tan
1 1 (tan )

tan

at

a xb
c

b a ab b





 
 

     
 

64.
sin( )sin( )

dx

x a x b 


1 sin( )

sin( )sin( ) sin( ) sin( )sin( )

dx b a
dx

x a x b b a x a x b




     

 sin ( ) ( )

sin( )sin( )sin( )

x a x b
dx

b a x a x b

  


    ( ) ( )b a x a x b    

1 sin( )cos( ) cos( )sin( )

sin( ) sin( )sin( )

x a x b x a x b
dx

b a x a x b

    


  

1 sin( ) cos( ) cos( )sin( )

sin( ) sin( )sin( ) sin( )sin( )

x a x b x a x b
dx

b a x a x b x a x b

    
  

     

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 
1

cot( ) cot( )
sin( )

x b x a dx
b a

   
 

1 log | sin( ) | log | sin( ) |

sin( ) 1 1

x b x a

b a

  
    

 
1 sin( )

log
sin( ) sin( )

x b
c

b a x a


 

 

65.
cos( )cos( )

dx

x a x b 


1 sin( )

cos( ) cos( ) sin( ) cos( ) cos( )

dx b a
dx

x a x b b a x a x b




     

 sin ( ) ( )1

sin( ) cos( )cos( )

x a x b
dx

b a x a x b

  


  

1 sin( ) cos( ) cos( )sin( )

sin( ) cos( ) cos( )

     
  

   


x a x b x a x b
dx

b a x a x b

1 sin( ) cos( ) cos( )sin( )

sin( ) cos( ) cos( ) cos( ) cos( )

x a x b x a x b
dx

b a x a x b x a x b

    
  

     


 
1

tan( ) tan( )
sin( )

x a x b dx
b a

   
 

 
1

log | sec( ) | log | sec( ) |
sin( )

x a x b c
b a

    


1 sec( )
log

sin( ) sec( )

x a
c

b a x b

 
  

  

66. 2 2

sin 2

cos sin

x
dx

a x b x

 2 2 2 2

sin 2 2sin cos

cos sin cos sin

x x x
dx dx

a x b x a x b x


  

2 2( cos sin )a x b x t    2cos ( sin ) 2sin cosa x x b x x dx dt   

2sin cos ( ) 2sin cos    


dt
x x a b dx dt x x dx

b a

2 2

2sin cos 1

cos sin

x x dt
dx

a x b x t b a


  

2 21 1 1 1
log | | log | cos sin |    

   dt t a x b x c
b a t b a b a
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67.
1 tan

1 tan

x
dx

x







sin
1

1 tan cos sincos
sin1 tan cos sin

1
cos

x

x x xxdx dx dx
xx x x

x


 

 
 


  

(cos sin )x x t   ( sin cos )x x dx dt   

               log | | log | sin cos |
dt

t x x c
t

    

68.
cot(log )x

dx
x

 log x t  1
dx dt

x
 

cot(log ) 1
cot(log ). .

x
dx x dx

x x
 

                  cot . log | sin | log | sin(log ) |t dt t x c   

69. .cot .x xe e dx

 xe t  xe dx dt 

.cot . cot . .x x x xe e dx e e dx 

               cot . log | sin | log | sin |xt dt t e c   

70. 2

2 3

3 4

x
dx

x x



 



2

2

2 3
2 3 4

3 4

x
dx x x c

x x


   

 


'( )
2 ( )

( )

f x
dx f x

f x

 
 

 


71.
2cosec cotx x dx

 cot x t  2 2cosec cosecx dx dt xdx dt     

2 2cosec cot cot cosec .x x dx x x dx 
3

2 31
2 2

2
( ) (cot )

3 3

2

t
t dt t dt x c


        

72. sec log (sec tan )x x x dx

 log(sec tan )x x t   21
sec tan sec

sec tan
x x x dx dt

x x
    
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sec (tan sec )
sec

(sec tan )

x x x
dx dt x dx dt

x x


   



sec log (sec tan ) log (sec tan ).sec .x x x dx x x x dx   

                                    
 

22 log(sec tan )
.

2 2

x xt
t dt c


   

73.
3cos x dx

 3cos3 4cos 3cosx x x   3 cos3 3cos
cos

4

x x
x


 

3 cos3 3cos
cos

4

x x
x dx dx


 

           
1 1 sin 3

(cos3 3cos ) 3sin
4 4 3

x
x x dx x

 
    

 
  

1 3
sin 3 sin

12 4
x x c  

74. 4 3x x dx

 4 3x t  
2

2

4 3 4. 2

1 3

2 4

x t d x t dt

t
dx t dt x

    


   

2
2 23 1

4 3 . . . ( 3). .
4 2 8

t t
x x dx t dt t t dt


     

5 3 5 3
4 21 1 3

( 3 )
8 8 5 3 40 8

t t t t
t t dt

 
      

 


5 3

5 3
2 2

( 4 3) ( 4 3)

40 8

(4 3) (4 3)

40 8

x x

x x
c

 
 

 
  

75. 2 2

1

( )
dx

a b cx 


1

2 2

tan
1 1

( )

b cx

a
dx

a b cx a c

  
  


 

1

2 2

1 1
tan

x
dx

a x a a

  
     

                       
1

1

1
tan

b cx
c

ac a

  
   
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7


[a, b] f F'= f [a, b] 

F  ( )
b

a

f x = F(b) – F(a). ( )

b

a

f x dx  a   b  f 'a' 

'b' 'x' 

F(b) – F(a)  F( )
b

a
x  x  F( )

b

a
x     F( ) F( )

b a

a b
x x  .

( )

b

a

f x dx f  ( )

b

a

f x dx  f  x
'x' 



1. ( ) ( )

b b

a a

f x dx f a b x dx   

2.
0 0

( ) ( )

a a

f x dx f a x dx  

3. ( ) ( )

b a

a b

f x dx f x dx  

4. ( ) ( ) ( )

b c b

a a c

f x dx f x dx f x dx    ,  a < c < b.

5.

 
0

2 , ( ) ( )

( )

0, ( ) ( )

a

a

a

f x dx f x f x

f x dx

f x f x


 




 
   













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6.

 
02

0

2 , (2 ) ( )

( )

0, (2 ) ( )

a

a

f x dx f a x f x

f x dx

f a x f x


 




 
   









1.

5

2 2

5 5

0 2 2

cos

sin cos

x
dx

x x




  

 I = 

5

2 2

5 5

0 2 2

cos

sin cos

x
dx

x x




   .........(1)

I = 

5

2
2

5 5

0 2 2

cos
2

sin cos
2 2

x

dx

x x


 
  

    
        

  
0 0

( )
 

  
 
 
a a

f x dx f a x dx

= 

5

2 2

5 5

0 2 2

sin

cos sin

x
dx

x x




 .........(2)

(1), (2) 

I + I = 

5

2 2

5 5

0 2 2

cos

sin cos

x
dx

x x




  + 

5

2 2

5 5

0 2 2

sin

cos sin

x
dx

x x






2I = 

5 5

2 2 2

5 5 5 5

0 2 2 2 2

cos sin

sin cos sin cos

x x
dx

x x x x


 

 
 

  


 = 

5 5

2 2 2

5 5

0 2 2

cos sin

sin cos

x x
dx

x x








  
2

2

0

0

1. 0
2 2

dx x



  
      2 I I

2 4

 
   

 I = 

5

2 2

5 5

0 2 2

cos

4
sin cos

x
dx

x x












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2.

2

0

log( 2 1)
sin cos 2 2

x
dx

x x




 

  

 I = 
2

0
sin cos

x
dx

x x



  


0 0

( ) ( )

a a

f x dx f a x dx   ,  
2

a




2 2

0 0

2 2
I

cos sin
sin cos

2 2

x x

dx
x x

x x

 
    
       

  
     
        

 

        

2

0

2

sin cos sin cos

x
dx

x x x x

  

 
   

  



2 2

0 0

2

sin cos sin cos

x
dx dx

x x x x

 

 
  

2

0

1
I

2 sin cos
dx

x x




 



 I + I  
2

0

1

2 sin cos
dx

x x








 I   

2

0

1

4 sin cos
dx

x x








2
2

2 2

1 2 1
tan sec , sin , cos

2 2 2 1 1

x x t t
t dt dx x x

t t


    

 
 and 2 2sec 1

2

x
t 

x = 0 t = 0    &   
2

x


   1t  .

I   

2
12

2
20 0

1
sec

22 2
14 4 2 1

(sin cos ) sec
2 2

x
dt

dx
x t t

x x



 
 

  
  

 

 
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1

2 2

0
4 ( 2) ( 1)

dt

t




 


1

0

1 2 1 2 1 1 2 1
log log . log

4 22 2 2 1 4 2 2 1 2 2 2 1

           
       

       

t

t

 2 1
log log 2 1 .

2 2 2 1 2 2

  
  



3.
2 2

0 0

sin cosn nx dx x dx

 

  

 I = 

2

0

sinn x dx



  

, ( ) sin (sin )
2

n na f x x x


    

( ) sin
2 2

n

f a x f x x
      

            

        (cos ) cosn nx x 

0 0

( ) ( )

a a

f x dx f a x dx    

2 2

0 0

sin cosn nx dx x dx

 

   . 

4.

3

6

sin

sin cos

x
dx

x x



 
   


sin

, , ( )
6 3 sin cos

x
a b f x

x x

 
  


 


6 3 2

a b x x x
   

        

sin
2 cos

( )
2 cos sin

sin cos
2 2

x
x

f a b x f x
x x

x x

 
   

             
        



160 Basic Learning Material - Maths II(B)

3

6

sin
I

sin cos

x
dx

x x








   

( ) ( )

b b

a a

f x dx f a b x dx     

3 3

6 6

sin cos
I I .

sin cos sin cos

x x
dx dx

x x x x

 

 

   
 

 



3 3

6 6

sin cos
I I

sin cos sin cos

x x
dx dx

x x x x

 

 

  
 

 

3

6

sin cos
2 I

sin cos sin cos

x x
dx

x x x x





 
  

  


    

3

6

sin cos

sin cos

x x
dx

x x











2 I 

3

3

6

6

1. [ ]
3 6 6

dx x









  
    

3

6

sin
I I .

6 2 12 12sin cos

x
dx

x x





  
    

 


5.
0

sin

1 sin

x x
dx

x




 

 I = 
0

sin

1 sin

x x
dx

x




 

sin
, ( )

1 sin

x x
a f x

x
  



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 ( )sin( )
( ) ( )

1 sin( )

x x
f a x f x

x

   
    

  
 

( ) sin

1 sin

x x

x

 




 
0 0

( ) ( )

a a

f x dx f a x dx    

0

sin
I

1 sin

x x
dx

x



 


0

( )sin

1 sin

x x
dx

x


 




0

sin sin
I

1 sin

x x x
dx

x


 

 


      
0

sin sin

1 sin 1 sin

x x x
dx

x x


 

    

      
0 0

sin sin

1 sin 1 sin

x x x
dx dx

x x

 


 
  

   I 
0

sin
I

1 sin

x
dx

x



  


      
0

sin
I I

1 sin

x
dx

x



   


      
0

1 sin 1
2 I

1 sin

x
dx

x


 

  


      
0

1 sin 1
I

2 1 sin 1 sin

x
dx

x x


  

     

             
0

1
1

2 1 sin
dx

x


  

   

             
0 0

1
1.

2 1 sin
dx dx

x

  
  

 
 

              
0

0

1 1 sin

2 1 sin 1 sin

x
x dx

x x


  

   
  



             2

0

1 sin

2 cos

x
dx

x

  
   

 


             

2

2 2

0

1 sin

2 2 cos cos

x
dx

x x


   

    
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          I   
2

2

0

sec sec tan
2 2

x x x dx


 

  

              
2

0
tan sec

2 2
x x

 
  

                
2

tan sec tan 0 sec0
2 2

 
         

              
2

0 ( 1) 0 1
2 2

 
     

             

2 2

(2)
2 2 2

  
    

2

0

sin

1 sin 2

x x
dx

x




   


6.

4

2

1

1x x dx  

  
4 4

1
2 2 2

1 1

1 1 .x x dx x x dx   

       
4

1
2 2

1

1
1 .2

2
x x dx   

 
1

( )
( ) . '( )

1

 
 

  


n
n f x

f x f x dx
n

      

 
4

1
1

2 2

1

11

12
1

2

x
 

 
  

 
 

 

 
4

3
2 2

1

11

32

2

x
 

 
  
 
 

     
3 3

2 2 2
1 2 13(4 1) (1 1) (15)

22 3 3

        
      

7.

2

2

0

4 x dx 


2 2

2 2 2

0 0

4 2x dx x dx   
2

2 2 2 2 1sin
2 2


  

        


x a x
a x dx a x

a

     

2

2 1

0

4
4 sin

2 2 2

x x
x  

   
 
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1 12 2 0

4 4 2sin 4 0 2sin 0
2 2 2

     
         

    

      = 0 + 2sin–1(1) – 0 – 0 2 .
2


   

8.
2

2

sin x dx





  


02 2

0
2 2

sin sin sinx dx x dx x dx

 

  

    

      

0 2

0
2

sin( ) sinx dx xdx





    0 , 0
2 2

x x x x x x
  

           


      
0

2

0

2

sin cosx dx x




   

      
0

2
cos cos ( cos 0)

2
x 

 
      

      cos 0 cos 0 1
2

   
         

      = 1 – 0 – 0 + 1 = 2.

9.

3

2

2

2

1

x
dx

x
 


3

3
2

2 2
2

2
log 1

1

x
dx x

x
   

'( )
log ( )

( )

f x
dx f x

f x

 
 

 


   = log 10 – log 5 = log 
10

5

 
   = log 2.

10.
0

2 2cos d



    


2

0 0

2(1 cos ) 4.cos
2

d d

 


     

  
0

0

sin
2

2.cos 2.
12

2

d





   
    

      
 
 

   
0

4sin 4sin 4sin 0 4.
2 2


    

      
   
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11.
3 3

0

sin cosx x dx



  

 3 3

0

I sin cosx x dx



   


0 0

( ) ( )

a a

f x dx f a x dx  

3 3 3 3

0 0

I sin cos sin ( ) cos ( )x x dx x x dx

 

       

                                    
3 3

0

sin cos Ix x dx



   

 I = – I  2 I = 0  I = 0.

3 3

0

sin cos 0.x x dx



 

12.
2

0

1 x dx  


2 1 2

0 0 1

1 1 1x dx x dx x dx      

1 2

0 1

(1 ) ( 1 )x dx x dx       0 1 1 (1 ), 1 2 1 (1 ) ( 1 )x x x x x x x                

1 2
2 2

0 1
2 2

x x
x x

   
          

1 4 1
1 (0 0) 2 1

2 2 2

        
                         

1 1
1 2 2 1 1.

2 2
      

13.

2

2

cos

1 x

x
dx

e




  


2

2

cos
I

1 x

x
dx

e






  
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cos
, , ( )

2 2 1 x

x
a b f x

e

 
   


 

cos( )
( ) ( )

2 2 1 x

x
f a b x f x f x

e

   
         

 

                        

cos cos

1 1
1

x

x

x

x x
e

e

e

  


  

.cos

1

x

x

e x

e




 ( ) ( )

b b

a a

f x dx f a b x dx   

2 2

2 2

cos .cos
I I

1 1

x

x x

x e x
dx dx

e e

 

  

   
  



2 2

2 2

cos .cos
I I

1 1

x

x x

x e x
dx dx

e e

 

  

  
  

2 2

2 2

cos .cos cos .cos
2 I

1 1 1

x x

x x x

x e x x e x
dx dx

e e e

 

  

  
    

   
 

2 2

2 2

cos (1 )
2 I cos

1

x

x

x e
dx x dx

e

 

  


  

 

  2

2

2 I sin sin sin
2 2

x




  
     

 

 2 I = 1 – (–1) = 2

2

2

cos
I 1 I 1.

1 x

x
dx

e





    


14.

3

2
0 16

x
dx

x 
  


3 3

2 2
0 0

1 2

216 16

x x
dx dx

x x


 
 

3

2

0

1
.2 16

2
x

 
  
 
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 
3

2

0

16x 

2 23 16 0 16   

= 5 – 4 = 1.

15.
2

1

0

. xx e dx

 


2 2

1 1

0 0

. .x xx e dx e x dx  

–x2 = t  –2x dx = dt 
2

dt
x dx


 

 x = 1  t = –1,  x = 0  t = 0

2
1 1

0 0

. .
2

x t dt
x e dx e



  
  

 
 

   
1

1

0
0

1 1

2 2

t te dt e




   

   1 01 1 1
1

2 2
e e

e

  
      

 

  
1 1 1 1

2 2 2 2e e

 
     

 
.

16.

5

1

1

2 1
 dx

x
 



5
5

1 1

2 2 1

22 1

 
  

  


dx x
dx

x

      
5

1
2 1x 

     10 1 2 1 9 1     

      = 3 – 1 = 2.

17.

4 2

0
1

x
dx

x
 


4 42

0 0

1
( 1)

1 1

x
dx x dx

x x

 
     

 
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4
2

0

log 1
2

x
x x

 
    
 

24 0
4 log 4 1 0 log1

2 2

   
         

  

8 4 log 5 0   

 4 log5 

18.

2 2

2

1
2

x
dx

x


 


2 22

2 2

1 1

2
1

2 2

x
dx dx

x x
 

 
  

  
 

     

2 2

2
2

1 1

1
1 2

2

dx dx

x 

 


 

    
2

2 1

1

1

1
2. tan

2 2

x
x 





 
   

 

       1 12 2 1
2 ( 1) tan tan

2 2 2

   
         

   
1 1 1

3 2 tan 2 tan
2

  
   

 

19.

4

0

2 x dx  


4 2 4

0 0 2

2 2 2x dx x dx x dx      

2 4

0 2

(2 ) ( 2 )x dx x dx     

2 4
2 2

0 2

2 2
2 2

x x
x x

   
       
   

4 16 4
4 0 8 4

2 2 2

      
             
      

= 2 + [0 + 4 – 2] = 4
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20.
52

5 5

0

sin x

sin x cos x



  

 I = 
52

5 5

0

sin x

sin x cos x
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

 

     2 I log 2 0 log 2
4 4

  
    

I log 2
4 2


 



 
4

0

log 1 tan log 2
8

x dx




  
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

: 5 cos
dy

x x
dx

 

       

2 32

2
3 4xd y dy

e
dx dx

   
     

  




 .
 

 
 

z z
x y z

x y
,

2 2 2

2 2 2
0

x y z

    
  

  

         ( , )z f x y ( , , )f x y z 

 .





 x, y ).

1.  

1/ 2

1/ 2 1/ 21

dy x

dx y x




 = 1,  = 1

8




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2.

5/3
22

2
1

d y dy

dx dx

  
   

   

53 22

2
1

d y dy

dx dx

    
      

     

 = 2,  = 3

3.

3/ 22 22

2
1 2

d y dy

dx dx

    
      

     

2 32 22

2
1 2

d y dy

dx dx

      
         

        

 = 2,  = 4

4.

2

2
2 log

d y dy dy
y

dx dx dx

 
    

 




5.

2
2

2

d y
p y

dx
 

 = 2,  = 1

6.

2 23

3
3 4xd y dy

e
dx dx

   
     

  

 = 3,  = 2

7.*

6/5
32

2
6

d y dy
y

dx dx

  
      

 
32 5

6
2

6
d y dy

y
dx dx

 
   

 

 = 2,  = 1

n 
2

2
, , , ,....., 0

n

n

dy d y d y
F x y

dx dx dx

 
 

 
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






 



1. c  22y cx c   
  22y cx c  ..... (1)


x 

 1 0
dy

c
dx

 

dy
c

dx
  (1)  ‘c’ 

   

2

2
dy dy

y x
dx dx

   
    
   

2. A, B  cos3 sin 3y A x B x   


  cos3 sin 3y A x B x  ..... (1)


(1) x 

3 sin 3 3 cos3
dy

A x B x
dx

  

2

2
9 cos3 9 sin 3

d y d dy
A x B x

dx dx dx

 
    

 

=  9 cos3 sin 3A x B x   = 9y [ (1) ]

  A, B 
2

2
9

d y
y

dx
 

   

2

2
9 0

d y
y

dx
 



179

3. 2x xxy ce be x    b, c 


 2x xxy ce be x     ...... (1)


(1) x 

x . .1 ( 1) 2x xdy
y ce be x

dx

    

2

2
.1 2x xd y dy dy

x ce be
dx dx dx

    

 
2

2
2x xd y dy dy

x ce be
dx dx dx

     

       = 2( ) 2xy x  ( (1) 
2

2

2
. 2 2
d y dy

x xy x
dx dx

     . 

  = 2.

4. 
 (0, 0) 

2 2 2x y r  ............ (1)

r2 - 
 (1) 

2 2 0 0
dy dy

x y x y
dx dx

    

  = 1.

5. 
 (i) 2( )y c x c    ........ (1)    c 

       x 

    .2( )
dy

c x c
dx

   ....... (2)


2(1) ( )

(2) .2( )

y c x c

dy c x c

dx


 

 
  
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2

y x c

dy

dx


 

2y
x c

dy

dx

  

2y
c x

dy

dx

  
 
 
 

 (1) 

2

22
   

   
      
        

   

yy
x

dydyy
dxdx

2

2

. 2
4.

dy
x y

ydxy
dy dy
dx dx



 
 
  

3

22 4
dy dy

y x y y
dx dx

   
     

   

3

24 8
dy dy

xy y
dx dx

 
   

 

(ii) .....(1);x xxy ae be   (a, b 

 .....(1);x xxy ae be   (a, b 
 (1) x 

. .1 .( 1)x xdy
x y ae be

dx

   

. x xdy
x y ae be

dx

    .........(2)


2

2
. .1 x xd y dy dy

x ae be xy
dx dx dx

      [ (1) ]
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2

2
. 2. 0
d y dy

x xy
dx dx

   .  

(iii) cos( )...(1);y a nx b    (a, b 
 (1) x 

sin( )
dy

a nx b n
dx

   

  sin( )
dy

an nx b
dx

   

x 
2

2
cos( )

d y
a n nx b n

dx
   

         2 cos( )a n nx b  

          2 cos( )  n a nx b

          2n y  [ (1) ]
2

2

2

d y
n y

dx
   . 





dy

dx
, x , y 

 
dy

dx
 = F(x, y)  

x, y F 


 ( ). ( ). 0f x dx g y dy   




1. 0

dy
x y

dx
   

  0
dy

x y
dx

 

dy
y x

dx
  

 
 C 

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ydy xdx  



ydy xdx  
2 2

2 2

y x
c   

2 2

2 2

x y
c  

2 2 2x y c   . 

2.
x ydy

e
dx

  

  x ydy
e

dx



.x ydy
e e

dx
 

.x

y

dy
e dx

e
 

y xe dy e dx 

  
y xe dy e dx  

y xe e c   

0x ye e c    .   

3.

2 2

1

dy y y

dx x





  

   
2 2

1

dy y y

dx x






2 2 1

dy dx

y y x
 

 

2

1

2 1

dy
dx

y y x
 

  

2 2 2

1
log | 1|

2 1 1
dy x c

y y
   

  

 
2 2

1
log | 1|

1 1
dy x c

y
   

 

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 
1 1 1

log | | log | 1| log
2 1 1 1

y
x c

y

 
   

 

 log | | 2 log 1
2

y
x c

y
   



  
2

log log 1
2

y
x c

y
   



 
2 2log log 1

2

y
x c

y
   



 
22 1

2

y
c x

y
  



   
22 2 1y c y x    .   

4.    1 1 0y x dx x y dy      

    1 1 0y x dx x y dy   

   1 1y x dx x y dy    

 

 

1

1

y x dy

x y dx


 

 

 1

1

x y dy

x y dx


  

 

 1 1x y
dx dy

x y

 
 



  

 1 1x y
dx dy

x y

 
   

1 1x y
dx dy

x x y y

  
      

   
 

1 1
1 1dx dy

x y

  
      

   
 

   log logx x y y c    

log logx x y y c     

log log 0x y x y c      .   
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5. 21 x
21 y dx + xy dy = 0  

 xydy   21 x
21 y dx

2

2

1

1

ydy x dx

xy


  



  

 
2

2

1
1

1

ydy x dx

xy


  


 

L.H.S

21

ydy

y





2

1 2

2 1

y
dy

y





1( )
2 ( )

( )

 
 

  


f x
dx f x

f x

21
.2 1

2
y 

L.H.S 21 y 

R.H.S = 
21 x

dx
x




21 .
dx

x
x

 

2
.

1

tdt
t

t




2

2 1

t
dt

t




2

2

1 1

1

t
dt

t

 




2

2 2

1 1

1 1

t
dt

t t

 
  

  


2

1
1

1
dt

t

 
  

 


[   2 21 x t    21t x  

2 2 21 1x t x t     

2 2xdx tdt 

tdt
dx

x
 

2.

dx tdt tdt

x x x x
  

2 1




dx tdt

x t
]
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1 1
log

2.1 1

t
t

t


 



R.H.S 

2
2

2

1 1 1
1 log

2 1 1

x
x c

x

 
   

 

LHS, RHS  (1)  
2

2 2

2

1 1 1
1 1 log

2 1 1

x
y x c

x

  
      
   

2
2 2

2

1 1 1
1 1 log

2 1 1

x
y x c

x

 
     

 

2

2 2

2

1
1 1 log

2 1 1

x
y x c

x

 
      

  

2 2

2
1 1 log

1 1

x
y x c

x

 
      

  

 2 2 21 1 log log 1 1y x x x c        

6. 2 21 1 0x dy y dx      

  2 21 1 0x dy y dx   

2 21 1x dy y dx    

2 21 1

dy dx

y x


 

 

  

2 2

1 1

1 1
dy dx

y x
 

 
 

1 1sin siny x c    

1 1sin sinx y c    .   

2 2

2 2

1 1 1 1

1 1 1 1

   


   

x x

x x
 

 

 

2

2
2

1 1

1 1

x

x

 


 

 

2

2
21 1

x

x



   

2

21 1

x

x

 
    
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7.

2

2

1

1

dy y

dx x





  


2

2

1

1

dy y

dx x






2 21 1

dy dx

y x
 

 

  

2 21 1

dy dx

y x
 

  

1 1Tan y Tan x c   .   

8.
y xdy

e
dx

   

 y xdy
e

dx



y

x

dy e

dx e
 

y x

dy dx

e e
 

y xe dy e dx  

  
y xe dy e dx   

1 1

y xe e
c

 

  
 

y xe e c    .   

9.    1 1 0xe ydy y dx      

     1 1 0xe ydy y dx   

   1 1xe ydy y dx    

1 1x

ydy dx

y e


 

 

  
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1 1x

ydy dx

y e


 

   ....................(1)

L.H.S: 
1

y
dy

y 

1 1

1

y
dy

y

 




1 1 1 1
1 1.

1 1 1 1

y
dy dy dy dy

y y y y

      
           

         
   

log | 1|y y  

RHS:
1x

dx

e 
xe t  xe dx dt , .

x

dt dt
dx

e t
 

( 1)

dt

t t




1 1

1
dt

t t

 
  

 


log log 1t t  

1x

dx

e   log log 1 logx xe e c   

LHS, RHS  (1)     

log 1 log log 1 logx xy y e e c      

 log 1 log log( 1) logx xy y e e c      

( 1)( 1)
log

x

e x

y e c
y

e

  
  

 

1 1
1

x x
x

x x x

e e
e

e e e

 
    

 


( 1)( 1).x
y

x

y e c
e

e

 
 

( 1)(1 )y xe c y e   

Problems for Practice:

1.
2x y ydy

e x e
dx

      Ans:

3

3

y x x
e e c  

2. tan tan 0y dx x dy     Ans: sin .sinx y c
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10. 2 21 1 0x dx y dy      

 2 21 1x dx y dy    

  
2 21 1x dx y dy    

2 1 2 11 1
1 sinh ( ) 1 sinh

2 2 2 2

x y
x x y y c  

        
 

2 2 1 11 1 sinh sinh 2x x y y x y c       

11.
dy xy y

dx xy x





  


dy xy y

dx xy x






( 1)

( 1)

dy y x

dx x y


 



1
.

1

dy y x

dx y x


 



1 1y x
dy dx

y x

 
 

1 1y x
dy dx

y y x x

   
      

  

1 1
1 1dy dx

y x

   
      

  

  

1 1
1 1dy dx

y x

   
      

  
 

log logy y x x c     .   

12.
dy

y x
dx

    


dy

y x
dx

  ____(1)

2y x t   
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x   

1 2
dy dt

t
dx dx

 

1 2
dy dt

t
dx dx

  

(1)  

1 2
dt

t t
dx

 

1

2

dt t

dx t


 

1

2

t
dt dx

t

 
   

 
 

2

1

tdt
dx

t
 



  
.

2
1

t dt
dx

t


 

1 1
2

1

t
dt

t

 

  = x

1 1
2

1 1

 
    

t
dt x

t t

1
2 1

1

 
    dt x

t

2 log 1      t t x c

2 log 1y x y x x c       
 

2       t y x t y x

2 log 1y x y x x c       
  .      

Problems for Practice

1. 1 x ydy
e

dx

     Ans: ( ) 0x ye x c    

[Hint:  put x y t  ]

13.
2(3 4)

dy
x y

dx
     

    2(3 4)
dy

x y
dx

        ___ (1)
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3 4x y t    
‘x’   

3.1 + 0
dy dt

dx dx
 

3
dy dt

dx dx
  

(1)  

23
dt

t
dx

 

2 3
dt

t
dx

  

2( 3) .dt t dx  

2
.

3

dt
dx

t
 



  

2 3

dt
dx

t


 

2 2

1

( 3)
dt dx

t
 


 

11
tan

3 3

t
x c  

   
 

11 3 4
tan

3 3

x y
x c   

   
 

.      

14. tan( ) 1
dy

x y x
dx

     

 y x t    1 .
dy dt

dx dx
 

  

1 tan 1
dt

x t
dx

  

 tan
dt

x t
dx

  
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 cot .t dt x dx   cot t dt x dx  .


2

log | sin |
2

x
t c 

2

log sin( )
2

x
y x c   .  

15.
1sin

dy
x y

dx

  
  

 
  

    1sin
dy

x y
dx

  
  

 

sin( )
dy

x y
dx

        __(1)

x y t   
‘x’   

     1
dy dt

dx dx
 

1
dy dt

dx dx
  

(1)  

1 sin
dt

t
dx

 

1 sin
dt

t
dx

  

(1 sin )dt t dx  

1 sin

dt
dx

t
 



  

1 sin

dt
dx

t


 

1 1 sin

1 sin 1 sin

t
dt dx

t t

 
   

  
 

2

1 sin

1 sin

t
dt dx

t


 

 
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2

1 sin

cos

t
dt dx

t


  

2 2

1 sin

cos cos

t
dt dx

t t

 
   

 
 

 2sec tan sect t t dt dx   
2sec . tan sect dt t t dt dx    

tan sect t x c   

tan( ) sec( )x y x y x c      .      

16.
2tan ( )

dy
x y

dx
    

    2tan ( )
dy

x y
dx

  ____ (1)

x y t   
‘x’   

     1
dy dt

dx dx
 

1
dy dt

dx dx
  

(1)  

21 tan
dt

t
dx

 

21 tan
dt

t
dx

  

2sec
dt

t
dx

 

2sec .dt t dx 

2sec

dt
dx

t
 

2cos t dt dx 

  
2cos t dt dx 
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1 cos2

2

t
dt dx


  

1
(1 cos 2 )

2
t dt dx   

1 sin 2

2 2

t
t x c
 

    
 

sin 2

2

2

t
t

x c



  

1
sin 2 2 2

2
t t x c    , put t = x + y

 
1

sin 2 0
2

x y x y c      .
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