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f=[A Word With You‘

Dear Learner,
Congratulations! for successfully completing Book-1.

In this book also you will be introduced to three core modules namely. Functions, Calculus
and Statistics.

Every branch of science and engineering offers abundant examples of variable quantitites that are
interrelated so that the value of one quantity determines the value of another variable. A relationship
of this kind between two variables is called a functional relationship. The fourth module of
Functions has been designed to highlight this concept in detail. Various trigonometric functions
have also been discussed in this module.

The fifth module will introduce you to a very important branch of mathematics viz. Calulus. It
has wide applications in Natural and Social Science, Engineering, Commerce, Economics to
name a few areas. Calculus can be broadly divided into two parts, namely Differential Calculus
and Integral Calculus.

In Differential Calculus, we will deal with limit, continuity and derivability of functions. We have
tried to explain these concepts using graphical illustrations. You will be introduced to the derivatives
ofalgebraic, trigonometric, exponential and logarithmic functions. Then we shall take up the
applications of derivatives in the problems of tangents and normals, and maximizing a given
function.

Lastly, you will learn about integral calculus. The definition of the integral calculus is motivated by
the familiar notion of area. Although the method of plane geometry enables us to calculate the
area of polygons, they do not provide the ways of finding the area of plane region whose
boundaries are curves other than circles. By means of integral calculus, we can find areas of such
regions.

This six module on Statistics enables you to make decisions in situations of uncertainties and
risks. A decision about the number of units of a product to be produced is based upon estimates
of the number of units expected to be sold. If the number to be sold were known in advance, the
decision would help the manufacturer to produce precisely that quantity incurring neither shortage
nor excess. However in actual decision-making situations, exact information is not always available.
We shall take up these kinds of uncertainties in the module on Statistics.

We would suggest that you go through all the solved examples given in the learning material and
then try to solve independently all questions included in “Check Your Progress” and “Terminal
Exercise” given at the end of each lesson:

This book contains three “Questions For Practice” pages for self-check. Try to solve all of
them and get it checked by the subject teacher at your study centre.

If you face any difficulty please do write to us. Your suggestions are also welcome.
Yours suggestions are also welcome.

Wishing you all success.

(Suvendu Sekhar Das)

Academic Officer (Mathematics)




FORE WARD

Education plays an important role in the modern society. Many innovations can be
achieved through Education. Hence the Department of Education is giving equal
importance to non-formal education through Open Distance Learning (ODL) mode on
the lines of formal education. This is the first State Open School established in the
country in the year 1991 offering courses up to Upper primary Level till 2008. From
the academic year 2008-2009 SSC Course was introduced and Intermediate Course
from the year 2010-2011. The qualified learners from the Open School are eligible for
both higher studies and employment. So far 7,67,190 learners were enrolled in the
Open Schools and 4,50,024 learners have successfully completed their courses.

With the aim of improving the administration at the grass-root level the Telangana
Government re-organized the existing Districts and formed 31 new Districts. The
formation of new Districts provide wide range of employment and Business
opportunities besides self employment. Given the freedom and flexibilities available,
the Open School system provides a second chance of learning for those who could not
fulfill their dreams of formal education.

Government of Telangana is keen in providing quality education by supplying study
materials along with the text books to enable the learners to take the exam with ease.
Highly experienced professionals and subject experts are involved in preparing
curriculum and study material based on subject wise blue prints. The study material for
the academic year 2018-19 is being printed and supplied to all the learners throughout
the state.

I wish the learners of Open School make best use of the study material to brighten
their future opportunities and rise up to the occasion in building Bangaru Telangana.

With best wishes.........

e

S. Venkateshwara Sharma
DIRECTOR,
Telangana Open School Society,
Hyderabad
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SETS, RELATIONS AND FUNCTIONS

Let us consider the following situation :

One day Mrs. and Mr. Mehta went to the market. Mr. Mehta purchased the following objects/

items.

"a toy, one kg sweets and a magazine". Where as Mrs. Mehta purchased the following objects/

items.
"Lady fingers, Potatoes and Tomatoes".

In both the examples, objects in each collection are well defined. What can you say about the
collection of students who speak the truth ? Is it well defined? Perhaps not.

A set is a collection of well defined objects. For a collection to be a set it is necessary that it
should be well defined.

The word well defined was used by the German Mathematician George Cantor (1845- 1918
A.D) to define a set. He is known as father of set theory. Now-a-days set theory has become

basic to most of the concepts in Mathematics.

In our everyday life we come across different types of relations between the objects. The

concept of relation has been developed in mathematical form.

The word function was introduced by Leibnitz in 1694. Function is a special type of relation.

Each function is a relation but each relation is not a function. In this lesson we shall discuss

some basic definitions and operations involving sets, Cartesian product of two sets, relation
between two sets, the conditions under when a relation becomes a function, different types of
function and their properties.

MODULE - IV
Functions

Notes
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I ations and Functions

MODULE - IV
Functions

)

Notes

OBJECTIVES

After studying this lesson, you will be able to :

define a set and represent the same in different forms;

define different types of sets such as, finite and infinite sets, empty set, singleton set,
equivalent sets, equal sets, sub sets and cite examples thereof;

define and cite examples of universal set, complement of a set and difference between
two sets;

define union and intersection of two sets;

represent union and intersection of two sets, universal sets, complement of a set, difference
between two sets by Venn Diagram;

solve real life problems using Venn Diagram;
define Cartesian product of two sets;

define relation, function and cite examples thereof;
find domain and range of a function;

define and cite examples of diferent types of functions (one-one, many-one, onto, into
and bijection);

determine wheather a function is one-one, many-one, onto or into;
draw the graph of functions;

define and cite examples of odd and even functions;

determine wheather a function is odd or even or neither;

define and cite examples of functions like | x |, [x] the greatest integer function, polynomial
functions, logarithmic and exponential functions;

define composition of two functions;
define the inverse of a function; and

state the conditions for the inverse to exist.

EXPECTED BACKGROUND KNOWLEDGE

Number systems, concept of ordered pairs.

MATHEMATICS



15.1 SOME STANDARD NOTATIONS

Before defining different terms of this lesson let us consider the following examples:

(i) collection of tall students in your school. | () ~collection of those students of your school
whose height is more than 180 cm.

(i) collection of honest persons in your | (i) collection of those people in your colony
colony. who have never been found involved in any

theft case.

(m) collection of interesting books in your (111) COlleCtiOl'l Of Mathematics bOOkS n your

school library. school library.
(iv) collection of intelligent students in your | (iv) collection of those students in your school
school. who have secured more than 80% marks in
annual examination.

In all collections written on left hand side of the vertical line the term tallness, interesting, honesty,
intelligence are not well defined. In fact these notions vary from individual to individual. Hence
those collections can not be considered as sets.

While in all collections written on right hand side of the vertical line, 'height' 'more than 180 cm.'
'mathematics books' 'never been found involved in theft case,' ' marks more than 80%' are well
defined properties. Therefore, these collections can be considered as sets.

Ifa collection is a set then each object of this collection is said to be an element of this set. A set
is usually denoted by capital letters of English alphabet and its elements are denoted by small
letters.

For example, A = Toy elephant, packet of sweets, magazines.
Some standard notations to represent sets :
N:  the set of natural numbers
W  the set of whole numbers
Zorl: thesetof integers

Z":  the set of positve integers

Z7:  the set of negative integers
Q: the set of rational numbers
R: the set of real numbers

C:  the set of complex numbers

Other frequently used symbols are :
e . 'belongs to'

¢ :  'does not belong to'

3 : There exists, A : There does not exist.

MODULE - IV
Functions

Notes
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Notes

For example N is the set of natural numbers and we know that 2 is a natural number but -2 is
not a natural number. It can be written in the symbolic form as 2 N and —2¢ N.

15. 2 REPRESENTATION OF ASET

There are two methods to represent a set.
15.2.1 (i) Roster method (Tabular form)

In this method a set is represented by listing all its elements, separating these by commas and
enclosing these in curly bracket.

If V be the set of vowels of English alphabet, it can be written in Roster form as :
V=1{a,ei,o0,u}

(i) If A be the set of natural numbers less than 7.

then A={l,2,3,4,5, 6}, is in the Roster form.

Note : To write a set in Roster form elements are not to be repeated i.e. all elements are
taken as distinct. For example if A be the set of letters used in the word mathematics, then

A={m,a,th,eic,s}

15.2.2 Set-builder form

In this form elements of the set are not listed but these are represented by some common

property.

Let V be the set of vowels of English alphabet then V can be written in the set builder form as:
V = {x: x is a vowel of English alphabet}

(i) Let A be the set of natural numbers less than 7.

then A={x:xe Nand 1<x<7}
Note : Symbol "' read as 'such that'

IR ICMERE Write the following in set -builder form :

(a) A={-3,-2,-1,0,1,2,3} (b) B={3,6,9,12}
Solution : (a) A= {x:xe Z and -3 <x<3}
(b) B={x:x=3nandn eN,n 4}

I ICREMA  Write the following in Roster form.

(a)C={x:xeNand 50<x <60}

(b)D= {XZXER and x° —5x+6=0}
Solution : (a) C={50, 51, 52,53,54,55,56,57,58,59,60}
(b) x2 =5x+6=0
= (x-3)(x-2)=0

MATHEMATICS



= x=3,2.

D ={2,3]

15.3 CLASSIFICATION OF SETS

15.3.1 Finite and infinite sets
Let A and B be two sets where
A = {x : x is a natural number}
B = {x:xis astudent of your school}

As it is clear that the number of elements in set A is not finite (infinite) while number of elements in
set B is finite. A is said to be an infinite set and B is said to be is finite set.

A set is said to be finite if its elements can be counted and it is said to be infinite
if it is not possible to count upto its last element.

15.3.2 Empty (Null) Set : Consider the following sets.
A= {x:xe R and x* +1:0}

B = {x : x is number which is greater than 7 and less than 5}

Set A consists of real numbers but there is no real number whose square is —1. Therefore this
set consists of no element. Similiarly there is no such number which is less than 5 and greater

than 7. Such a set is said to be a null (empty) set. It is denoted by the symbol void, ¢ or { }
A set which has no element is said to be a null/empty/void set, and is denoted by ¢ .

15.3.3 Singleton Set : Consider the following set :
A = {x: x s an even prime number}
As there is only one even prime number namely 2, so set A will have only one element. Such a

set is said to be singleton. Here A = {2].

A set which has only one element is known as singleton.

15.3.4 Equal and equivalent sets : Consider the following examples.
@) A={1,2,3], B={2,1,3 (i D={1,2,3], E={a,b.,q}.

In example (i) Sets A and B have the same elements. Such sets are said to be equal sets and it
is written as A = B. In example (ii) set D and E have the same number of elements but elements
are different. Such sets are said to be equivalent sets and are written as A = B.

Two sets A and B are said to be equivalent sets if they have same number of elements but they
are said to be equal if they have not only the same number of elements but elements are also the
same.

15.3.5 Disjoint Sets : Two sets are said to be disjoint if they do not have any common element.
For example,sets A= { 1,3,5} and B= { 2,4,6 } are disjoint sets.

MODULE - IV
Functions

Notes
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b 1) CRERII Given that

A={2,4}and B={x:xisasolution of x”+6x+8=0}
Are A and B disjoint sets ?
Solution : If we solve x2 +6x + 8 = 0,we get
x=-4-2.
B={-4,-2} and A={2,4]

Clearly ,A and B are disjoint sets as they do not have any common element.

IDE )RR [f A= {x:xisavowel of English alphabet}

and B={y:yeNand y<5]

Is (i)A=B (i)A=B ?

Solution : A={a e i,0,u}, b={1,2,3,4,5}.
Each set is having five elements but elements are different
A # B but A=B.

’m Which of the following sets
A= {x :Xis a point on a line}
B={y:yeNandy < 50}
are finite or infinite ?

Solution : As the number of points on a line is uncountable (cannot be counted) so A is an
infinite set while the number of natural numbers upto fifty can be counted so B is a finite set.

IR ICREXM Which of the following sets

A={x:xis irrational and x2 -1 =0]-

B={x:xe zand -2 < x < 2} are empty?
Solution : Set A consists of those irrational numbers which satisfy x2 — 1= 0. If we solve
x2—1=0 we get x =+1.Clearly +] are not irrational numbers. Therefore A is an empty set.

ButB={-2,-1, 0, 1, 2] . B is not an empty set as it has five elements.

IDE I CREWA Which of the following sets are singleton ?
A={x:x€Zand x-2=0} B={y:yeR and y2-2=0}.

Solution : Set A contains those integers which are the solution of x—2=0 orx=2... A={2].
= A is a singleton set.

B is a set of those real numbers which are solutions of y2 —-2=0o0ry= +2

B= { L , J2 } Thus, B is not a singleton set.

| 6 | MATHEMATICS



Q)
A 'A4 CHECK YOUR PROGRESS 15.1

1. Which of the following collections are sets ?
(i) The collection of days in a week starting with S.
(i) The collection of natural numbers upto fifty.
(iii) The collection of poems written by Tulsidas.
(iv) The collection of fat students of your school.
(2) Insert the appropriate symbol in blank spaces.

If A={1,2,3].
@) | O A i) 4..A.
3. Write each of the following sets in the Roster form :
@) A= {x:xez and -5 <x <0 }.

@ B= {x:xeR and x2-1=0}.
(i) C = {x:x s a letter of the word banana}.
(iv) D= {x:xisaprime number and exact divisor of 60}.

4. Write each of the following sets are in the set builder form ?
@) A=1{2,4,6,8,10} (i) B={3,6,9,...}

(i) C=1{2,3,57} (iv) D={~2,\2]
Are A and B disjoints sets ?
5. Which of the following sets are finite and which are infinite ?
(i)  Set of lines which are parallel to a given line.
(i) Set of animals on the earth.
(i)  Set of Natural numbers less than or equal to fifty.
(iv) Set of points on a circle.
6. Which of the following are null set or singleton ?

() A={x:xe R and x is a solution of x2+2=0]}.
(i) B={x:x€ Z and x is a solution of x — 3= 0}.

(i) C={x:xe Z and x is a solution of x2-2=10}.

(iv) D= {x:xis astudent of your school studying in both the classes XI and XII }

7. In the following check whether A=Bor A =B .

() A ={a}, B= {x:xis an even prime number}.

(ii) A=1{1,2,3,4}, B= {x:xisaletter of the word guava}.

(i) A= {x:xisasolutionof x?—5x+6=01},B={2,3).

MODULE - IV
Functions

Notes
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15.4 SUB- SET

Let set A be a set containing all students of your school and B be a set containing all students of
class XII of the school. In this example each element of set B is also an element of set A. Such a

set B is said to be subset of the set A. Itis writtenas B < A
Consider D={1,2,3,4,...... }
E={..-3-2,-1,0,1,2,3,...... }
Clearly each element of set D is an element of set Ealso ... D c E

If A and B are any two sets such that each element of the set A is an element
of the set B also, then A is said to be a subset of B.

(i) Each setis a subset of itselfie. A c A .

(i) Null set has no element so the condition of becoming a subset is automatically satisfied.
Therefore null set is a subset of every set.

@) If A c Band B ¢ Athen A=B.

@iv) If o ¢ Band A # B then A is said to be a proper subset of B and B is said to be a
super setof A.i.e. A c Bor BDA.

IDE I ERERE [f A= {x : X is a prime number less than 5} and

B = {y : y is an even prime number} then is B a proper subset of A ?
Solution : It is given that

A=1{2,3}, B={2}.

Clearly BC A and B# A
Wewrite B — A

and say that B is a proper subset of A.

e DGR [fA={1,2,3,4), B=1{2,3,4,5}.

SACBorBC A?

Solution : Here 1€ A butlg B=>AZB.
Also 5eBbut5¢g A= BZA.

Hence neither A is a subset of B nor B is a subset of A.

IR el ICRERIN [f A={a ¢ i,0,u}

B:{e7i,07u’a}

IsA CB orB C A orboth?

| s | MATHEMATICS



Solution : Here in the given sets each element of set A is an element of set B also
ACB
and each element of set B is an element of set A also. -. B C A ...... (i)
From (i) and (ii)
A=B

15.5 POWER SET

Let A={a,b}

Subset of A are ¢, {a}, {b} and {a, b}.

If we consider these subsets as elements of a new set B (say) then
B={0,{a},{b},{a,b}]

B is said to be the power set of A.

Notation : Power set of a set A is denoted by P(A).

Power set of a set A is the set of all subsets of the given set.

IDelICHEREMN Write the power set of each of the following sets :

6] AZ{x:xeRandx2+7:0}.

() B={y:yeNandl<y<3].
Solution :
() Clearly A= ¢ (Null set)
¢ is the only subset of given set
P(A)={0}
(i) The set B can be written as {1, 2, 3}
Subsets of B are ¢, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}.

PB)={ ¢, {1} {2}, 3}, {1, 2}, {1, 3}, {2,3}, {1,2,3} }.

15.6 UNIVERSAL SET

Consider the following sets.

A = {x:x is a student of your school}

B = {y : y is a male student of your school}

C= {z: zis a female student of your school}

D = {a:ais astudent of class XII in your school}
Clearly the set B, C, D are all subsets of A.

MATHEMATICS

MODULE - IV
Functions

Notes



MODULE - IV
Functions

S

Notes

A can be considered as the universal set for this particular example. Universal set is generally
denoted by U.

In a particular problem a set U is said to be a universal set if all the sets in that problem are
subsets of U.

et

@) Universal set does not mean a set containing all objects of the universe.

(i) A set which is a universal set for one problem may not be a universal set for another
problem.

Ihe ) WERPA Which of the following set can be considered as a universal set ?
X = {x:xis areal number}
Y = {y:yis anegative integer}
7= {z:zis a natural number}

Solution : As it is clear that both sets Y and Z are subset of X.

.. X is the universal set for this problem.

15.7 VENN DIAGRAM

British mathematician John Venn (1834— 1883 AD) introduced the concept of diagrams to
represent sets. According to him universal set is represented by the interior of a rectangle and
other sets are represented by interior of circles.

For example if U= {1, 2, 3, 4, 5}, A = {2, 4} and B = {1,3}, then these sets can be

represented as
U
A B
@ 5

Fig. 15.1
Diagramatical representation of sets is known as a Venn diagram.

15.8 DIFFERENCE OF SETS

Consider the sets
A=1{1,2,3,4,5} and B= {2, 4, 6}.

A new set having those elements which are in A but not B is said to be the difference of sets A
and B and it is denoted by A—B.

A-B={1,3,5}

Similiarly a set of those elements which are in B but not in A is said to be the difference of B and
A and itis devoted by B — A.

B- A= {6
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In general, if A and B are two sets then
A-B={ x:x€ A and x¢ B}
B-A= {x:xeBandxgA}

Difference of two sets can be represented using Venn diagram as :

U U
A B A B
A-B ] A-B ] )
or
When A and B are nol When A and B are
disjoint sc1s digjoint sc1s
Fig. 15.2 Fig. 15.3

15.9. COMPLEMENT OF ASET

Let X denote the universal set and Y, Zits sub set where
X = {x : x is any member of the family}
Y = {x : x is a male member of the family}
Z = {x : x is a female member of the family}
X-Y is a set having female members of the family.
X —Zis a set having male members of the family.
X-Y is said to be the complement of Y and is usally denoted by Y' or Y¢.
X —Z is said to be complement of Z and denoted by Z' or Z¢.

If U is the universal set and A is its subset then the complement of A is a set of those elements

which are in U which are not in A. It is denoted by A' or A¢.
A'=U-A={x:xeUandx ¢ A}

The complement of a set can be represented using Venn diagram as :

U

AC

—— -
= =

Fig. 15.4

Remaris

(i) Difference of two sets can be found even if none is a subset of the other but complement
of a set can be found only when the set is a subset of some universal set.

@M o¢oc=U. @)  Ue = ¢
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IDE I IEBERRE Given that

A = {x : x is a even natural number less than or equal to 10}
and B = {x:xisan odd natural number less than or equal to 10}
Find (i))A-B (i) B-C (i) is A—B=B-A?
Solution : It is given that

A=1{2,4,6,8,10},B={1,3,5,7,9}
Therefore,
(@) A-B={2,4,6,8,10}
(i) B-A={l1,3,5,7,9}
@)  Clearly from (i) and (ii) A—B # B—A.

IDEL I BEREY et U be the universal set and A its subset where

U={x:xeN and x<10}

A = {y :yis a prime number less than 10}
Find (i) Ac (ii) Represent A ¢ in Venn diagram.
Solution : It is given

U={1,2,3,4,5,6,7,8,9,10}.

A: {27 3’ 57 7}
(i) A°=U-A={1,4,6,8,9,10}
(i)
U
3 = 5 .
2 3
5 7
Fig. 15.5

. CHECK YOUR PROGRESS 15.2

Insert the appropriate symbol in the blank spaces, given that
A={1,3,5,7,9}
()0 I A (i) {2,3,9}...... A

(i) 3. A (€17 1 L0 A
2. Given that A = {a, b}, how many elements P(A) has ?

3. LetA={¢, {1} .,{2}, {1.2}}
Which of the following is true or false ?

MATHEMATICS



(i) {1,2} c A (i) ¢ A.
4. Which of the following statements are true or false ?
(1)  Set of all boys, is contained in the set of all students of your school.

(i)  Set of all boy students of your school, is contained in the set of all students of your
school.

(i) Set of all rectangles, is contained in the set of all quadrilaterals.

(iv) Set of all circles having centre at origin is contained in the set of all ellipses having
centre at origin.

IfA={1,2,3,4,5},B=1{56,7} find(i)A-B  (ii)) B-A.
Let N be the universal set and A, B, C, D be its subsets given by
A = {x:x is a even natural number}

B = {x :xe N and x is a multiple of 3}

C={x:xeNandx >5}

D={x:xeNandx < 10}

Find complements of A, B, C and D respectively.

15.10. INTERSECTION OF SETS

Consider the sets
A=1{1,2,3,4} and B={2, 4,6}

It is clear, that there are some elements which are common to both the sets A and B. Set of these
common elements is said to be interesection of A and B and is denoted by A ~ B -

Here A AB=1{2,4}
If A and B are two sets then the set of those elements which belong to both the sets is said to be
the intersection of A and B. Itis devotedby A ~ B.

ANB={x:xeAandx B}

A ~ B can be represented using Venn diagram as :

Remris

ANB ~ | ‘
If A nB = ¢ then A and B are said to be disjoint sets. In Venn diagram disjoint sets can

CS

AN

Fig. 15.6

be represented as
u

DO

Fig.15.7
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D el I BEREN Given that

A= {x:xis aking out of 52 playing cards}
and B = {y:yisaspade out of 52 playing cards}
Find (i) A ~ B (ii) Represent A ~ B by using Venn diagram .

Solution : (i) As there are only four kings out of 52 playing cards, therefore the set A has only
four elements. The set B has 13 elements as there are 13 spade cards but out of these 13 spade
cards there is one king also. Therefore there is one common elementin A and B. . A A B=

{ King of spade}.
¥
ANB — | .

(ii)
15.11 UNION OF SETS

Consider the following examples :

(i)  Aisasethaving all players of Indian men cricket team and B is a set having all players of
Indian women cricket team. Clearly A and B are disjoint sets. Union of these two sets is
a set having all players of both teams and it is denoted by A U B.

(i)  Disaset having all players of cricket team and E is the set having all players of Hockety
team, of your school. Suppose three players are common to both the teams then union
of D and E is a set of all players of both the teams but three common players to be
written once only.

If A and B are only two sets then union of A and B is the set of those elements which belong to
A or B.

In set builder form :
A UB={Xx:xeA orxeB}
OR

AUB=X:xeA-BorxeB-AOr xe ANB
A U B can be represented using Venn diagram as :

U ]
A B A p
Fig. 15.9 Fig. 15.10
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n(AuB)=n(A -B) tn(B A) m(A MB).
or n(AuB)=n(A)+n(B)-n(ANB)

wheren A ( B stands for number of elements in A B so on.

Example 15.16 A={x:er+ and SS}

B = {y : y is a prime number less than 10}
Find (1) A U B (ii) represent A B using Venn diagram.
Solution : We have,
A={1,2,3,4,5} B=1{2,3,5,7}.
AuB=1{1,2,3,4,5"7}.

.o L|
(@) A B
AUB ”’%
Fig.15.11
ra\
Le ] CHECK YOUR PROGRESS 15.3
L. Which of the following pairs of sets are disjoint and which are not ?

(1) {x : x is an even natural number}, {y :y is an odd natural number}
(i1) {x : x is a prime number and divisor of 12}, {y:ye N and 3<y <5}
(iii) {x :x is a king of 52 playing cards}, { y : y is a diamond of 52 playing cards}
(iv) {1, 2,3,4,5}, {a,e,i,0,u}
2. Find the intersection of A and B in each of the following :
(i) A={x:xe Z},B={x:xe N} (i) A={Ram, Rahim, Govind, Gautam}
B = {Sita, Meera, Fatima, Manprit}
3. Given that A = {1, 2, 3,4, 5}, B={5,6,7,8,9, 10}
find@) A UB () A NB-
4, IfA={x:xeN}, B={y:y€z and -10< y<0} find A U B and write your
answer in the Roster form as well as set-builder form.
5. IfA={2,4,6,8,10}, B {8, 10, 12, 14}, C={14, 16, 18, 20}.
Find()) A U(BuUC) (A N(BNC).
6. LetU={1,2,3,....10}, A={2,4,6,8,10},B={1,3,5,7,9, 10}
Find () (A UB)' @) (A AB)' () B) @) (B-A)-
7. Draw Venn diagram for each the following :
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i) AnBwhen Bc A (i) A N B when A and B are disjoint sets.

(i) A N B when A and B are neither subsets of each other nor disjoint sets.
8. Draw Venn diagram for each the following :

(i) A UB when A C B. (i) A U B when A and B are disjoint sets.

(iii) A U B when A and B are neither subsets of each other nor disjoint sets.
9. Draw Venn diagram for each the following :

() A-B and B— A when A C B.

(i) A-B and B— A when A and B are disjoint sets.

(iii) A —B and B— A when A and B are neither subsets of each other nor disjoint
sets.

15.12 CARTESIAN PRODUCT OF TWO SETS

Consider two sets A and B where

A={1,2}, B=1{3,4,5}.
Set of all ordered pairs of elements of A and B
is {(1,3), (1.4), (1,5), (2.3), (2.4), (2,5)}
This set is denoted by A x B and is called the cartesian product of sets A and B.
ie.  AxB={(1, 3), (1,4),(1, 5,2, 3),(2,4),(2, 5)}
Cartesian product of B sets and A is denoted by BxA.
In the present example, it is given by

BxA ={(3, 1),(3, 2),(4, 1),(4, 2),(5, 1),(5, 2)}
Clearly AXB # BXxA.
In the set builder form :

AxB={(ab): ac A and be B}

BxA = {(ba): be Band ac A}
Note :If A=dporB=¢ or A,B=¢
then AXB=BXxA =¢.

Example 15.17

(1) Let A={a,b,c}, B={d,e}, C={a,d}.
Find (i) AxB(ii) BXA (i) AX(BuU C) (iv)(ANC)xB
V) (AN B)xC Vi) Ax(B-0C).
Solution : (1) AxB={(a, d),(a,e), (b, d), (b, ), (c, d), (c, €)}.
(i) BxA ={(d, a),(d, b), (d, ¢), (e, a) (e, b),(e, ¢)}.
(i) A={a,b,c}, BuC={ade}.
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S AX(BUC)={(a a)(a, d)(a, e),(b, a),(b, d),(b, e), (c, a),(c, d).(c, e).
(i)  ANnC={a}, B={d, e}.
' (ANC)*B={(a, d), (a, ¢)}
v) ANB=0,c={ad}, .. AnBxc=¢
(v  A={ab,.c}, B-C={e}.
AXx(B-C)={(a,e),(b,e),(c,e)} .

15.13 RELATIONS

Consider the following example :
A={Mohan, Sohan, David, Karim}
B={Rita, Marry, Fatima}

Suppose Rita has two brothers Mohan and Sohan, Marry has one brother David, and Fatima
has one brother Karim. If we define a relation R " is a brother of" between the elements of A and
B then clearly.

Mohan R Rita, Sohan R Rita, David R Marry, Karim R Fatima.
After omiting R between two names these can be written in the form of ordered pairs as :
(Mohan, Rita), (Sohan, Rita), (David, Marry), (Karima, Fatima).
The above information can also be written in the form of a set R of ordered pairs as
R= {(Mohan, Rita), (Sohan, Rita), (David, Marry), Karim, Fatima}
Clearly R € AxB, i.eR ={(a,b):ae A,be B and aRb}
If A and B are two sets then a relation R from A toB is a sub set of AxB.
If (i) R =¢, R is called a void relation.

(i)) R=AxB, R is called a universal relation.
(iii) If R is a relation defined from A to A, it is called a relation defined on A.

(iv)R={(a,a) Va € A}, is called the identity relation.

15.13.1 Domain and Range of a Relation

If R is a relation between two sets then the set of its first elements (components) of all the
ordered pairs of R is called Domain and set of 2nd elements of all the ordered pairs of R is
called range, of the given relation.

Consider previous example given above.
Domain = {Mohan, Sohan, David, Karim}

Range = {Rita, Marry, Fatima}

ID eI CHEREN Given that A ={2,4,5,6,7}, B=1{2,3}.

R is a relation from A to B defined by
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R={(a,b): ae A, be B and a is divisible by b}
find (i) R in the roster form (ii) Domain of R (iii) Range of R
(iv) Repersent R diagramatically.
Solution : HR=1{(2,2),(4,2),(6,2),(6,3)}
(ii) Domain of R = {2, 4, 6}
(iii) Range of R = {2, 3}

(v)

Fig. 15.12

If R is a relation 'is greater than' from A to B, where
A={1,2,3,4,5} and B= {1,2,6}.

Find (i) R in the roster form. (i) Domain of R (iii) Range of R.

Solution :

M  R={G,1.G.2,41),*2),5,1),5,2)

(i) Domain of R = {3, 4, 5}

@)  Rangeof R={l1,2}

reﬂ
\¥_ § CHECK YOUR PROGRESS 15.4

1. Given that A = {4, 5, 6,7}, B={8,9}, C= {10}
Verify that Ax(B—-C) = (AXxB) —(AxC).
2. If U is a universal set and A, B are its subsets.
Where U= {1, 2, 3, 4, 5}.
A={13,5}, B={x:xisaprime number} find A' x B'
3. IfA=1{4,6,8,10},B={2,3,4,5}
R is a relation defined from A to B where
R={(a,b): ae A, be B and a is a multiple of b}
find ()R in the Roster form (ii) Domain of R (iii) Range of R .
4. If R be a relation from N to N defined by
R={xy):4x+y =12, x,ye N}
find (i) R in the Roster form (i) Domain of R (iii) Range of R.
5. If R be a relation on N defined by

R={(x,x2) : x is a prime number less than 15}

MATHEMATICS



Find (i) R in the Roster form (ii) Domain of R (iii) Range of R
6. If R be a relation on set of real numbers defined by R={(x,y) : x2 + y2 = 0} Find
(1) R in the Roster form (ii) Domain of R (iii) Range of R.

15.14 DEFINITION OF A FUNCTION

Consider the relation A B

f:{a, 1), (b, 2),(c, 3), (d, 5)}

4
—_

In this relation we see that each element of A has a unique o 2
image in B c 34
This relation f from set 4 to B where every element of 4 > 5

has a unique image in B is defined as a function from A4 to
B. So we observe that in a function no two ordered Fig.15.13
pairs have the same first element.

We also see that 3 an element € B, i.e., 4 which does not have its preimage in A. Thus here:

() the set B will be termed as co-domain and

(i) the set {1, 2, 3, 5} is called the range.

From the above we can conclude that range is a subset of co-domain.
Symbolically, this function can be written as

f:A—>B or A—f%B

%) I EREMIIN Which of the following relations are functions from A to B. Write their
domain and range. If it is not a function give reason ?

(a) {(1,-2),(3,7),(4,-6),(8,1) |, A ={1,3,4,8], B={-2,7,-6,1,2}

(b) {(1,0),(1-1),(2,3),(4,10)}, A={1,2,4] , B={0,-1,3,10}

(©) {(a,b),(b,c),(c,b),(d,c)}, A ={a,b,c,d,e] B={b,c]

(d) 1(2,4),(3,9),(4,16),(5,25),(6,36 }, A ={2,3,4,5,6}, B =1{4,9,16,25,36 ]

©  {(L-1).02,-2),3,3).(4, 4),(5.-5) ] ,A ={0,1,2,3,4,5),
{-1,-2,-3,-4,-5)

B =
® { Sln— — ( osE,@| ’(tang’iﬁg’kwt%’%

(g {(a,b),(a,2),(b,3),(b,4)}, A={a,b},B={b,2,3,4].

MODULE - IV
Functions

Notes

MATHEMATICS



Relations and Functions

MODULE - IV
Functions

S

Notes

Solution :
(a) It is a function.
Domain= {1,3,4,8], Range ={-2,7,-6,1]

(b) It is not a function. Because Ist two ordered pairs have same first elements.
(c) It is not a function.

Domain= {a,b,c,d} # A, Range ={b,c]
(d) It is a function.

Domain = {2,3,4,5,6}, Range ={4,9,16,25,36]
(e) It is not a function .

Domain= {1,2,3,4,5} #A, Range ={-1,-2,-3,-4,-5]
(f) It is a function .

T T T

fin® cos . tan ot 2] LB L5
in= {sin =,cos —,tan —,cot — = 1T
Domain 5 p 5 6l Range 2’23

(2 It is not a function.

First two ordered pairs have same first component and last two ordered pairs have also same
first component.

IDe I EWAL State whether each of the following relations represent a function or not.

(@ (b)

A B

f

=

Fig.15.14 Fig.15.15

© (d)

P
N

Fig. 15.16 Fig.15.17
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Solution :

(a) fisnot a function because the element b of 4 does not have an image in B.

(b) fis not a function because the element ¢ of 4 does not have a unique image in B.

(c) fisafunction because every element of 4 has a unique image in B.

(d) f'is a function because every element in A4 has a unique image in B.

IR el I EREWPA Which of the following relations from R —. R are functions?

@ y=3x+2 (b)) y<x+3 (¢ y =2x2 +1

Solution :

(a) y=3x+4+2
Here corresponding to every element x € R, 3 a unique element y € R.
It is a function.

(b) y<Xx+3.

For any real value of x we get more than one real value of y.
It is not a function.

(c) y =2x2 +1

For any real value of x, we will get a unique real value of y.

It is a function.
Q
\ :‘ CHECK YOUR PROGRESS 15.5
1. Which of the following relations are functions from A to B ?

(@) {(1,-2),(3,7),(4,-6),(8,11) }, A={13,48], B={-2,7,-6,11}
() {(1,0),(1,-1),(2,3),(4,10) }, A={1,2,4],B={10,-1,3,10}
(c){ (a,2),(b,3),(c,2),(d,3)], A ={a,b,c,d},B={2,3}

(d) {(1,1),(1,2),(2,3),(-3,4)], A={12,-3],B={12,3,4]

o2}

. B—{l 1 1 }
A={1,2,3,4J, - 2,33"'511
®{(1,1),(-1,1),(2,4),(2,4)},A ={0,1,-1,2,-2],B ={1,4]
2. Which of the following relations represent a function ?
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MODULE - IV (a) (b)
Functions
A B A B
a 1
) a x \ [
C
Notes c z 4
Fig. 15.18 Fig. 15.19
(©) (d)
A B A B
a > 2
— 3
T DR
c 5
Fig. 15.20 Fig. 15.21
3. Which of the following relations defined from R — R are functions ?
@y=2x+1(b)y>x+3 () y<3x+1(d) y=x+1
4. Write domain and range for each of the following functions :
@ {(V2.2).(5-1).(¥3.5)]
1 1 1
_3:_ 5 _2> P _17 ~
o {(»3}{=3}(3])
@ {(11).(0.0).(2.2).(-1-1)]
(d) {(Deepak,16), (Sandeep,28),(Rajan,24 )]
5. Write domain and range for each of the following mappings :
(a) (b)
A B A B
1 ‘ { 4
] 2
3 > &
Fig. 15.22 Fig. 15.23
MATHEMATICS
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(©) (d)
A B B
7
1 1 f 8
2 9
G I W
6
Fig. 15.24 Fig. 15.25
(e) A B
a > 2
"
C
d > 4
Fig. 15.26

15.14.1 Some More Examples on Domain and Range

Let us consider some functions which are only defined for a certain subset of the set of real
numbers.

xample JEWARY Find the domain of each of the following functions :

_1 L _ !
@y=o OYSITS @ys

Solution : The function y = L can be described by the following set of ordered pairs.
X

{ ....... ,(—2,—%),(—1,—1),(1,1)[2,%}....}

Here we can see that x can take all real values except 0 because the corresponding image, i.e.,

1
6 1s not defined.

Domain = R —{ 0} [Set of all real numbers except 0]
Note : Here range =R — {0}

(b) x can take all real values except 2 because the corresponding image, i.e., (21—2) does

not exist.
Domain = R —{ 2]}
(c) Value of'y does not exist for x = -2 and x =3

Domain = R —{-2,3]
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I el I BEWZY Find domain of each of the following functions :
@y =+Vx -2 ®) y=+J(2-x)(4+x)

Solution :(a) Consider the function y = +x -2
In order to have real values of y, we must have (x —2) >0
ie. x>2
Domain of the function will be all real numbers > 7.
(b) y=+/(2 x)(4 &)
In order to have real values of y, we must have (2-x)(4+x) 20
We can achieve this in the following two cases :
Casel: (2-x)>0and (4+x) =0
= x <2 and x > -4
Domain consists of all real values of x such that -4 < x < 2
Casell : 2 — x<(and 4+ x <0

= 2<x and x £-4.
But, x cannot take any real value which is greater than or equal to 2 and less than or equal to
4.

From both the cases, we have

Domain= 4 < x< 2V x €R

1D el EWAE For the function

f(x) =y = 2x +1, find the range when domain = {-3,-2,-1,0,1,2,3}.
Solution : For the given values of x, we have

F(-3) =2(-3) +1= -3

f(=2)=2(-=2)+ =3
f(-1)=2(4) +1 =t
f(0)=2(0) +1 4
f(1)=2(1) +1 3
f(2)=2(2) +1 =5

f(3)=2(3) +1 =

The given function can also be written as a set of ordered pairs.

MATHEMATICS
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ie, {(-3,-5).,(-2-3),(-1,-1),(0,1)(L3),(2,5)(3,7)]
Range = {-5,-3,-1,1,3,5,7}

IDENTIIRERIY If £ (x ) =x +3,0 <x <4 find its range.

0<x<4
or 0+3<x+3<443

or 3<f(x)<7

Solution : Here

Range={f(x):3<f(x)<7}
IDETTILRERl If f(x ) =x2, -3 <x <3 findits range.
Solution : Given —3 <x< 3
or 0<x2<9 or

0<f(x)<9

Range={f(x):0<f(x)<9}

Q
\Y_ {4 CHECK YOUR PROGRESS 15.6

1. Find the domain of each of the following functions x € R :

@ () y=2x @ y=9x+3 (i) y=x2 45

N L 1
®  OY=37 (u)y—(4x+1)(x_5)

o | . |
WY = H-s) YT GIoxos)

© ) y=+6-x (i) y =~/7 +x
(i) y = v/3x +5
@ @ y=4(3-x)(x =5) @) y=4(x 3)(x )

iy = Y=

(3+x)(7 +x) x=3)(7+x)
2. Find the range of the function, given its domain in each of the following cases.
(a) (i f(x)=3x +10, xe{l,5 7,-1,-2}
() f(x)=2x2 +l, xe€{-3,2,40}

(i) f(x)=x2 —x +2, x€{l,2,3,4,5}
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by (@) f(x)=x -2,0<x<4 (i) f(x)=3x +4, -1<x<2
() @Of(x)=x2,-5<x<5 () f(x)=2x,-3<x<3
(i) f(x)=x2 +,-2<x< 2 (i) f(x)=x,0<x< 25

d @O)f(x)=x +5,xeR (i) f(x)=2x -3,xe R

(i) £ (x) =x3, xe R () f(x) =~ {x:x <0}
X
(V)f(x)zﬁ,{x:xﬁl} (Vi)f(x):k%z,{x:xSO}

(Vﬁ)f(x)=§a{X1X>0} (Viii)f(x)=XL+5,{X:X¢—5}

15.15 CLASSIFICATION OF FUNCTIONS

Let fbe a function from A4 to B. If every element of the set B is the image of at least one element
of the set A4 i.e. if there is no unpaired element in the set B then we say that the function f maps
the set 4 onto the set B. Otherwise we say that the function maps the set A into the set B.
Functions for which each element of the set 4 is mapped to a different element of the set B are
said to be one-to-one.

One-to-one function

Fig.15.27
The domain is { A,B,C]
The co-domain is {1,2,3,4]
The range is {1,2,3]

A function can map more than one element of the set A to the same element of the set B. Such
a type of function is said to be many-to-one.
Many-to-one function

AN

Fig. 15.28
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The domainis { A,B,C]
The co-domain is {1,2,3,4]

The range is { 1,4 ]
A function which is both one-to-one and onto is said to be a bijective function.

A > 1 A > 1
B 7 2 B
C 3 3
4
Fig. 15.29 Fig. 15.30
A > 1 A > 1
B 2 B 2
c 3 c
4
Fig. 15.31 Fig. 15.32

Fig. 15.29 shows a one-to-one function mapping { A,B,C] into{1,2,3,4].
Fig. 15.30 shows a one-to-one function mapping { A,B,C]onto {1,2,3].
Fig. 15.31shows a many-to-one function mapping { A,B,C} into{1,2,3,4}.

Fig. 15.32 shows a many-to-one function mapping { A,B,C]onto {1,2}.

Function shown in Fig. 15.30 is also a bijective Function.

Note : Relations which are one-to-many can occur, but they are not functions. The following
figure illustrates this fact.

Fig. 15.33

Ihel ) (WERAY Without using graph prove that the function

F:R — R defiendby f (x) =4 +3x is one-to-one.

Solution : For a function to be one-one function

F(X1)=f(X2) = X1 =X A X1, Xp € domain

MODULE - IV
Functions

Notes
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Now f(x;)="f(x,) gives

4+3x; =4 Bx, orx; X

F is a one-one function.

Ih'eli ) (WEWLE Prove that

F:R — R definedby f(x ) = 4x3 -5 is a bijection
Solution : Now f(x;)=f(% ) V xj, X, Domain

4xP -5=4x,° -5

= x'-x’=0= (Xz—Xﬂ(M2+Xﬁ2+X5)=0

= X] = X OF
X12 + XXy + x22 = 0 (rejected). It has no real value of x; and x,.
F is a one-one function.

Againlet y = (x) where y € codomain, X € domain.

y+5\|1/3
4

We have y=4x3 -5 or X=(

For each y € codomain 3 x € domain such that f ( X ) =y.

Thus F is onto function.

F is a bijection.

I%EN T LNERIIM Prove that F: R — R definedby F (x ) = x2 +3 is neither one-one nor

onto function.

Solution : We have F (x; ) =F(x,) V X, X, domain giving

X]Z +3 =X22 3 :X]z =Xzz
2 2 _ _ _
or X" =% =0 =2x; =X, o X =X
or F is not one-one function.

Againlet y = F(x) where y € codomain

X € domain.
= y=x2+43 = x = &y -3
= V'y <3 noreal value of x in the domain.

F is not an onto finction.

MATHEMATICS



15.16 GRAPHICAL REPRESENTATION OF FUNCTIONS

Since any function can be represented by ordered pairs, therefore, a graphical representation of

the function is always possible. For example, consider y = x2.

y =x?
x[o[t]-1]2[2[3]-3] 4[-4
ylo[t] 1]4] 4[] of16]16

(4, 16)
3.9)
(?.4)
(1.1
r 1234

Fig. 15.34

Does this represent a function?

Yes, this represent a function because corresponding to each value of x 3 aunique value of y.

Now consider the equation x2 + y2 = 25

x2 +y2 =25
<[0] 0[3] 3]a] 4]5]—5|-3]-3]-4|—4
y|5|-5(4|-4|3|-3|0| 0| 4(-4| 3|3

Fig. 15.35

MODULE - IV
Functions

Notes
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MODULE - IV | This graph represents a circle.
Functions | Does it represent a function ?

No, this does not represent a function because corresponding to the same value of x, there

x) does not exist a unique value of y.

£\
Notes ‘e J CHECK YOUR PROGRESS 15.7

1. (i) Does the graph represent a function?

il B
| S

Fig. 15.36
(ii) Does the graph represent a function ?

/I
VARV

Fig. 15.37
2. Which of the following functions are into function ?

(@) A :

v
ny

N o=
N
~

w
N
(o]

Fig.15.38

(b)  f:N — N, definedas f(x) =x2
Here N represents the set of natural numbers.
(c) f: N — N, definedas f(x)=x

3. Which of the following functions are onto function if f : R — R
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(a) f(x)=115x +49 (b) f(x)=]x| MODULE-IV
Functions
4. Which of the following functions are one-to-one functions ?
(a) £:{20,21,22} — {40,42,44 } defined as f (x ) = 2x

(b) £:{7,8,9] - {10} definedas f (x) =10

Notes
(c) f:1—> R definedas f(x)=x3

(d) f:R — R definedas f(x) =2+ x*

(d) f:N—N definedas f(x)=x2 +2x

S. Which of the following functions are many-to-one functions ?
(a) f:{-2,-1,1,2} - {2,5] definedas f(x)=x2 +1
(b) f:{0,1,2} — {1} definedas f(x)=1

(c) A B

F S R SR,
a0 ¥ o

Fig.15.39
(d  f:N— N definedas f(x)=5x+7
6. Draw the graph of each of the following functions :
(@ y=3x2 (b) y=-x2 () y=x2-2
(dy=5-x2()y=2x2+1 ®Oy=1-2x2
7. Which of the following graphs represents a function ?

(a) ! (b) y

' € / S
X \ ? X X' X

Fig. 15.40 Fig. 15.41
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(c) 1y (d) Y
X € 2 X X < > X
vy v
Fig. 15.42 Fig. 15.43
(e) v
X' < 2 X
yI
Fig .15.44

Hint : 1f any line || to y-axis cuts the graph in more than one point, graph does not represent a
function.

15.17 SOME SPECIAL FUNCTIONS

15.17.1 Moneotonic Function

Let F: A — B be a function then F is said to be monotonic on an interval (a,b) if it is either
increasing or decreasing on that interval.

For function to be increasing on an interval (a,b)

X <X, =F(x;)<F(xy) Vx;x, (@b)
and for function to be decreasing on (a,b)

X; <X, =F(x;)>F(x,) VY x;x, €a,b)

A function may not be monotonic on the whole domain but it can be on different intervals of the
domain.

Consider the function F : R — R defined by f(x) = x2.
Now V X1, X2 E{O, 0%
X <Xp :>F(X1)<F(X2)

=  FisaMonotonic Function on [0, o |.

MATHEMATICS
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(-.- Itis only increasing function on this interval) MODULE - IV

But ¥V x),%; € (—,0) Functions

X <Xy = F(X1)>F(X2)

=  FisaMonotonic Function on | —, 0 |

(- Ttis only a decreasing function on this interval) Notes

Therefore if we talk of the whole domain given function is not monotonic on R but it is monotonic
on (—0,0) and (0,0).

Again consider the function F:R — R definedby f(x ) =x3.
Clearly V x| x, €domain
X; <Xy =F(x7) <F(x;)
.. Given function is monotonic on R i.e. on the whole domain.
15.17.2 Even Function
A function is said to be an even function if for each x of domain
F(—x) =F(x)
For example, each of the following is an even function.
(O IF(x)=x* then F(-x)=(%)" =x* F(x)
(ii) IfF(x)=cosxthen F(-x)=cos( x) =cosx =F(x)

(i) IfF(x)=|x|then F(-x)=| x| =[x| F(x)

Fig. 15.45
The graph of this even function (modulus function) is shown in the figure above.

Observation

Graph is symmetrical about y-axis.

MATHEMATICS
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MODULE - IV | 15.17.3 Odd Function
Functions | A function is said to be an odd function if for each x

f(-x)=-f(x)

{x. y}
‘ For example,
O

Notes @ Iff(x) = x3 N >
then f (—x) = (-x )’ = —x3 = -f (x) {x )
(]1) Iff(x):sinx YI
Fig. 15.46

then f (-x) =sin(—x )= —sinx =—f(x)
Graph of the odd function y = x is given in Fig.15.46

Observation

Graph is symmetrical about origin.

15.17.4 Greatest Integer Function (Step Function)

f(x) =[x] which is the greatest integer less than or equal to x.

f (x) is called Greatest Integer Function or Step Function. Its graph is in the form of steps, as

shown in Fig. 16.47. v
Let us draw the graphof y =[x ],x € R -3 —0
[x]=1 1<x<2 °? —=0
[x]=2, 2<x<3 1 ©
[ T L 11
[x]=3, 3<x<4 3 -2 - 1 2 3 4
[x]=0, 0<x<l ¢
— 0 4 °
[x]=-1, -1<x<-0
[x]=-2, —2<x<-I ’
Fig. 15.47

. Domain of the step function is the set of real numbers.
o Range of the step function is the set of integers.

15.17.5 Polynomial Function
Any function defined in the form of a polynomial is called a polynomial function.

For example,
(i) f(x)=3x2-4x-2

(ii) f(x)=x3-5x2 -x+5
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(iii) f(x)=3

are all polynomial functions.

Note : Functions of the type f ( x ) = k, where k is a constant is also called a constant function.

15.17.6 Rational Function

Function of the type f (x ) = i((xi,whereh(x) #0and g(x) and h (x ) are polynomial
X

functions are called rational functions.

x2 -4
For example, f(x)= X # -1
x+1

1S a rational function.

15.17.7 Reciprocal Function
Functions of the type y = 1 ,x #01s called a reciprocal function.
X

15.17.8 Exponential Functions

A swiss mathematician Leonhard Euler introduced a number e in the form of an infinite series. In
fact

e—1+l -Il ! + —ll— +
= I_l Ig E Ig ......... (1)

It is well known that the sum of its infinite series tends to a finite limit (i.e., this series is convergent)
and hence it is a positive real number denoted by e. This number e is a transcendental irrational
number and its value lies between 2 an 3.

Consider now the infinite series

x3 e
-|E +... +— .+

[n

It can be shown that the sum of its infinite series also tends to a finite limit, which we denote by

XX
L2

ex. ThuS,

This is called the Exponential Theorem and the infinite series is called the exponential series.
We easily see that we would get (1) by putting x =1 in (2).

The function f (x ) = ex, where X is any real number is called an Exponential Function.

The graph of the exponential function

y=¢¥

MATHEMATICS
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MODULE - IV | is obtained by considering the following important facts :

Functions |(@  Asx increases, the y values are increasing very rapidly, whereas as x decreases, the y
values are getting closer and closer to zero.

; (i)  There is no x-intercept, since €X # 0 for any value of x.
(@) They interceptis 1,since ¢0 =1 and ¢ # ().

Not:
o (iv)  The specific points given in the table will serve as guidelines to sketch the graph of ¢*
(Fig. 15.48).
X -3 -2 -1 0 1 2 3
y=¢ 0.04 0.13 2.71 7.38 | 20.08

Fig. 15.48
. Y
If we take the base different from e, say a, we
would get exponential function & y=2"
f(x) = ax,provbideda >0, a #1. 5
For example, we may take a=2 or a=3 and get d
the graphs of the functions
y = 2% (See Fig. 15.49) 2
2
and  y = 3x(See Fig. 15.50) ]
Fig. 15.49 ""'...’J : . > X
-3-2-1 Y1 2 3 4 5
- 14
~74
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¥

r'l 5 (5 "
-3 4 3
o

Fig. 15.50 Fig. 15.51
15.17.9 Logarithmic Functions
Consider now the function

y=e* (3)
We write it equivalently as

x =log,y
Thus, y=logex (4)
is the inverse function of y = ex
The base of the logarithm is not written if it is ¢
and so log, x is usually written as log X. i
Asy = eX and y = log x are inverse functions,
their graphs are also symmetric w.r.t. the line g = ot
y =X
The graph of the function y = log x can be /
obtained from that of y = ex by reflecting it in sn B © %
the line y = x.

-2
=8
Fig. 15.52

ot

(1) Thelearner may recall the laws of indices which you have already studied in the Secondary
Mathematics :

Ifa> 0, and m and n are any rational numbers, then

qm . gh= gm+n

MODULE - IV
Functions

Notes
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MODULE - IV A a0 = gmen
Functions
(am)" = gmn
‘ ald =1
x) @)  The corresponding laws of logarithms are
Notes

log, (mn) = log, m +log, n

log, [@l = log, m —log, n
n)

log, (mn) =nlog, m

s it = log, m
log, b
or log, m = log, mlogy a

Herea,b>0,a #1 b #1.

Q
\Y_§ CHECK YOUR PROGRESS 15.8

1. Tick mark the correct statement.
@) Function f (x ) = 2x# + 7x2 + 9x is an even function.
(i) Odd function is symmetrical about y-axis.
@  f(x)=x1/2-x3+x5 isapolynomial function.

i) f(x)= ;( - is a rational function for all x € R.
X

5
v) f(x)= %is a constant function.

() F(x)=—

Domain of the function is the set of real numbers except 0.

(vil)  Greatest integer function is neither even nor odd.

2. Which of the following functions are even or odd functions ?
21 x2 1
(@ f(x) == (b) f(x)= ©f(x)=
(x) x+1 (x) 5+x2 (x) x2+5

@ﬂw=% © f(x)=—5— @ f(x)=—

x2 +1 Xx-5

MATHEMATICS



@f(x)=3—= O f(x)=x-x

3. Draw the graph of the function y =[x |- 2.

4.  Specify the following functions as polynomial function, rational function, reciprocal function

or constant function.

x2 + 2x
(a) y =3x8 =5x7 +8x> (b) Y= 3 o 13 X -2x+3 %0
3 2x +1
©  Y="3,x%0 @ y=3+ , X #0
X X
2 _
©  yel—dx0 @ y=XT2F0 o
X X—2

1
;-

15.18 COMPOSITION OF FUNCTIONS

Consider the two functions given below:
y =2x +1, xe {1,2,3}

(@ y=

z=y +1, ye{3,5,7}

Then z is the composition of two functions x and y because z is defined in terms of y and y in

terms of x.

Graphically one can represent this as given below :

fX)-y-2x-1 giy)=z=y+1
1 3
2 5
3 } \7/)
gof
Fig. 15.53

The composition, say, gof of function g and f'is defined as function g of function f.
If f:A—>Bandg:B—>C
then gof:AtoC

Let f(x)=3x +land g(x)=x2 42
Then fog (x)=f(g(x))
MATHEMATICS
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=f(x2 +2)

=3(x2 ) 4 =3x2 +7 (@)
and (gof )(x) =g(f(x))

=g(3x +1)

=(3x +1)° 2=9x2 +6x B (i)

Check from (i) and (i), if
fog = gof
Evidently, fog # gof
Similarly, (fof ) (x) =f (f(x)) =f(3x 4) [Read as function of function f].
=3(3x +1) 4
=9x 3 H 5x 4
(gog)(x)=g(g(x)) =g(x2 4 )[Readas function of function g ]

= (x2 +2)2 +2
=x4 +4x2 4 2

=x4 +4x2 46

IDENTIBERIN If £ (x )= +/x +1 and g(x) =x2 +2, calculate fog and gof.

)
Solution : fog(x)=1f(g(x))

=/x2 +3

(2of ) (x) =2(f(x))
=g(Vx+1)
= (x+1)" 2

=x +1 £
=x+3.

Here again, we see that (fog ) # gof

IDETTINERIAIT f (x ) =x3, f: R R

g(x)= . g:R-{0}>R-{0}

MATHEMATICS



Sets, Relations and Functions

Find fog and gof.
Solution : (fog)(x)="f(g(x))

Here we see that fog = gof

Note : We observe from Example 15.31 and Example 15.32 that fog and gof may or may
not be equal.

Q
\Y_ 4@ CHECK YOUR PROGRESS 15.9

1. Find fog, gof, fof and gog for the following functions :

f(x)=x2 +2, g(x)=1- , X # 1.

- X
2. For each of the following functions write fog, gof, fof'and gog.
(a) f(x)=x2 —4,g(x)=2x +5

(b) f(x)=x2,g(x)=3
(c) f(x)=3x —7,g(X)=§,x 20
3. Let f(x)=[x], g(x) =[x]. Verify that fog # gof.
4. Let f(x)=x2 +3,g(x) =x 2
N 2k kB
Prove that fog # gof and f( ( \
Ut
5. IFf(x)=x2 g(x) =/x . Show that fog = gof.
6. Letf(x)=|x|g(x)=(x)5,h(x) =:x #.
X
Find (a) fog (b)goh  (c)foh  (d)hog (e)fogoh

{Him: (fozoh ) (x) = (g (n(x))) = ( ( \M

MODULE - IV
Functions

Notes
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(A)  Consider the relation

Notes

Fig. 15.54

This is a many-to-one function. Now let us find the inverse of this relation.
Pictorially, it can be represented as

B A

Fig 15.55
Clearly this relation does not represent a function. (Why ?)
(B) Now take another relation

A B
[
1 N 4
2 > 5
3 6
Fig.15.56

It represents one-to-one onto function. Now let us find the inverse of this relation, which is
represented pictorially as

Fig. 15.57
MATHEMATICS
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This represents a function.
(C) Consider the relation

Fig. 15.58
Ir represents many-to-one function. Now find the inverse of the relation.

Pictorially it is represented as

Fig. 15.59

This does not represent a function, because element 6 of set B is not associated with any
element of A. Also note that the elements of B does not have a unique image.

(D) Let us take the following relation

A B
[
1 > 4
2 > 5
3 6
7
Fig. 15.60

It represent one-to-one into function.

Find the inverse of the relation.

B A
-1

1 1

SE=c

8 > 3

7

Fig. 15.61

MODULE - IV
Functions

Notes
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It does not represent a function because the element 7 of B is not associated with any element
of A. From the above relations we see that we may or may not get a relation as a function when
we find the inverse of a relation (function).

We see that the inverse of a function exists only if the function is one-to-one onto function

i.e. only if it is a bijective function.

£\
L@ JCHECK YOUR PROGRESS 15.10

1 (i) Show that the inverse of the function
y =4x -7 exists.

(ii) Let f be a one-to-one and onto function with domain A and range B. Write the
domain and range of its inverse function.

2. Find the inverse of each of the following functions (if it exists) :
(a) f(x)=x +3 vx R
(b) f(x)=1 -3x Vx R
(c) f(x)=x2 Vx K

(d) f(x)=x+1,x¢0 X €R
X

dl LET US SUM UP

° Set is a well defined collection of objects.

° To represent a set in Roster form all elements are to be written but in set builder form a
set is represented by the common property.

° If the elements of a set can be counted then it is called a finite set and if the elements
cannot be counted, it is infinite.

° If each element of set 4 is an element of set B also then A is called sub set of B.

° For two sets 4 and B, A — B is a set of those elements which are in A4 but not in 5.

° Complement of a set 4 is a set of those elements which are in the universal set but not in
A. ie. Ac=U - A

° Intersection of two sets is a set of those elements when belong to both the sets.

° Union of two sets is a set of those elements which belong to either of the two sets.

° Cartesian product of two sets 4 and B is the set of all ordered pairs of the elements of A
and B. It is denoted by A x B. i.c.

AxB={(ab):a€ A and be Bj.
° Relation is a sub set of AxB where 4 and B are sets.
ie. Rc AxB={(a,b):ae A and be B and aRb]|
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« Functionis a special type of relation. MODULE -IV
« Functionsf : A Bisarule of correspondence frétoB such that to every element £nctions
of A Ja unique element iB.
« Functions can be described as a set of ordered pairs. #
o Letf beafunction fromi toB.
Domain : Set of all first elements of ordered pairs belongirig to
Range :Set of all second elements of ordered pairs belonging to Notes
« Functions can be written in the form of equations such as y = f(x)
where x is independent variable, y is dependent variable.
Domain : Set of independent variable.
Range :Set of dependent variable.
Every equation does not represent a function.

« \Vertical line test : To check whether a graph is a function or not, we draw alline
parallel to y-axis. If this line cuts the graph in more than one point, we say thatjgraph
does not represent a function.

« Letfbe afunctionfrom aset A to a set B. Symbolically we can write it as
f:A - B

(i) If every element of B is not an image of some element of A then fis said to bg into
function. Inthis case, rangé co-domain.

(ii) If range = co-domain, then fis said to be onto function.

(iii) If distinct elements of set A have distinctimages in set B then fis called one-tp-one
function.

(iv) If many elements in the domain of a function have the same image element in the
range, then the function is called many-to-one function.

« Horizontal Line Test : To check the one-to-oneness of a function, draw a line parpllel,
to x-axis. Ifit cuts the graph at one point, we say that it is one-to-one function.

« Afunctionis said to be monotonic on an interval if it is either increasing or decreasjng on
thatinterval.

« Afunctionis called even function if f(x) =), and odd function if
f(=x) =—f(x), x—x 0 Ds
« Inverse of a function exists if it is one-to-one and onto.

g SUPPORTIVE WESITES

o http://lwww.wikipedia.org

« http://mathworld.walfram.com

@ TERMINAL EXERCISE

1. Which of the following statements are true or false :
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0 {1, 2,3={1,{2}, 3} @ {1,2,3}={3,1,2}

MODULE -IV
Functions (i) {a,e,0}={a, b, c} ) {@¢={}
Y 2. Write the setin Roster form represented by the shaded portion in the following.
- HhA={1,2,3,4,5} A 5
B={5,6,7,8-9} %%
Notes

Fig. 15.62

@ A=1{1,23 4,56}

A B
B={26,8, 10,12} @%

Fig. 15.63

3. Represent the follwoing using Venn diagram.
@) (A O B) provided A and B are not disjoint sets.
(i) (A n B)' provided A and B are disjoint sets.
(i) (A —B)' provided A and B are not disjoint sets.

4, LetU={1,2,3,4,5,6, 7,8,9,10}, A{2,4,6,8}, B={1,3,5, 7}

Verify that

) ADB)Y=AnB

@i (AnB)Y=A0B

i) (A -B)J (B-A)=(AOB)-(An B).
Uu={1,23,4,56,7,8,9, 10},

5. Let
A={1,3,579.B={2 4,68, 10},

C={1,2 3}
Find () An (B-C). (i)AD(BOC)

(i) A n@BOC)y (v(AnB)yoc
6. What does the shaded ponion represent in each of the following Venn diagrams:

U (i) v

0

Fig. 15.64 Fig. 15.65
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(i) U (iv) MODULE -IV
Functions

&7

Notes
Fig. 15.66 Fig. 15.67

7. Draw Venn diagram for the following:
A" n(BDOC) (i) A'n (C-B)

Where A, B, C are not disjoint sets and are subjects of the universal set U.

8. GivenA={a,b,c}, B={2,3}.
Find the number of relations from A to B.

9. GiventhatA={7,8,9},B={9,10,11}, C ={11, 12} verify that
HAxBNC)=(AxB)n (AxCQC)
A xBOC)=(AxB)I (A x C)
10. Which of the following equations represent functions?

In each of the caseX R

2x+3 4 3
@Y= 5 5 (0) y=x*0
3
@y:m,xm,w d y=vx-1,x=1
©y=.2, () x*+y*=25

11. Write domain and range of the following functions :
f,:{(0,1).(2,3).(4,5)(6, 7), ...... (100, 101)}
fy:{(-2,4), (-4, 16), (-6, 36)}

OO0 _p0lmiQ
fs: E(l,l),ai, gas ,% 4 ,—Hl ,%

fp:{.....(3,0),€61,2),(4-1)}
foi{. (=3,3),(-2,2),(-1,1) (0,0) (1, 1), (2, 2), ...... }

12. WiritedomainofthefollowingfiJnctions:

MATHEMATICS
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MODULE -IV
: (@) f(x)=x (b) f(x) =
Functions x?-1
1
v‘ c) f(x) =/3x+1 d) f(X) = ——=
' (©) f(x) =+ (@) f(x) x+D) (<7 6)
1
(e) f(x) = I D65
Notes (x-1) (5x-5)
13. Write range of each of the following fimctions :
1
(@ y=3x+2,x0R (b)yzﬁ,xDR—{Z}
x-1
©y= PEEER 0{0, 2, 3,5,7, 9}
2
d) y=—, x OR*(Allnon- fi [val
dy x X (All non-negative real values)
14. Draw the graph of each of the following fimctions :
1
@y=x+3,x0R (b) y=_—,xOR-{2}
X 00,2,3579) (@) y==,xOR*
©y=17p¥H0,23579) (@) y=p xOR"
15. Which of the following graphs represent a fimction ?
@) Ay (b) Ay
< > b ) X
% 0 X * (_/ ;
\Ly' VLYI
Fig. 15.68 Fig.l5.69
© (d)
Ay
P 0 5
x
v y' Vyl
Fig. 15.70 Fig. 15.71
| 48 | MATHEMATICS
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(€) ®
Ty Ay
6—/\._)
x 0 x5 0 x
e
vy J!y‘
Fig. 15.72 Fig. 15.73
) Ay (h) Ay
X o x € 5 =
vy vy
Fig. 15.74 Fig. 15.75

16. Which of the following functions are one-to-one or many-to-one function?

(@y=3x+5xdR
byy=1-2x,xOR
(© f:{(1,2), (2, 2).8,2), (4, 2)}

(d) f:{1,2,3} - {4,5,6,8}such that f(1) = 4, f(2) = 6, f(3) = 8.

17. Which of the following functions are rational functions ?

2x—-3 X
@19=""5 xOR={-2} () f(0= = xOR*
2
© 109=7 = XOR={-2} (@ y=xxOR

1 8. Which of the following functions are polynomial functions ?
@) f(x) =%+ 3x+2
(©) f(x)=3-x+28 - x4
©) 1) =x2-4,x0(-2,2)
19. Which of the following functions are even or odd functions ?
@ 0=Vo-d xT[-3,3] ) 100=2p

N
x2+1
(©) ) =1x]

(b) f(x)=(x +2§
(d) f(x) =X +x-5,x>0

MODULE -IV
Functions

&7

Notes

d) f(x)=x-x°
MATHEMATICS



Sets, Relations and Functions

\ (f
MODULE -IV (e oy Ay
Functions
& . o R . /—‘\ S
X X x' 0] X
Noteqg
vy vy
Fig. 15.76 Fig. 15.77
(©) Ay
<« e
X € > X
o
vy
Fig. 15.78
20. Write for each of the following functions fog, gof, fof, gogo
(a) f(x) = g (x)=4x-1
1
(b)f(x):F,x:tO g(X)=x¥-2x+3
(©) f¥) = yx-4,x=4 g(x)=x- 4
d) fx)=x2 - 1 g(x)=x+1
21. (a) Letf(x)=]x], g(x) % ,x 2 0, h(x) =»/3, Find fogoh
(b) f(x) =x2+ 3, g(x) = 2% + 1. Find fog (3) and gof(3).
22. Which of the following equations describe a function whose inverse exists :
(@) f(x) = x| (b) f(x) = Vx , x>0
3x-5
©) f(x)=x%-1,x>0 (d) f(x) ==
f(x)= el £1
€ f(0=""—7 X
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ANSWERS

CHECK YOUR PROGRESS 15.1

1. @0, @), (ii)aresets.
2. )0 (i)O
3. () A={-5-4,-3,-2,-1,0}

(i)B={-1,1}, (iC={ab,n}  (iv) D={2,3,5}.

4. (i) A={x:xisaeven natural number less than or equal to ten}.

(i) B={x:x ONand x is a multible of 3}.
(i) C={x:xisaprime number less than 10}.
(v) D={x:x ORand x is a solution of?x 2
5. (i) Infinite (if) Finite (iii) Finite
(iv) Infinite
6. (i) Null (ii) Singleton (i) Null
7. ))A=B () A=B (i)A=B.

CHECK YOUR PROGRESS 15.2
1. ()O (i) O (i) O
2. 4
3. (i) False (iTrue
4. (i) False (i) True (i) True
5. (){1,2 3,4} (i){6,7}.

6. Ae={x:xisaodd natural number}

Be ={x:x ONand x is not a multiple of 3}
ct={1,2,3,4}.
De ={11, 12, 13, ...... }

=0}

(iv) Null

(iv) O

(iv) False

MODULE -IV
Functions

Notes
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CHECK YOUR PROGRESS 15.3

1. (i) Disjoint (i) Not disjoint (iii) Not disjoint (iv) Disjoint
2. () {x:x ON} (iiy 4>
3. (){1,2,3,4,5,6,7,8,9, 10}i) {5}
4. Roster from {-10, -9, -8,0, 1, 2, 3, }
Set builder from {x : X0 Z and -1(< x< 00}

5. (i) {x:xisaeven natural number less than equal to 20}. (ii) 4>
6. (i)4> (in{1,23,45,6,7,8,9}

(i) {1,3,5,7,9,10}(iv){2,4,6,8,10}
7. () (i

U ) U
A
@ OO
Fig. 15.79 Fig. 15.80

(i) v

8. () (i v
EAR B

Fig.I5.82 Fig. 15.83

(i)

Fig. 15.84

MATHEMATICS
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9. (i)
v v
A-B =¢ B - A' = Shaded Portion
Fig. 15.85
(i)
""'—-——
T ./
A-B =A B-A =B
Fig. 15.86
(i)

§=

A - B =Shaded Portion BA = Shaded Portion

Fig. 15.87

2. {(2,1),(4,1),(24), (4, 9}.

3. )R={(4,2),(4,4),(6,2),(6,3),(8,2), (8,4), (10,2), (10,5) } .
(i) Domainof R={4,6,8,10} (i) Rangeof R ={2, 3, 4, 5}.

4. ()R={(1,8), (2, 4)} (ii) Domain of R={1, 2}.
(i) Range of R ={I, 2 }{ 8, 4}

5. (i) R={(2,4),(3,9),(5, 25), (7,49), (11, 121), (13, 169)}
Domain of R={2, 3,5, 7, 11, 13}, Range of R ={ 4, 9, 25, 49, 121, 169}.

6. (i) Domainof R=p (i) Domain of R=p (iii) Range of R =

MODULE -IV
Functions

Notes
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Sets, Relations and Functions

CHECK YOUR PROGRESS 15.5

L@ (© O 2@ 0 3(@)«d
4. (a) Domain =[\/§ \/?3\/3 , Range ={2, -1, 5}

(b) Domain = {-3, -2, -1 },Range %

(c) Domain={1, 0, 2-1}, Range ={1, 0, 2-- 1}

(d) Domain = {Deepak, Sandeep, Rajan}, Range = {16, 28, 24} .
5. (@) Domain ={1, 2, 3}, Range = {4, 5, 6}

(b) Domain={1, 2, 3}, Range = {4}

(c) Domain={1, 2,3}, Range ={1, 2, 3}

(d) Domain ={Gagan, Ram, Salil}, Range ={8, 9, 5}

(e) Domain ={a.b, ¢, d}, Range ={2, 4}

CHECK YOUR PROGRESS 15.6

(@) (i) Domain = Set of real numbers. (i) Domain = Set of real numbers.

(iif) Domain = Set of a real numbers.

(b) (i) Domain=R- % (i) Domain=R- E}—}ﬁ

IS

(iii) Domain=R-{3,5} (iv) Domain =R - {3, 5}
(c) (i) Domain={xUR: x< 6} (i) Domain={x OR: x> -7}

O 3]
in=X:xOR,2 -
(iiiy Domain H %

(d) (i) Domain={x:xORand X x<5}
(i) Domain ={x : xOR x> 3, x< -5}
(i) Domain={x: x DR x> -3, x< -7}

(iv) Domain ={x: xR x> 3, x< -7}

MATHEMATICS
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2. (a) () Range ={13, 25, 31, 7, 4}
(i) Range ={2, 4, 8, 14,22}
(b) (i) Range = {f(x) :-2<f(x) < 2}
(c) (i) Range ={f(x) : k f(x) < 25}
(i) Range = {f(x) : 1< f(x) < 5}
(d) ()Range=R (i Range =R
(iv) Range ={f(x) : f(x) < 0}
(v) Range ={f(x) =1< f(x) <0}
(vi) Range= {f(x): 0.5¢ f(x) <0}

(viii) Range: All values of f(x) except values at x-5.

CHECK YOUR PROGRESS 15.7

L (i) No. (ii) Yes 2. (a), (b)
3. @ 4. (a), (c), (e) 5. (a), (b)
6. (3 ny (b)

&

(i) Range ={19, 9, 33, 1}

(ii) Range = {f(x) : 1< f(x) < 10}
(i) Range = {f(x): ~6 < f(x) < 6}
(iv) Range = {f(x) : 0 f(x) < 5}
(i) Range =R

(vii) Range = {f(x) : f(x) > 0}

Ay

0] (0,0)

o\

X' O (0,0

y
Fig. 15.88

MY

© (d)

R

Fig. 15.89

vy'
Fig. 15.90

vy
Fig. 15.91

MODULE -IV
Functions

Notes
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MODULE -IV ®) | ) R
i Ay y
Functions
x (0, 1)
& < / 5
(0, 1) x' o X
Noted x.‘ o0, 0) x
vy vy
Fig. 15.92 Fig. 15.93

7. (c), (d) and (e).

CHECK YOUR PROGRESS 15.8
1. v Vi, vii are true statements.
@, (i), (iii), (iv) are incorrect statement.

2. (b) (c) are even functions.

(d) (e) (h) are odd functions.

y
3. da
-3
12
-11
—0
X ] ] 1 1 b1 X
2 10 1 2 3 4
44 —0
-2 4+—0
—?—3
—O0 4
yl
Fig. 15.94
4. (@) Polynomial function (b) Rational ftmction.
(c) Rational function. (d) Rational function.
(e) Rational function. (f) Rational function.

MATHEMATICS
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(9) Constant function

5. No
CHECK YOUR PROGRESS 15.9
. X ) 242
1. (i) fog = WJrZ (i) gof = ))((2+1
@iy fof =x*+4+6 (iv) gog =x

2. (a) fog=4%+20x +21
gof=2¥ - 3
fof =x4 - 8x2+ 12
gog = 4x + 15
(b) fog=09, gof =3, fof =% gog =3

6-7x 2
(c) fog= < ,gof—3x_7, fof =9x - 28, gog =x

1

1 = 1
6. (a)fog :‘Xs‘ (b) goh =x3 (c)foh =7

(d) hog :%( (e)fogoh()=1

CHECK YOUR PROGRESS 15.10
1. (i) Domainis B. Rangeis A.
1-x
2. @f'x)=x-3 (b) f1(x) = 3

1
(c) Inverse does not exist. (@x) = 1

TERMINAL EXERCISE

1. (i) False (ii) True (iiFalse

2. (){1,2 3 4,6,78, 9 (ii) {8, 10, 12}

(iv) False

MODULE -IV
Functions

Notes
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()
A B
(A UB)' = Shaded Portion
Fig. 15.95
(i
Z S <
— A (A N B)' =Shaded Portion
Fig. 15.96
(i
A ‘ .
g % (A — B)' =Shaded Portion
Fig. 15.97
5. () {468 10} (i) {1, 2,3, 4,56, 78,9, 10}
i) o (V) {1,2,3,4,5,6, 7,8,9,10}.

6. () (AnB)n (BnC)
(i) (A OBYDOCT
7. ()

(iN(AnB)nC
(ivyAu(Bn C).

A'n (B U C) = Shaded Portion

A' N (C - B) = Shaded Portion

Fig. 15.99

MATHEMATICS
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8. Die., 64 MODULE -IV

10. (@), (b), (c), (d), (e) are functions. Functions

11. f, - Domain ={0, 2, 4,6, ....., 100}. »
Range ={1, 3,5, 7, ..... 101}.
f, — Domain={-2, -4, -6, ....... }. Notes

Range = {4, 16, 36, ......... .

[ .

1
G

Wk

0,1

f4 - Domain =EI'11 >
Range ={I,-1}.

f, — Domain={3,- 1, 4}.
Range ={0, 2, -1}.

fz — Domain={....... ,3-2,-1,0,1,2,3, ... .
Range={0,1,2,3, ......... }.
12. (a) Domain=R. (b) Domain=R{ -1, 1}.

1
(c) Domam =x 2 "3 X R

5
(d) Domain=x» -1, x< -6. () Domam = = > x<1

13. (a) Range=R (b) Range = All values of y exceptat x = 2.

1234
’2’3’4’%

(d) Range =Allvalues ofyforx>0

Wl

1
(c) Range :EI'L

15. (a), (c), (e), (1), (h). Use hint given in check your progress 15.7, Q. NO.7 fgr the
solution.

16. One-to-one functions: (a), (d) Many-to-one functions: (b), (c)
17. (a), (c) 18. (a), (b), (c)
19. Evenfunctions: (a), (b), (c), (1), (9)

Odd functions : (d), (e)

MATHEMATICS
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20. (a)fog = (4x-1)3 gof=4» - 1, fof =)@, gog = 16x- 5

1 3xt-2x2+1
(b) fog = (x2—2x+ 3] gof R S
fog =}, gog=x — 4x3+ 4%
(c) fog=/x -8 gof = Jx—4-4

fof =vx-4-4, gog=x-8
(d) fog =¥+ 22, gof =x-2x2+ 2,

fof =x* — 22, gog=x+2x¢+2

=

21. (a) (b) (fog) (3) = 364, (gof)(3) = 289

Wl

X

22. (c), (d), (e)

MATHEMATICS
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m Real Variable Function]

1. Afunctionf: A - Bis called a real variable functionX OR.

2. Afunctionf: A = Bis called real valued function B I R.
3. Afunction f: A = Biscalled real function A O R, BOR.

Example & (a> 0), sinx, logx these are all real functions.

15.11.1 n'" root of a non-negative real number

Let xbe a non-negative real number arixe a positive integer then there exists a unique non-

negative real numbgrsuch thatn such thaty” = x. This numbey is called the" root ofx and is

1
denoted ax™ (or) ¥x

Example 1: The domain of the real valued functigiix) =+/a? - x? (@>0) is[-a, a] .

[since va’-x* OR (a>0)

o at-x* 20 X< @
= |[x]<a= —-as x< @

15.11.2 Algebra of real valued functions

If f andg are real valued functions with domains A and B respectively, thentatidg are

definedon A nB whenAnB =¢.
) (f+g) (X) =f(x) + g(x) defined onA n B

i (fg) (x) =f(x) g(x) defined onAnB

60/1



Lo Ofd oo f(X) _
i) EE%(X)_@ Ox0OE, E= {xOAn B/ 3% 0}

v) Letf: A - RandnON, we define | andf"
onAby|f [(x)=1f &) f" &)= &)y DK A

v) IfE={x0A/ (3= 0}# @ , thenwe defing/f onE by [f (x) =/f(x). forallx OE.

Find the domains of the following real valued functions.

1
Example2: f(x)= — ~
) 6X—X° -5

1 1
6x—x -5 (x-1)(5-X)

o (Xx-1)x-5)% 0

Solutiort f(x) =

- X# 1,5

0 Domain off isR-{1, 5}.
Example 3: f(x):\/Wx—s’)
Solution: /(x+2)(x-3)0R

= (X+2)x-3)>0
= X <=2 orx>3
= xXOfw ~ 2]0 B )

= R- (-2, 3).
1

Example4: f(X)=+ NG I
VX2 =3x+2

Sol: f(x) = /x? —1+¥ OR
VX2 =3x+2

e X¥=-1>0,x2-3+2>0
60/2



o (x+1)&-1)>0and x-1)x-2)>0
o x0 (o, -1) 0 [1, @]and x 0 (-0, 1) 0 (2, )
- xOR=(-1,1) n R-(1,2)
- xUR -{(-1,1)0(1, 2)}, = x+R-[-1,2]= €w,-1)] O (2, )
Domain of f is = (~e0, 1) [ (2, ©) =R~ (-1, 2).
Exmaple 5() : f={(4, 5) (5, 6), (6-4)} and g = {(4, -4), (6, 5, (8, 5)} find (i) ( f - 9)
Sol: f-g={(4, 5 +4), (6-4-5)}
={(4,9), (6:9)}.
Example 5(ii) : Find & + 4g
Sol: Domain of 2 = {4, 5, 6} Domain of 4 = {4, 6, 8}
But  2f ={(4,10) (5, 12) (6:8)}
49 = {(4, -16) (6, 20) (8, 20)}
Domain of 2 +4g = {4, 6}
2f + 49 = {(4, 10~ 16), (6,-8 + 20)}
={(4,-6), (6,12)}.
Example 5(iii) : Find fg
Sol: Domain offgy AnB = {4, 6}
fg ={(4, (5) 4)). (6, C4)(-5)}
={(4, -20), (6, 20)}.

f
Example 5(iv) : Find 5

f
Sol: Domain of E = {4, 6}

60/3



f_ 0, -500, -

[
o5 Hande s
Example 5(v) : Find f2
Sol: Domain of f2= A= {4, 5, 6}
f2={(4, 25), (5, 36), (6, 16)}
Find the Domains and ranges of the following real valued functions.

2+X
2—-X

Example6: f(X)=
Sol: f(x):;H(DR@ 2 % 0o % 2
-X

= xOR- {2}

Domain of f is R—{2}

Let fx)=y

2+X 2(y-1)
O = =

2-X =X y+1

xis not defined fory+1=01i.e., whery=-1
O range off = R—-{ -1}
Example 7: f (x)=/9-x2
Sol: 9-x>*0JR= 9 x2 0
= (3+x)(3-x) =20
= xOf 3, 3]

0 Domain off = [-3, 3]

60/4



y=f( 0O % 9 v&I R
- 9-y?20 « (B+Yy)3-y)20

[O- 3<y<3butf(x) attains only non negative values.

O range off =[O0, 3].

m Types of Functions]

15.12.1 Implicit function : yis said to be an implicit function gff it is given in the form of

fix.y)=0
Ex x> +xy+y?-2=0
15.12.2 Polynomial function : If nis a non negative integes,, a,, ...,a, are real number (at least

onega; # 0) then the functiofdefined on R byf (x) =a0+a1x+a2x2+ ~.+a x'forall xOR

is called a polynomial function.

15.12.3 (i) Rational function :

If @X), Y(x) are polynomial functions angi(x) # 0 forall XxLIR thenthe function% is
X
called a rational function.

The domain of this functiom R-{x/ (x) = 0}

5x° -6
Ex. f(X)=——
) X2 +4x+3

15.12.3 (ii) Even and odd functions
Let A be a non empty subset of R such that 1A forall xOA andtf:A - R
(i) If f(—x) =f(x) for every x in Athef is called an even function.

(i) If f(-x)=—f(x) for everyxin A thenf is called an odd function.

60/5



Example
@) f(X) = x2+ 5sirtx, g(X) = cosx are even functions
(i) f(x) = sinx, g(X) =x3 + 5x are odd functions.
15.12.4 Algebraic functions

Binary operations like addition, subtraction, multiplication, division and extraction of square root
etc. are called algebric operations. A function obtained by applying a finite number of algebraic opera-

tions on polynomial function is called an algebraic function.

Ex f(X) =yJ2x% +3/x isan algebraic function.

15.12.5 Exponential function
The function ax wherl #a > 0 andx is rational, is called exponential function.
The domain of this functuoaX) is R i.e., (-0, ©).
Therange is R= (0,)
Ex: If f:R - R" canbe defined af(x) = 2 is anexponential function.
Logarithmic function

15.12.6 If a#1, a>0givenx> 0 then the functiof(x) = log,x is called lagarithmic function. The

domain of f is (0,c)and its rangle is R i.g—o, 00).
Ex: If f:R" - R thenthe functiorf(x) = log,xis called lagarithmic function.

15.12.7 Greatest integer function

The functionf :R - R defined byf(x) = [x] 0 xOR, for any real numbex, we denote by

[X] the greatest integer less than or equslitcalled the greatest integer function.

The domain of this function is R and the range is the skl integers.
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0<x<1,0Ox valuesf(x) =0
1<x<2, Ox valuesf(x)=1
-1<x<0,0x values f(x) =-1

-2<x<1,[Ox values f(x) =-2

Example 8: If f(x)=x2 g(x) = x| then find the fillowing functions :

1) f+g 2) f-g 3) fg 4) £2

2+x  x20
Example 8.1: Sot f(x) =x% g(X) = | = %(2 X ,

=% x<0

domainf = domaing = R

Hence the domain of all functions (i) through iv is R.

2
, x=0
(1490 = )+ oy =R+ A =1, <=0
X -x%x x<O0
2_
Example 8.2: Sot (f —g)(X) = f(X) - g(R =X -] x]:%XZ X Xx=20
X +X%x  x<0
Bx%, x20
Example 8.3: Sot (f9)(¥)= (X o = 4 N:%—x{ o

Example 8.4 Sot f2(x)=(f(x))?=(x?)? = x*

Example 9: Determine whether the following function is even or odd.
Sot f(x) = log (x++ % +1)

O H xF log{ ¥ V& 1)
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~4) = log Etx+\/x2+1)( x+\/><2+1)D
el f

Ox? +1-x? 0

Emﬁ Iog(x+ X +1)

f(-x) = —Iog(x+ 'S +1) = -f(X)
0 f is an odd function

Example 10: Find the domain of the following real valued functibfx) =+ x+2 +m
10\

Sot: f(X)=vx+2+

10(1 X)DR
e X+220,1-x>0,1-x%# 1
e X2-2,1>x, x£ 0

< XUt 2p )0 {0, 1) {0}

< Domainoff is [-2,1)-{0}.

[Check your progress - 1]

2x° —=5x+7

1. Find the domain of real valued functioh(x) = )
(X=D)(x=2)(x=3)

2. Find the domain of (x) = v/4x— .

3. Find the domain off (x) = v/ x* - 25.

4. Find the range of the following functions.

SinTI[X] i x* =4

i) Y =7

60/8



5. If f(x)=2x-1, g(X) =x? then find the following.

0
) ETS(X) i) (f+g+2)K

6. If f ={(1,2)(2-3), (3,-1)} then find

i) 2f ii) f2 i) f

1. R-{1,2,3}

2. [0, 4]

3. R-(-5,5)

4. i){0} i) R - {4}
5, i)JZXT_1 i) (x + 17

6. I) {(1!4)! (2!_6)! (31_2)}
i {(1,4)(2,9), 3, 1)}
i) {142}

[Let us sumud

1. Afunction f : A = B isarealvalued functionA O R, B OR.

2. If y"=xthenyisnroot of x. This can be written a$% or ¥x

3. If f, gare real functions with domain, B two sets then both gare defined oA n B.
4. (f+g)x = f(x + g(® domain -AnB

(fg)x = f(X¥ o R domain= AnB

ot
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0f0 _ f(¥)

X - Domain= {xx DA nB, g(x) # 0}
a(¥

o
a1
[

7. Let Abeanonempty subset of R suchthallA OxOAand f :A - R.
() If f(-x)=f(x) OxOAthenf is called even.
(i) If f(-x)=-f(x) Ox OAthenf is called odd.

8. If f(a)=a*(a>0)thenf(x) is Exponential function.

9. If f(x)=logx(a 1, x>0) thenf(x) is logarithmic function.

e http:/Aww.wikipedia.org

e http://mathworld.wolfram.com
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MODULE - IV
Functions

’T6 Notes

TRIGONOMETRIC FUNCTIONS -1

We have read about trigonometric ratios in our earlier classes. Recall that we defined the

ratios of the sides of a right triangle as follows : A
. c a c
sin®=—,cos0=—,tan 6 = —
b a
C J
b b a
and cosec 6 = —, sec 6 =—, cot 6 = —
c a c
. . n
We also developed relationships between these B . c
trigonometric ratios as Fig.16.1

2(,

sin20+ cos® 0 =1> sec20=1 +tan cosecZ0=1 +cot? ¢

We shall try to describe this knowledge gained so far in terms of functions, and try to
develop this lesson using functional approach.

In this lesson, we shall develop the science of trigonometry using functional approach.
We shall develop the concept of trigonometric functions using a unit circle. We shall
discuss the radian measure of an angle and also define trigonometric functions of the type

y=SsinxX,y=cosX,y=tan X,y =cotX,y=sec X,y =Cosec X,y =asinXx,y=b cosX,
etc., where x, y are real numbers.

We shall draw the graphs of functions of the type

y =sin X,y =cos X, y = tan X, y = cotx, y = secx, and y = cosecx y = a sin x,
y = a cos X.

r
D oBIECTIVES

After studying this lesson, you will be able to :

e define positive and negative angles;

o define degree and radian as a measure of an angle;

e  convert measure of an angle from degrees to radians and vice-versa;

MATHEMATICS
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Functions

~
\

Notes

e  state the formula / = r 6 where r and @ have their usual meanings;

° solve problems using the relation / =r 0;

° define trigonometric functions of a real number;
e  draw the graphs of trigonometric functions; and
e interpret the graphs of trigonometric functions.

EXPECTED BACKGROUND KNOWLEDGE

o Definition of an angle.

° Concepts of a straight angle, right angle and complete angle.

o Circle and its allied concepts.

. Special products : (a+b)*= a® +b2 +2ab, (a+b)’=a’ +b +3ab(atb)

° Knowledge of Pythagoras Theorem and Py thagorean numbers.

16.1 CIRCULAR MEASURE OF ANGLE

An angle is a union of two rays with the common end point. An angle is formed by the rotation
of a ray as well. Negative and positive angles are formed according as the rotation is clock-
wise or anticlock-wise.

16.1.1 A Unit Circle

It can be seen easily that when a line segment makes one complete rotation, its end point
describes a circle. In case the length of the rotating line be one unit then the circle described will
be a circle of unit radius. Such a circle is termed as unit circle.

16.1.2 A Radian

A radian is another unit of measurement of an angle other than degree.

A radian is the measure of an angle subtended at the centre of a circle by an arc equal in length
to the radius (r) of the circle. In a unit circle one radian will be the angle subtended at the centre
of the circle by an arc of unit length.

A

~—]

Fig. 16.2
Note : A radian is a constant angle; implying that the measure of the angle subtended by
an are of a circle, with length equal to the radius is always the same irrespective of the
radius of the circle.

MATHEMATICS
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16.1.3 Relation between Degree and Radian
An arc of unit length subtends an angle of 1 radian. The circumference 27 (" r = 1) subtend

an angle of 2 radians.

Hence 27 radians = 360°

7 radians = 180°

T )
5 radians = 90°

= radians = 45°
4 radians

. 360 (180
lradian=| — | = —
21 T

o= 2 o dians =% radi
or 360 adians =1 radians
Example 16.1 [@Ui{Si
(1) 90° into radians (i) 15° into radians
T . L .
(m)g radians into degrees. (@iv) m radians into degrees.

Solution :

2n
(i) 1° = —— radians

360
o _ 27'[ H o — E 1
= 90°= 2= « 9( radiansor 90° = — radians
360 2
. o 2T . o I .
(i) 15°= = x 15 radians or  15°= — radians
360 12
360
i 1 radian = | 222
(1) 1 radian (2%)
T 360 )
— radians = | —X—
6 2n 6

g radians = 30°

o

D (360
(1V)10 radians = 10

L dians = 18°
T Madians =

MODULE - IV
Functions

Notes
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Q CHECK YOUR PROGRESS 16.1

L. Convert the following angles (in degrees) into radians :
(1) 60° (1) 15° (i) 75° (iv) 105° (v) 270°
2. Convert the following angles into degrees:
LT S T . I8 2n
O @ 5 @ -5 W o O =
3. The angles of a triangle are 45°, 65° and 70°. Express these angles in radians

T T 21
4. The three angles of a quadrilateral are 3 3 Find the fourth angle in radians.

n
5. Find the angle complementary to r

16.1.4 Relation Between Length of an Arc and Radius of the Circle

An angle of 1 radian is subtended by an arc whose length is equal to the radius of the circle. An
angle of 2 radians will be substened if arc is double the radius.

An angle of 2Y: radians willbe subtended if arc is 2% times the radius.
All this can be read from the following table :

Length of the arc (/) Angle subtended at the
centre of the circle 0 (in radians)

r 1
2r 2
2%)r 2
4r 4

/
Therefore, =— or /=10
r

where r = radius of the circle,
0 = angle substended at the centre in radians

and ¢ = length of the arc.

The angle subtended by an arc of a circle at the centre of the circle is given by the ratio of the
length of the arc and the radius of the circle.

Note : In arriving at the above relation, we have used the radian measure of the angle

and not the degree measure. Thus the relation § = L s valid only when the angle is

r
measured in radians.

MATHEMATICS



Ihelnl ) (BOWA Find the angle in radians subtended by an arc of length 10 cm at the centre of
a circle of radius 35 cm.

Solution : ¢=10cmand r = 35cm.
10
9 = £ radians or 0=— radians
r 35
0 = — radi
or - Tadians
IB V) CRIRE If D and C represent the number of degrees and radians in an angle prove that
D _C
180 =

o o

) 360 180
Solution : 1 radian=| — | or| —

21 T
180
C radians = (C X Tj

o

Since D is the degree measure of the same angle, therefore,

D=C 180
i

o D _C
which implies %0 =
A railroad curve is to be laid out on a circle. What should be the radius of a
circular track if the railroad is to turn through an angle of 45° in a distance of 500m?

Solution : Angle ¢ is given in degrees. To apply the formula /=10,0 must be changed to

radians.
n
6=452 45X@ radians (1)
L
, radians
/=500m 2

) !
=1 O givesr=—
/ gl 0

; :% m  [using (1) and 2)]

4

= 500><i m
T

MODULE - IV
Functions

Notes
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1
=2000 x0.32 m (E = 0-32)

=640 m
Dl IR A train is travelling at the rate of 60 km per hour on a circular track. Through

5
what angle will it turn in 15 seconds if the radius of the track is s km.

Solution : The speed of the train is 60 km per hour. In 15 seconds, it will cover

60 x 15
60 x 60
- Lim
4
1 5
We have, ¢p= —km and r = —km
4 6
1
0= ‘ =4 radians
ro3
6
=— radians
10
Q CHECK YOUR PROGRESS 16.2
1. Express the following angles in radians :
(a) 30° (b) 60° (c) 150°
2. Express the following angles in degrees :
n o L
(@) 3 ®) © 3

3. Find the angle in radians and in degrees subtended by an arc of length 2.5 cm at the
centre of a circle of radius 15 cm.

4. Atrain is travelling at the rate of 20 km per hour on a circular track. Through what angle

1
will it turn in 3 seconds if the radius of the track is E of a km?.

5. A railroad curve is to be laid out on a circle. What should be the radius of the circular
track if the railroad is to turn through an angle of 60° in a distance of 100 m?

6.  Complete the following table for /, r,§ having their usual meanings.

MATHEMATICS



; . p MODULE - IV
(& 125m | L 135° Functions
yis
) 30cm | L 1
(¢) 05cm 25m | L Notes
d 6 m 120°
s
......... 1 —
(e) 50 cm T
@  150cm 4O0m |
i
........ 12 -
© m p
(h)y 1.5m 0.7m | ...
@ 25m | L 75°

16.2 TRIGONOMETRIC FUNCTIONS

While considering, a unit circle you must have noticed that for every real number between ) and
2, there exists a ordered pair of numbers x and y. This ordered pair (x, y) represents the
coordinates of the point P.

T |

P v

(@) (iii)

Pix, v \
e
x 0 - } x X'
\_/

(i) (iv)
Fig. 16.3

MATHEMATICS

s

P x,y)




Trigonometric Functions-I

MODULE - IV
Functions

\\;

Notes

If we consider =0 on the unit circle, we will have a point whose coordinates are (1,0).
If 0 = %, then the corresponding point on the unit circle will have its coordinates (0,1).

In the above figures you can easily observe that no matter what the position of the point,
corresponding to every real number 6 we have a unique set of coordinates (x, y). The values of
x and y will be negative or positive depending on the quadrant in which we are considering the
point.

Considering a point P (on the unit circle) and the corresponding coordinates (x, y), we define
trigonometric functions as :

sin@=y, cos 0=x
y X

tan == (forx 20), cot 6=— (fory #0)
X y

1
sec 0= 1 (for x #0), cosec O6=— (fory #0)
X y
Now let the point P move from its original position in anti-clockwise direction. For various
positions of this point in the four quadrants, various real numbers @ will be generated. We

summarise, the above discussion as follows. For values of @ in the :

I quadrant, both x and y are positve.
I quadrant, x will be negative and y will be positive.
I quadrant, x as well as y will be negative.

v quadrant, x will be positive and y will be negative.

or I quadrant II quadrant I1I quadrant IV quadrant
All positive sin positive tan positive cos positive
cosec positive  cot positive sec positive

Where what is positive can be rememebred by :

Al sn tan B
Quardrant I II il v
If (x, y) are the coordinates of a point P on a Ny

unit circle and @, the real number generated
by the position of the point, then sing =y and

cos@ = x. This means the coordinates of the P (cosll sinQ)

point P can also be written as (cos@, sin )

From Fig. 16.5, you can easily see that the x (1.0} RN RUL

values of x will be between—1 and + 1 as P
moves on the unit circle. Same will be true for
y also. . 1

Thus, for all P on the unit circle Fig. 164

| 65 | MATHEMATICS
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-1<x<1 and -1 <y <1

Thereby, we conclude that for all real numbers 6
-1<cos6<1 and -1<sinB=1

In other words, sin@ and cos @ can not be numerically greater than 1

D el I BEX What will be sign of the following ?

L R S
(1) sin T (ii) cos 9 (i) 9

Solution :
N T . I o
(i) Since 8 lies in the first quadrant, the sign of smg will be posilive.
e Amo : 4n .
(i) Since K} lies in the first quadrant, the sign of cos? will be positive.

5w 5w
(iii) Since ry lies in the second quadrant, the sign of tan? will be negative.

o T
IB NI CROWA Write the values of (i) sin 5 (i) cos 0 (iii) tanE

Solution : (i) From Fig.16.5, we can see that the coordinates of the point 4 are (0,1)

. T .
", smazl,as sinf = y

¥
Al 1)
X,y
<! a x
B (1. 0}
v
Fig.16.5

(i1) Coordinates of the point B are (1, 0)
cos 0=1,as cos 0 =x
sin —
i = — which is not defined
cos—

(iit) tanE =

T
Thus tanE is not defined.

MODULE - IV
Functions
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MODULE - IV | I el BGRE Write the minimum and maximum values of cos@ .
Functions Solution : We know that —1<cos8< 1

~

1.

‘What will be the sign of the following ?

1 cos 2_1t (i tan 5_7t
0 3 i) -
i sec ﬂ tan @
(iv) T v) T
. 81 n
(vii) cosec — (viii) ~ cot —
3 8
Write the value of each of the following :
. n .. .
) cos > (i) sin0
) 3n
(iv) tan a1 (V) sec 0
, 3n
(vip  tan > (vii) cos2m

16.2.1 Relation Between Trigonometric Functions

By definition ~ x =cos 6

-, The maximum value of cos@ is 1 and the minimum value of cos@ is —1.

\ Notes Q CHECK YOUR PROGRESS 16.3

i)  sec 2n

= 3
i cot 3—11:

(@ cot

.1
i) o5

(vi) tan kil
2

y=sin 0
MY
(cos(, sin})
As tan6=l,(X¢0) P
X x.v) \
. v
_ sin 0 o y ™
cos 0’ 2 X \y X
and cot =2 (y#0)
y
. cotB—Cose— 1 "
ie. ERr— (0 #nm) Fig. 16.6
n
Similarly, sec 6= (6 # —ﬁll
cos 6 2
MATHEMATICS



and cosec 0 =—

0
sin O ( ? nn)

Using Pythagoras theorem we have, x2 + y2 =1
ie., (cos 6)2 + (sin 6)2 =
or, cos® 0 +sin® 0=1
2 o . 2 . 2 -2
Note : (cos 0)° is written as cos” 6 and (sin 6)” as sin” 0

Again x2+y2 =1

2 2
or 1+(ﬂ| |(—\§1— , for x #0 or, 1+ (tan 6)2 =(sec ()2

x) 1x)
ie. sec?0=1 +tan? ¢

Similarly, cosec? 0=1 +cot? ¢

et I RUXD Prove that sin® 0+ cos* 0=1 2sin’® fos® ¢
Solution : L.H.S.=sin* 0+cos* |
=sin® 0+ cos? 0 +2sin? O cos? O 2sin%0 cosZ 0

2
= (sin2 0+ cos? 6) — 2sin% 0 cos2 0

=1-2sin% O cos® 0 ( -+ sin% 0 + cos> 6=1)
=R.H.S.

1-5sin® 0 —tan ©
=sec 0 -tan
Example 16.10 Rty Pumpes

) _ |1—sin6
Solution : LHS. = 1 +sin 0
( 1-sin 6)(1—sin6)
(1+s1n6 1 —sin 6)

_ |(1-sin6)’
1 —sin” 0

MODULE - IV
Functions

Notes
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MODULE - IV >
: 1-sinB)
Functions _ |(=sin6)"
cosZ 0
Y,
\) _1-sin0
\ cos 0
Notes 1 sin ©
cos® cosO
=sec O—tan O =R.H.S.

. 21 | ..
| Example 16.11 QigSUES 59 Prove that sec 0+ tan 9=25, given that @ lies in the first

quadrant.

Soluti sinE)—g
olution : 9

Also, sin? 0+ cos? 0=1

20, °

2 -2
cos“0=1-sin” 6=1 — =
= 29

441 400
841 841

20
— cosO= 59 (cos© is positive as @ lies in the first quardrant)

" tanez2
20
29 21 29+21
- secO+tan O=— +— =
20 20 20
=§ =2l RHS.
2 2

Q CHECK YOUR PROGRESS 16.4

1. Prove that sin @ —cos* @ =sin 2 0 —cos?

1
2. IftanB= > find the other five trigonometric functions.

b
3. If cosec O=— find the other five trigonometric functions, if @ lies in the first quardrant.
a

1+ cos 6
4. Prove that \[7——— =cosec O +cot |
1—cos6

MATHEMATICS




5
5. If cot 0+ cosec 0=1.5, show that cos6 = 5

6. If tan 6 + sec 6 =m, find the value of cos 6
7. Provethat (tan A+2)(2tanA +l) StanA 2sec” A

8.  Prove that sin® 9 +cos® 0= 3sin® Ocos’ ¢

0 in 6 )
9. Prove that cos + S =cos 0 4sin
I-tan® 1-cot©
10. Prove that tan 0 + sin© =cot O4cosec Osec O

I+cos ® 1 —os O

16.3 TRIGONOMETRIC FUNCTIONS OF SOME
SPECIFIC REAL NUMBERS

T T T T
The values of the trigonometric functions of 0, g, Z, E and 5 are summarised below in the
form of a table :
Real T T T T
Numbers 0 g Z g E
Function
|’
| A I T IS T IV
o 2 V2o
N I N T IR
€0 2 N
0 - 1 defined
tan \/5 ﬁ Not define

As an aid to memory, we may think of the following pattern for above mentioned values of sin
function :

On simplification, we get the values as given in the table. The values for cosines occur in the
reverse order.

156 IEBERPA Find the value of the following :
2 2T

() sinzsinE - cosE cosE (b) 4tan’ T_ cosec” ——cos” —
4 3 4 3 4 3

MODULE - IV
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Solution :
(a) sin T sinE - cosE cosE
4 3 4
AHE
)
22

b 4tan? T_ cosec? I_ cos? I
®) 4 6

2 2 32
407 <) {2|)

n T
Example 16.13 QIS 3 and B e verify that

cos (A+B) <osAcosB sinAsinB

Solution : L.H.S. = cos (A +B)

T T T
= cos(g +£U— cosE:O

T T .M. T
R.H.S. = Cc0s—Cc0oS— —SIn — sin—
3 6 3 6

1

2 2
LHS.=0=RH.S.

cos (A+B)=cos A cos B —sinAsinB

MATHEMATICS



Q CHECK YOUR PROGRESS 16.5

1. Find the value of

.o T T T .9 T T T T
(i) s1n2—+tan2— +tan2— (jj) sm2—+cosecz— +secz— —eosz—
6 4 3 3 6 4

2 2 T

2 —tan® —

2n T . 2T . W 2T T
iii i = _gin == = (v 4 4 Z 4
( ) COS 3 COS 3 S S ( ) cot cosec S€C

V) sinE+sinjﬁ coslE —CosS 4—1
6 40773 4) 4
2. Show that

L A Xg LI
(1+tan6tan3|)|{->\tan6 —tan )zsec 6sec 3

T T
3. Taking A=§,B =g,verifythat

tan A+tanB

(i) tan(A+B) =
]—tan A tan B

(i) cos(A+B) =cosAcosB sinAsinB

T
4. If 9=Z,Verify the following :
(i) sin20=2sin Ocos O ()  cos20=cos> O-sin® 0
=2cos? 0-1

=1 -2sin® 6
n
5. IfA = verify that

2tanA

() cos2A =2cos’ A 4 ()  tan2A =
1-tan® A

(i) sin2A=2sinAcosA

16.4 GRAPHS OF TRIGONOMETRIC FUNCTIONS

Given any function, a pictorial or a graphical representation makes a lasting impression on the
minds of learners and viewers. The importance of the graph of functions stems from the fact that
this is a convenient way of presenting many properties of the functions. By observing the graph
we can examine several characteristic properties of the functions such as (i) periodicity, (ii)
intervals in which the function is increasing or decreasing (iii) symmetry about axes, (iv) maximum
and minimum points of the graph in the given interval. It also helps to compute the areas enclosed
by the curves of the graph.
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16.4.1 Variations of sin® as 6 Varies Continuously From 0 to 2.

Let X'OX and Y'OY be the axes of
coordinates. With centre O and radius
OP = unity, draw a circle. Let OP
starting from OX and moving in
anticlockwise direction make an angle
0 with the x-axis, i.e. £ XOP = 0. Draw

PM L X'OX, thensin® = MP as OP=1.

The variations of sin 0 are the same as those of
MP.

I Quadrant :

s
As 0 increases continuously from 0 to 5

PM is positive and increases from 0 to 1.

sin O is positive.

b
IT Quadrant {E,W}

In this interval, 0 lies in the second quadrant.

Therefore, point P is in the second quadrant. Here PM
=y is positive, but decreases from 1 to 0 as 0 varies

n s ..
from 5 to 7. Thus sin O is positive.

2

In this interval, 0 lies in the third quandrant. Therefore,
point P can move in the third quadrant only. Hence
PM =y is negative and decreases from 0 to —1 as 6

3n
I Quadrant | T —

A}

\g
X

4
\

YI
Fig. 16.7

xl

z
< <
\i/ﬁ
P

Fig. 16.8
Y

o

0
-y

Nl

PV
Fig. 16.9

N

3n
varies from 7 to — . In this intervalsin@® decreases from O to —1. In this interval sin 0 is

negative.

3n
IV Quadrant EX 2n

In this interval, 6 lies in the fourth quadrant. Therefore,

point P can move in the fourth quadrant only. Here again

PM = y is negative but increases from -1 to 0 as
3n
0 varies from; to 27, Thus sin @ is negative in this

interval.

Y

OJJ
=

.
N

Y 3

Fig. 16.10
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16.4.2 Graph of sin 0 as 0 varies from 0 to 27.

Let X'OX and Y'OY be the two coordinate axes of reference. The values of O are to be measured
along x-axis and the values of sine 6 are to be measured along y-axis.

(Approximate value of /2 =141, L =707, ﬁ 87)
NG 2
ol | E| |2 | In| An |3n) Sn | lin
0 6 |31 213 |6 |™l 632136 |
sin6| 0] 5|87 1|8 | 5|0 -5-87|-1-87|-5] 0

~
T
|
I
I
I
|
|
|
N e
1
1
1
1
@
=

Fig. 16.11

Some Observations

(1) Maximum value of sin @ is 1.
(i) Minimum value of sin @ is —1.
(iii) It is continuous everywhere.

: . . T 3n : . n 3m
(iv) It is increasing from 0 to Eand from > to 2. It is decreasing fromE to >

With the help of the graph drawn in Fig. 16.12 we can always draw another graph.
y=sin ¢ in the interval of [27, 4mt] ( see Fig. 16.11)

What do you observe ?

The graph of y =sin ¢ in the interval [ 27, 47]is the same as that in 0 to27. Therefore, this
graph can be drawn by using the property sin (21 + 6 =sin ¢ Thus, sin @ repeats itself when

0 is increased by 2. This is known as the periodicity of sin 6.

Y

7

8

INE

Fig. 16.12
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MODULE - [V | We shall discuss in details the periodicity later in this lesson.

Functions [E2&LIERURE! Draw the graph of y =sin 26.

Solution :
X
. I 3 A T T O 4 B
\ 0 6| 4 2 3 46 | T
Notes
e Lol Bl 2 | = 4n | 3n | Sm
3| 2 3 T 3 | 3|
sin20{0 | 87| 1 | 87 o | -87] -1]-87| o
y
I ________ ——
R >
8 4
.1 ————————
yl

Fig. 16.13
The graph is similar to that of y=sin 0

Some Observations

1. The other graphs of sin @, likeasin 9,3 sin 20 can be drawn applying the same
method.

2. Graphof'sin e,inotherintervalsnamely[4 m,6 n] , [—2 T, 0] , [—4 m,2 n] ,
can also be drawn easily. This can be done with the help of properties of allied
angles: sin (0+ 2 ) =sin @sin (6 — 27)=sin O ie.,0repeats itself when

increased or decreased by 27t.

Q CHECK YOUR PROGRESS 16.6

1. What are the maximum and minimum values of sin 0 in [0, 27]?

2. Explain the symmetry in the graph of sin® in [0, 27]

3. Sketch the graph of y =2 sin 9, in the interval [0, n]
MATHEMATICS
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4. For what values of § in [n, 27t] ,sin @ becomes

3

-1
Wy &

MODULE - IV
Functions

5. Sketch the graph of y = sin x in the interval of [-7, 7]

Notes
16.4.3 Graph of cos0 as 0 Varies From 0 to 27t

As in the case of sin@ , we shall also discuss the changes in the values of cos © when0 assumes

values in the intervals O)E , T o n 3 | and [3—75,271}
2 2 ’ H ’ 2 2

I Quadrant : In the interval [0’ T }, point P lies in
2

the first quadrant, therefore, OM = x is positive but

G
n ]
decreases from 1 to 0 as® increases from 0 tog. X 5 W X
Thus in this interval cos© decreases from 1 to 0.
. cos O is positive in this quadrant.

II Quadrant : In the interval {g , n} , point P lies in Fig.16.14

the second quadrant and therefore point M lies on the P{x. ¥)
negative side of x-axis. So in this case OM = x is

negative and decreases from (0to - 1as@ increases

fromg toqr. Hence in this inverval cos@ decreases X M O X
from 0 to — 1. \
cos 0 is negative. \
. . [ 3_”} o Fig. 16.15
III Quadrant : In the interval | 7, L point P lies

in the third quadrant and therefore, OM = X remains
negative as it is on the negative side of x-axis. Therefore

Y
OM = x is negative but increases from—1to 0 as 0 " /\\
OJ

. 3n o
increases from 1 to ? Hence in this interval cos 6

increases from -1 to 0.

cos @ is negative. POy
Fig. 16.16

IV Quadrant : In the interval [3_75 , 275} , point P lies
2

MATHEMATICS
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~
\

Notes

in the fourth quadrant and M moves on the positive

along y-axis.

Some observations

(i) Maximum value of cos 6 = 1.

(i) Minimum value of cos 6 = .

(iii) It is continuous everywhere.

in [0, 2n] .

the values of @ when cos@ =+0.5.

Fig. 16.18
Let X'OX and Y'OY be the axes. Values of 6 are measured along x-axis and those of cos0

side of x-axis.Therefore OM = x is positive. Also it
increases from 0 to 1 as O increases from 3 to 2m. .
. ) Mwv |
Thus in this interval cos© increases from 0 to 1. Qo
cos@ is positive.

Let us tabulate the values of cosines of some suitable

( Y
values of 9. Py

Fig. 16.17
N EREIEE: Tn| an | 3n | sn|1m
0 6| 31213l 6| ™l 6|3 |23 |6 |*™
cos@| 1 |87 5 0] 05(-87 | -1|-87| -5 0] 05| .87]1
v
1 -
N

(iv) cos (B +2m) =cos £ Also(6 —2m) =cos 0Cos 6 repeats itself when 6 is

increased or decreased by27. It is called periodicity of cos 6. We shall discuss in
details about this in the later part of this lesson.

(v) Graphof cos 6 inthe intervals [27t, 47| [4m, 67| [27, 0], will be the same as

Example ILRE] Draw the graph of cos 6 as@ varies from — 7 to 7. From the graph read

MATHEMATICS
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Solution : MODULE - IV
Functions
IR EIEINE R
E I s 2| 3 |6 6 |3 |2/3] 6|7
cos0:-1.0-0.87 | -0.5 0of .50 |-87 1.0 [0.87 |0.5 0(-0.51-0.87 | -1
v Notes
cos 0 =0.5 :
T -7
h e:—’— ' i
when 33 P05
: 2n
cos 8 =-0.5 ‘2—; : R
“Tof 2 = o E X T X
Whene_—,ﬂ 1 ) ] 05 1
/ | \
Fig. 16.19
IR eI ERERGY Draw the graph of cos 26 in the interval 0 to7t.
Solution :
o= [z ] = x] 2] 3 [
0 6 4 3 2| 3] 4 |6 |T
N dn | 3m | S
26 3 2 3 L N T
cos20 [1 |05 0 |-05 -1] -0.5 0] 05 1
1Y
e an
4 1 T 1
0 - T
-1 y'
Fig. 16.20
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Functions G CHECK YOUR PROGRESS 16.7

\\)

1. (a) Sketch the graph of y = cos 6 as@ varies from _Tn to g

(b) Draw the graph of y =3 cos 6 as@ varies from 0 to 2.

Notes (c) Draw the graph of y = cos 36 from — 7 to 7 and read the values of 6 when
cos 0=0.87 and cos0= -0.87.

(d) Doesthe graphof y = cos 6 in [g , 37“} lie above x-axis or below x-axis?

(e) Draw the graph of y = cos 0in [27 , 4 7]

16.4.4 Graph of tan 0 as 0 Varies from 0 to 27

sin 6
In I Quadrant : tan @ can be written as cos 0

Behaviour of tan @ depends upon the behaviour of sin 6 and 5
cos

In I quadrant, sin 0 increases from 0 to 1,cos 0 decreases from 1 to 0

But increases from 1 indefintely (and write it as increasses from 1 to ) tan 6 >0

cos
tan 6 increases from 0 to oo . (See the table and graph of tan @).

sin O

In II Quadrant : tan 0 =
cos 0

sin@ decreases from 1 to 0.
cos 0 decreases from 0 to —1.
tan O is negative and increases from —co to ()

sin 6

. tan 0 =
In III Quadrant : cos 0

sin@ decreases from 0 to —1
cos 0 increases from —1to 0

tan O is positive and increases from 0 to oo

. tan O =
In IV Quadrant : J

sing increases from —1to0
cos O increases from 0 to 1
tan O is negative and increases form —oo to0

Graph of tan 0
T T(n |m O275 5m Tm | 4n | 31t J|3n OS_nﬁ
O s 3 "R FT e S 32 5 e >

@n® |0 | 58|173| 4oo |-173] =58 0 | 58| 173] 4oo | o |-173 |-58] 0f0
MATHEMATICS
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Fig. 16.21

Observations

(1) tan(180% O )= tan® . Therefore, the complete graph of tan 6 consists of
infinitely many repetitions of the same to the left as well as to the right.

(i) Since tan(—0)=—tan 0, therefore, if (O,tan 6) is any point on the graph then
(—6,—tan 6) will also be a point on the graph.

(i) By above results, it can be said that the graph of y = tan 6 is symmetrical in
opposite quadrants.

(iv) tan© may have any numerical value, positve or negative.

(v) The graph of tan 0 is discontinuous (has a break) at the points 0 = g, 3;”

(vi) As @ passes through these values, tan 0 suddenly changes from +ooto —e.

16.4.5 Graph of cot 0 as 0 Varies From 0 to 27
1

The behaviour of cot 0 depends upon the behaviour of cos 6 and sing ascot 0=cos E)Le
sin

We discuss it in each quadrant.

1
I Quadrant : cot0=cos Ox——
sin©

cos Odecreases from 1 to 0
sin O increases from 0 to 1

-, cot O also decreases from + o<to 0 but cot 6 > 0.

cot O = cos Ox !
IT Quadrant : sin 0

cos 0 decreases from 0to —1

sin@ decreases from 1 to 0

MODULE - IV
Functions

Notes

MATHEMATICS
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Notes

= cotO < 0 or cot O decreases from 0 to —oo

cot B = cos 9><.L
sin®

III Quadrant :
cos 0 increases from —1to 0
sin O decreases from 0 to —1

-, cot O decreases from + e to 0.

1
IV Quadrant : cot O = cos Ox——

sin©
cos 0 increases from 0 to 1
sin O increases from —1to0 0
s cot6<0

cot O decreases from 0 to — oo

Graph of cot 6

NER S S R Jn|4n|3nf Sm| 1l
0 6 131213 16 [ 906152 3|6 |27
cot 0 [ 1.73] 58] 0[-58 |-1.73| —o| +oc|1.73].58] O -.58|-1.73| ==
cQ o0
y
n /2 4 2  2n
yl
— 0 —
Fig 16.22

Observations

(i) Since cot (1w + § =cot ( the complete graph of cot 0 consists of the portion from

6=0to O6=1 or G:Eto 9:3_n.
2 2

MATHEMATICS
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(i) cot O can have any numerical value - positive or negative.
(iii) The graph of cot 6 is discontinuous, i.e. it breaks at 0 , 7, 2,

(iv) As© takes values 0, 7, 27, ¢ot @ suddently changes from — oo to + o

Q CHECK YOUR PROGRESS 16.8

1.  (a) Whatis the maximum value of tan 6 ?

in tan 0at % %o
(b) What changes do you observe in tan 0 a )

(c) Drawthe graphof y = tan 6from —7 tor. Find from the graph the value of 0 for
which tan6 =1.7.

2. (a) Whatis the maximum value of cot 0?
(b) Find the value of 9 whencot 6 = —1, from the graph.

16.4.6 To Find the Variations And Draw The Graph of sec 0 As 0 Varies From 0 to 27.

Y
Let X'OX and Y'OY be the axes of coordinates. With P

Variations will depend upon OM.
Y

/ ﬂ\\
o JEN

I Quadrant : sec 9 is positive as OM is positive.

P_—
centre O, draw a circle of unit radius.
Let P be any point on the circle. Join OP and draw M nlo
PM | X'OX X w 1T 1%
Fig. 16.23 o
OoP 1
secf=——=——
oM oM P 5]
\(I

T T
Also sec 0 =1 and sec ) = o when we approach 5

>

Q M

from the right.

A ies from 0 t T 0 i from 1 t
~. As @ varies from 0 to 5 secO increases from 1 to Fig. 16,24 v
oo, P v
II Quadrant : sec@ is negative as OM is negative.

T T / &)
secE =— when we approach 5 from the left. Also sec 5 X

M )
m=-1.
. i

o As @ varies from Eto 7 , secOchanges from Fig16.25 "y,

MATHEMATICS

Notes
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Notes

— oo to—1.

s
It is observed that as® passes through 5 sec O changes
from +o0 to —oo.
III Quadrant : secO is negative as OM is negative.

sect=—1 and sec 3775 = — oo when the angle approaches
T . . .. .
? in the counter clockwise direction. As @ varies from

3n
i toz, sec Qdecreases from —1to — oo .

IV Quadrant : sec@ is positive as OM is positive. when 0
is slightly greater than 3?“ , sec 0 is positive and very large.
Also sec 21 = 1. Hence sec 6 decreases from o to 1 as

0 varies from 3_n to 21t.

Trigonometric Functions-I

Y
X( X
0

0

YI

Fig.16.26

M

an
N

(S

It may be observed that as @ passes through TP
3n Fig.16.27
5 6 changes from — o to + . '
Graph of sec 0 as varies from 0 to 2n

nlalz [z |2 sn| | 7n|dnfse f3n slin
0 O 327123 6| | e | 3|2 2B 2T
cotO | 1| 1.15| 2| +od —eo| 2| -1.19 -1| -1.15] 2| —co | +oc| 2| LI

<
o)
A
I‘alfé.""

o=

Fig. 16.28

MATHEMATICS



Observations

(a) sec O cannot be numerically less than 1.

s
(b) Graph of sec 0 is discontinuous, discontinuties (breaks) occuring at 5 and

yIs 3n
(¢c) As 0 passesthrough Y and 5 »5ee 0 changes abruptly from +o° to —<° and then

from —o to +o° respectively.

16.4.7 Graph of cosec 0 as 0 Varies From 0 to 27

Let X’OX and Y'OY be the axes of coordinates. With
centre O draw a circle of unit radius. Let P be any
point on the circle. Join OP and draw PM
perpendicular to X'OX.

OP 1
cosecf=— =——
MP MP

.. The variation ofcosec 0 will depend upon MP.

I Quadrant : cosec 0 is positive as MP is positive.

T
cosec 7 =1 when 6 is very small, MP is also small and

therefore, the value of cosec 0 is very large.

i
.. As © varies from 0 to E , cosec O decreases from
o to 1.

IT Quadrant : PM is positive. Therefore, cosec 0 is

" T
positive. cosec 5 =1 and cosec T = when the
revolving line approaches T in the counter clockwise
direction.

. T

. As 0 varies fromz to T ,cosec O increases from
1 to oo.
IIT Quadrant :P M is negative

.. cosec O isnegative. When 0 is slightly greater than 1,

MODULE - IV
Functions

ok

Notes

P Y _»
Flg.16.29

P

/
N

Flg. 16.30

Fig. 16.31

~
NP
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Notes

X

cosec 0 is very large and negative. v
s
Also cosec — =—1.
X M
I ovY|¢
- As 0 varies from T to 7, cosecH changes from
— oo to —1.
PV
It may be observed that as © passes through 7, cosec 0 Fig. 16.32
changes from + oo to —oo. Y
IV Quadrant :
P M s negative.
Therefore, cosec O = — < as 0 approaches 27. X = L X
: 3n :
.. as @ varies from 7 to 27, cosecOd varies from —
| to—oo. vl
Graph of cosec 6 Fig. 16.33
NEEEEIE: Tn] 4n [3n] 5n [in
0 6131203 |6|™Y"™0 6|3 [2]3 [6 |*"
cosec 0 oo | 2 {LAS| 1| 115 2 | +oc| —oo| =2 |=1.15|-1|-1.15|-2 |-oo

=
W

A4

Fig. 16.34

Observations

(a) cosec@ cannot be numerically less than 1.

(b) Graph of cosec is discountinous and it has breaks at 6 =0, 72 7.

(c) As 9 passes through 7, coses § changes from + o< to —oo. The values at 0 and

27 are + o< and —co reSpectively.

MATHEMATICS
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1D EN I WORWA Trace the changes in the values of sec 0 as 0 lies in —7t to .

Soluton :
I Y I

R El

Yy
Fig. 16.35

Q CHECK YOUR PROGRESS 16.9

1. (a) Trace the changes in the values of sec 6 when @ lies between —27 and 25 and
draw the graph between these limits.

(b) Trace the graph of cosec 9 ,when @ lies between —2 5 and 27.

16.5 PERIODICITY OF THE TRIGONOMETRIC FUNCTIONS

From your daily experience you must have observed things repeating themselves after regular
intervals of time. For example, days of a week are repeated regularly after 7 days and months
of a year are repeated regularly after 12 months. Position of a particle on a moving wheel is
another example of the type. The property of repeated occurence of things over regular intervals
is known as periodicity.

Definition : A function /'(x) is said to be periodic if its value is unchanged when the value of the
variable in increased by a constant, that is if / (x + p) =/ (x) for all x.

If p is smallest positive constant of this type, then p is called the period of the function £ (x).

If £ (x) is a periodic function with period p, then $ is also a periodic function with period p.
16.5.1 Periods of Trigonometric Functions

() sinx =sin(x £2n #;n=0, +1, +2, .....

(ii) cosx=cos(x 2n t;n=0, +1, +2,.....
Also there is no p, lying in 0 to 27, for which

sinx =sin(x 4p)

cosx =cos(x 4p), forall x

Notes

MODULE - IV
Functions
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Notes

27 is the smallest positive value for which

sin(x+2m =sinx and cos(x+2 1 =cosx
= sin x and cos x each have the period 2.
1

sin X

@)  The period of cosec x is also 27t because cosec x =

(iv)  The period of sec x is also 27 as sec X = .
COSX

(v)  Also tan(x + m =tanx.
Suppose p (0<p < ¥ is the period of tan x, then

tan ( x+p) =tanx, forallx.

Putx=0,thentanp=0,ie.,p=0or 7.
= the period of tan X is 7.

. p can not values between 0 and 7 for which tanx =tan(x +p)

. The period of tanx is 7

(vi)  Since cot X = , therefore, the period of cot x is also 7.

tanx
Find the period of each the following functions :
(2) y =3 sin 2x (b) y=cos§ (C)y=tan§
Solution :

.. 2
(a) Period is R ie., 7.
_ 1 . 21
(b) y =cos 3 X, therefore period = T =4
2

(¢ Period of y = tan %

Q CHECK YOUR PROGRESS 16.10

1. Find the period of each of the following functions :
(a) y=2sin 3x (b) y =3 cos 2x

(c) y =tan 3x d)y= sin? 2x

EN MATHEMATICS
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d| LET US SUM UP

° An angle is generated by the rotation of a ray.

° The angle can be negative or positive according as rotation of the ray is clockwise or[ Notes
anticlockwise.

° A degree is one of the measures of an angle and one complete rotation generates an
angle of 360°.

° An angle can be measured in radians, 360° being equivalent to 27 radians.

° If an arc of length / subtends an angle of @ radians at the centre of the circle with radius
r,we have [ =rgQ.
° If the coordinates of a point P of a unit circle are (x, y) then the six trigonometric functions

are defined as sin® =y, cosO=x.tan 0=, cotezf, Secgzl and
X y X

1
cosec O = —
y

The coordinates (x, y) of a point P can also be written as (cos 6, sin ).

Hereg is the angle which the line joining centre to the point P makes with the positive
direction of x-axis.

° The values of the trigonometric functions sin® and cos® when 0 takes values 0,

m T T T

5133 are given by
T T T T
0 —_ —_ —_ —_
6 4 3 2
. ; 1 R -
o 2 2 2
1 3 1 0
€08 2 NG 2

° Graphs of sin0, cos© are continous every where
— Maximum value of both sin© and cos© is 1.

— Minimum value of both sin©and cos 0 is -1.
— Period of these functions is 27t.

MATHEMATICS




- Trigonometric Functions-I

MODULE- IV |e
Functions

°
Notes

tan © and cot O can have any value between —co and + o<.
3
—  The function tan 0 has discontinuities (breaks) at g and 7“ in (0, 2m).

— Itsperiod is 7.
—  The graph of ¢ot © has discontinuities (breaks) at 0, 7, 2. Its period is 7.

sec O cannot have any value numerically less than 1.

T 3n
(i) It has breaks at 5 and R It repeats itself after 21t.

(i) cosecH cannot have any value between —1 and +1.
It has discontinuities (breaks) at 0, ©, 2.
It repeats itself after 27t.

e SUPPORTIVE WEB SITES

http://www.wikipedia.org
http://mathworld.wolfram.com

q=| TERMINAL EXERCISE

A train is moving at the rate of 75 km/hour along a circular path of radius 2500 m.
Through how many radians does it turn in one minute ?

Find the number of degrees subtended at the centre of the circle by an arc whose length
is 0.357 times the radius.

The minute hand of a clock is 30 cm long. Find the distance covered by the tip of the hand
in 15 minutes.

Prove that
i 1
(a) —sin =sec O —tan 6 (by —————=sec O —tan 6
1+sin 6 secO + tan O
tan O __cot 0 . 1+sin 6

= (tan O +sec QZ

= 2sin 6cos € d
¢ l+tan2 0 1 +cot? O ()1

() sin8 0 — cos8 0 = (sin2 O —cos? 0)(1 —2sin2 Bcos? 0)

® \/sec2 0 + cosec? 6 =tan 8 +cot

o
IfO = Z,Venfy that  §in30 = 3sin O —4sin3 0

MATHEMATICS
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6.  Evaluate : MODULE - IV
s Functions
. i . 21n 375\
a sin — b sin— il
@ = & Tt © tan( )
d sin H7t cos Q T ‘
(d) 4 © 3 Notes
T 3n
7. Draw the graph of cos x from x = —2t0X=7.

8. Define a periodic function of x and show graphically that the period of tan x is 7, i.e. the
position of the graph from x = 1 to 27 is repetition of the portion from x =0 tor.

MATHEMATICS
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Notes

A
I vswins

CHECK YOUR PROGRESS 16.1

i T . L O L m 3n
SNOE W G WL W3
2. (i) 45° (i) 15° (iii) 9° (iv) 3° (v) 120°
LA S , =&
47 367 36 ’ 6 ' 3
CHECK YOUR PROGRESS 16.2
| n o = Bl
L@y ®) ©
2. (a) 36° (b) 30° (c) 20°
3. % radian; 9.55° 4, % radian 5. 95.54 m
6. (a) 0.53 m (b) 38.22 cm  (c) 0.002 radian
(d) 12.56 m (e)31.4cm  (f) 3.75 radian
(g) 6.28 m (h) 2 radian (i) 19.11 m.
CHECK YOUR PROGRESS 16.3
1. (i) —ive (i) — ive (iii) — ive (@v) +ive
(V) +ive (vi) — ive (vii) + ive (viii) — ive
2. (1) zero (i) zero (i) — % @iv)—-1
w1 (vi) Not defined (vii) Not defined (viii) 1

CHECK YOUR PROGRESS 16.4

. 1 2 V5
2. Slne:ﬁ,msG:ﬁ,cotezz,cosec@:«/g,Sece=7
) b2 — g2 b
3. sin@ ==, cosf=— SO =—T=—=
b b b2 — a2
a 4/ 2 _ a2 2m
tan O = , cotf = b a 6.
b2 —a2 a 1+ m?

MATHEMATICS
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CHECK YOUR PROGRESS 16.5 MODULE - IV
Functions

Lk o1 ) ,
NOES (i) 65 (i) 1 (iv) 5 (v) Zero

CHECK YOUR PROGRESS 16.6

Notes

1. 1, -1 3. Graph of y =2 sin @, [0,7]
Ay
21 [
|
|
|
|
I
|
X1 | O /2 s X
\ly'
Fig. 16.36
4 n 1in b i om 5 =sinxf t
. (a)6, p ()3,3 . y =sinxfrom—mto ©t
Y

7

>
/
I
o
I
rola
=
r|s
=
I~

/y'

Fig. 16.37
CHECK YOUR PROGRESS 16.7

m T
1. (a)y=cosa—zto—

4
Y
. . : « Fig.16.38
Ky 0 n
4 4
y
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Notes

L.

(b) y=3cos §0to2m

2n
3 =
’ 1
*To =z n EER
? 2
-3
v
Fig. 16.39
(c) y=cos3Q -mto © y
cos = 0.87
=T T o .
6 6 T —n/2 0 n?2 n
cos 0= 0.87
<
_Sn Sm y
6 6 Fig. 16.40

T 371\
(d) Graph of y = cos €in 7 7| lies below the x-axis.

(e) y =cos €
0 liesin 27t to 47

Ay
1
In
X' 1 1 1 X
0 M 27 41
]
&l
Fig. 16.41
CHECK YOUR PROGRESS 16.8
) n 3n .
(a) Infinite (b) At > there are breaks in graphs.
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(c) y=tan2§ —-mto 7 MODULE - IV

Functions
At6=7§t,tan6=1.7

3n
2. (a) Infinite (by cot6 = d at 6 =— |
4 Notes

CHECK YOUR PROGRESS 16.9
1. (a) y =secB

VRN

—2a A2 | n -2 /2 T 3n/2 2r

N LI

Fig. 16.42

n 3m
Points of discontinuity of sec20 are at Ry in the interval [ 0, 27].

(b) In tracing the graph from 0 to —27, use cosec (—0)= —cosec 6.

CHECK YOUR PROGRESS 16.10

.. 2m ..o 2m . . T
1. (a) Period is 3 (b) Period is > =7 (c) Period of y is 3
d) y = sin? 2x _l-cosdx 1 1—cos4x-P iod of v i Eieg
dy 5 ) ; Period of y is = =1.¢—
X + 1\ T
(e) ¥y = 3cot TU, Period of y is 1= 3n
3
TERMINAL EXERCISE
.
1. B radian 2. 20.45° 3. 157 cm
! L L !
6. @3 ® =5 © -1 775 © 5

MATHEMATICS
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X' T > X
Notes 2

b
Fig. 16.43
8. 4
27
): o T T ﬁ ;
= 2
y
y =secB
Fig. 16.44
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17

TRIGONOMETRIC FUNCTIONS-II

In the previous lesson, you have learnt trigonometric functions of real numbers, draw and interpret
the graphs of trigonometric functions. In this lesson we will establish addition and subtraction

formulae for cos(A+B), sin(A+B) and tan (A +B). We will also state the formulae for
the multiple and sub multiples of angles and solve examples thereof. The general solutions of
simple trigonometric functions also discussed in the lesson.

r
D oBIECTIVES

After studying this lesson, you will be able to :

Lo ) ) X i
° write trigonometric functions of —x, 5, xt y,E 1 x,m+ x where x, y are real nunbers;
° establish the addition and subtraction formulae for :

cos (A + B) = cosAcosB F sinAsinB,

tanA £tanB

sin(A + B)=sin AcosB +cos AsinBand tan(A+B)=———
1F¥tanAtanB

e  solve problems using the addition and subtraction formulae;

e  state the formulae for the multiples and sub-multiples of angles such as cos2A, sin 2A, tan
. . A A A
2A, cos 3A, sin 3A, tan 3A, SIHE,COS 3 and taﬂ;; and

e  solve simple trigonometric equations of the type :
sinx =0,cosx =0, tanx =0,

sinXx =sin0,, COSX =COSO, tanx = tan ¢,

MATHEMATICS | 99 |
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EXPECTED BACKGROUND KNOWLEDGE

o Definition of trigonometric functions.
o Trigonometric functions of complementary and supplementary angles.
° Trigonometric identities.

Al 17.1 ADDITION AND MULTIPLICATION OF
TRIGONOMETRIC FUNCTIONS

In earlier sections we have learnt about circular measure of angles, trigonometric functions,
values of trigonometric functions of specific numbers and of allied numbers.

You may now be interested to know whether with the given values of trigonometric functions of
any two numbers 4 and B, it is possible to find trigonometric functions of sums or differences.

You will see how trigonometric functions of sum or difference of numbers are connected with
those of individual numbers. This will help you, for instance, to find the value of trigonometric

) T S
functions of — and — etc.
12 12

T nm 7

13 o be expressed as 1%

S T 7

I can be expressed as n + A

n
How can we express T in the form of addition or subtraction?

In this section we propose to study such type of trigonometric functions.
17.1.1 Addition Formulae

=} Y
For any two numbers A and B,
cos(A+B)=cosAcosB-sinAsinB B\l A
| Qs g
In given figure trace out =l B
aQ =
ZSOP=A cos {A1B), sin (A—B)
ZPOQ=B Ry

cos (—B), sin (=13} i

ZSOR=-B
Fig. 17.1

where points P, Q, R, S lie on the unit circle.
Coordinates of P, Q, R, S will be (cos A, sin A), [cos (A + B), sin (A + B)],

[cos(~-B),sin( -B)], and (1, 0).

From the given figure, we have

MATHEMATICS



side OP = side OQ [cos (A+B), sin {A+B}]
ZPOR = £ QOS (each angle = ~/ B+~ QOR) < ,
P lcos A, sin A
side OR = side OS ’
APOR = AQOS (by SAS) A TaS PO
‘ i
.. PR=QS

PR = \/(cosA —cosB)? +(sinA —sin (-B))

Fig. 17.2

QS =4(cos(A+ B)=1)2+ (sin (A + B)— 0)?
Since PR? = QS?
. cos? A+cos® B—2cosAcosB+sin A+ sin® B+ 2sinAsinB

= cos (A +B)+1 —2cos(A+B)+sin2 (A +B)
= 1+1-2 (cosAcosB-sinAsinB)=1+1-2cos(A +B)

= cosAcosB—-sinAsinB=cos(A +B)

Corollary 1

For any two numbers A and B, cos (A — B) =cos A cos B + sin A sin B
Proof : Replace Bby —B in (I)

cos(A-B)=cosAcosB+sinAsinB

[ cos(~B)=cosB and sin(-B) =-sinB]

Corollary 2

For any two numbers A and B

sin(A+B)=sinAcosB+ cosAsinB

o )
Proof : We know that COS(E_ Aj =sinA
and sin(g—AjzcosA

sin (A+B)= cos[(g—(A+B)ﬂ

e

R [cos (=B, sin (=B8]

M
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= cos[%—AjcosB+ sin[g— A) sinB

or sin(A+B)=sinAcosB+cosAsinB . (ID)

Corollary 3

For any two numbers A and B
sin(A-B)=sinAcosB-cosAsinB
Proof : Replacing B by — B in (2), we have
sin(A+(-B))=sinAcos(-B)+cosAsin(-B)

or sin(A—B)=sinAcosB—cosAsinB

Example 17.1

(a) Find the value of each of the following :

i sin—STE i cos—n i cos—7n
(1) (ii) (if)
12 12 12

. 1 . 1 T
SInA =——, sinB=— A+B=Z
(b) If o 5 show that 1

Solution :
i sins—n—sin E+E —sinE~cosE+cosE-sinE
@ @sny 46 46 46
_ LB L1 B
22 22 a2
sinS—TC——\/g-l-1
12 22

(ii) cos = = cos| =-L
12 4 6

T T .M . T
= €0S—-Cc0S —+ sin — sin —
4 6 4 6

_ LB 11 VBl

22 L2 2L
COS—=\/§+1
12 242

. 5w T
Observe that sIn— =cos—
12 12
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(b) sin(A+B)=sinAcosB+cosAsinB

1 3 1 2
cosA=,/l — =— and = /__:_
10 o and cosB 1 5 \/g

Substituting all these values in (II), we get

1 2 3.1

NNV TN

sin(A+B) =

5 1 . T
= =sin—
4

s 5 5 1
ENTRNSREN AN

n
A+B=—
or 4

£\
L@ § CHECK YOUR PROGRESS 17.1

1. (a) Find the values of each of the following :

@) sin— (ii) sin - cos 2+ cos1l~sin2—n
P W T g T g g
(b) Prove the following :
o m 1 . N o 1
@) sm(—+A)=—(cosA +43 smA) (i) sin| = —A | =—=(cosA -sinA)
6 2 4 J2
. 8 . 5 .
(c)If sinA=— and sinB=—, find sin(A-B)
17 13
2. (a) Find the value of cosf—;

(b) Prove the following :

. . L ..
(M) 0059+51n9=\/5005(9_2j (i) ﬁsine—cos6:2sin(6—gj
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(i) cos(n+1)A cos(n—1) A +sin(n+1)Asin (n—1) A =cos2A

(iv) cos(§+Ajcos(§—B)+ sin (g+Aj sin[%—Bj =cos (A +B)

tanA +tanB
l1-tanAtanB

Corollary 4 : tan(A+B) =

sin (A +B)

Proof : tan(A +B)=
cos(A+B)

_ sin A cosB+cosAsinB

cosAcosB-sin A sinB

Dividing by cos A, cos B, we have

sinAcosB cosAsinB

cosAcosB cosAcosB
cosAcosB sinAsinB

cosAcosB cosAcosB

tan (A+ B) =

o an(A+B)=BDATEANB (11T
l-tanAtanB
Corollary 5 : tan ( A- B) _tanA ~tanB
l+tanAtanB
Proof : Replacing B by — B in (III), we get the required result.
Corollary 6 : cot (A+B) = Coihesis |
cotB+cotA
cos(A+B) cosAcosB—sinAsinB
Proof : cot (A+B)= -
roo sin(A+B) sinAcosB+cosAsinB
Dividing by sin A sin B, we have (Iv)
cot (A B) = cotAcotB-1
cotB+cotA
Corollary 7 : tan Tial= I +tanA
4 1-tanA
1 tanE+tanA
Proof : tan(_-l-Aj: 4
l—tanE‘tanA
4
_1+tanA tanE—l
1-tanA as
MATHEMATICS



Similarly, it can be proved that

T 1-tanA
tan| ——A | =—
4 1+tanA

Example 17.2 R3EE %

T T
Solution : tan E = tan( —-_-=

tanE —tanE
Tl___ 4 6
4 6

T i
1+ tan— - tan —
4 6

- L

B B _\/3—1
- I 3+l
1+1.$ +

(V3-1)({3 -1) 4 243

(V3+1D)(V3-1) 2

T
_9_ tan—= 2—\/§
=2- o
IH el MWRY Prove the following :
cosﬂ+sin7—rc
36 36 _ . 4n
(@) Tt . In tan 9
cos— —sin—
36 36

(b) tan7A — tan4 A — tan3A = tan7A tan4A - tan3A

(c) tanﬂ = tanE + 2tan E
18 9 18

m
Solution : (a) Dividing numerator and denominator by C0s 36" we get

n . In m
cos£+ sm% 1+tan£
LHS. =— 0 = n
cos—-sin— | tan—
36 36 36
T n
tan — + tan —
_ 4 36

T n
1 - tan— - tan —
4 36
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= tan 16_75 = tan4—n = RH.S.
36 9

tan4 A + tan3A
1-tand4A tan3A

(b) tan7A =tan (4A +3A) =

or tan7A —tan7A tan4 A tan 3A =tan4A + tan3A

or tan7A —tan4A —tan3A =an7Atan4Atan3A

tans—n+tan2—TE
(c) tan7—n= tan(E { 2nJ = 185n lgn
18 18 18 1—tan— tan—
18 18
m m 51 27 ST 21
tan — - tan—tan—tan — = tan—+ tan— . (1
18 18 18 18 18 18
mn T T T 21
tan — =tan| — —— |=cot— = cot —
18 2 9 9 18
~. (1) can be written as
T 21 ST 21 S T
tan — — cot — tan — tan — = tan — + tan —
18 18 18 18

e\
L@ § CHECK YOUR PROGRESS 17.2

1. Fill in the blanks :

@) sin(%+A)sin(%—A)= ......... (ii) cos(%+%]cos[§—%j= .........

2. (a) Prove the following :

cotAcotB +1

. E E_ = i - =
(l)tan(4+e)tan[4 9) b (i) cot (A ~B) cotB —cot A

i T T T
(iii) tanE+ tan—+ tan— -tan— =1

a c
(b)If tan A = e tan B = T Prove that

ad + bc
bd —ac

tan(A + B) =

MATHEMATICS



. MODULE - IV
(c) Find the value of cos 1—2“ Functions

3. (a) Prove the following :
. 3 _ cosO+sind T
(l)tan(§+A)tan(In+Aj=—1 () —F——>=tan Z+9

cosO—sin@

cosO —sin O i

(i) —=———— = tan —-0
cosO+sinO 4

Notes

17.2 TRANSFORMATION OF PRODUCTS INTO SUMS
AND VICE VERSA

17.2.1 Transformation of Products into Sums or Differences
We know that

sin(A +B)=sinAcosB + cosAsinB
sin(A—-B)=sinAcosB-cosAsinB
cos(A+B)=cosAcosB —sinAsinB

cos(A-B)=cosAcosB +sinAsinB
By adding and subtracting the first two formulae, we get respectively

2sinAcosB =sin(A +B)+sin(A-B) . )]
and  2cosAsinB =sin(A+B)-sin(A-B) . )
Similarly, by adding and subtracting the other two formulae, we get

2cosAcosB=cos(A +B) +cos(A -B) ..(3)
and  2sinAsinB = cos(A -B)—cos(A +B) (@)
We can also quote these as

2sinAcosB = sin (sum) + sin (difference )

2cosAsinB = sin (sum) — sin (difference )

2cosAcosB = cos (sum ) + cos (difference )

2sinAsinB = cos (difference ) — cos (sum )

17.2.2 Transformation of Sums or Differences into Products

In the above results put
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A+B=C
and A-B=D

D _
Then A = <72 and B = C=2 and (1, (2), (3) and (4) become
sinC+sinD = 2sinC+DcosC_D
2 2
sinC—sinD = 200sC+DsinC_D
2 2
cosC + cosD = 2cos €+D cos €-D
2 2
cosD — cosC = 2sin ¢ ; Dsin ¢ ; D

17.2.3 Further Applications of Addition and Subtraction Formulae
We shall prove that

(i) sin(A + B)sin(A - B) =sin? A —sin? B
(ii)cos (A + B)cos(A - B) = cos2 A —sin? B or cos? B —sin2 A
Proof : (i) sin (A + B)sin (A - B)

= (sinAcosB + cosAsinB) (sinAcosB —cosAsinB)
= sinZ Acos? B — cos? AsinZ B
=sin2 A (1-sin2 B) - (1-sin2 A )sin? B
=sin?2 A —sin? B

(i) cos (A + B)cos(A -B)
= (cosAcosB —sinAsinB) (cosAcosB +sinAsinB)
= cos2 Acos? B —sin? Asin? B

coszA(l —sin? B) - (1 — cos2 A)sin2 B

cos2 A —sin2 B

(1-sin2A)—(1-cos2B)
cosZ B —sin2 A
1D el EBWEN Express the following products as a sum or difference

.5t .om
(i) 2sin36cos20 (ii) cos60 cos O (i SIHESIHE
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Solution :
(i) 25in30 c0s26 = sin (30 + 20 ) +sin (36— 20)

=sin50 + sin O

(ii) cos60 cos O = %(200569 cos0)

:%[cos(66+6)+cos(66—6)]

= %(cos76 +c0s50)

5 1 5
(ii) sin—nsin£ = —[2sin—nsin£}
12 12 2 12 12

1 Sm—m Sm+m
= —| cos — cos
2 12 12
1[ i n}
= —]| COS— — COS—
2 3 2

IB el MWAS Express the following sums as products.

) Sm i . 5 i
(i) cos — + cos — (i) Sin — + cos —
9 9 36 36
Solution :
) 5T m Sn+7n  Sm—7m
(i) CcO0S — + c0S — = 2¢0s cos
9 9 9x2 9x2
2n 0w { n
= 2c0S—CO0S — . cos| ——
3 9 9

i T
= 2cos| m— — |cos —
(75 )3

i T
= —2c0S— COS—

T |: T lil
= —cos— U COS— = —
cos 5 373
.. . 5w m . (n 13n T
(i) sin— +cos— =sin| ———— |+ cos—
36 36 2 36 36
131 T
= coS— + cos—
36 36
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13n+7m 13n — ¢
cos
36 %2 36x2

MODULE - IV 5
. = ZCOS
Functions

5T T
= 2¢c0S—C0S —

cos7A —cos9A
Notes | [BENNNECRWAM Prove that ——————— = tan8A

sin9A —sin7A

Solution :
. TA+9A . 9A -T7A
2sin > sin >
LHS. = 9A +7A . 9A —TA
2cos sin 5

sin8A sinA _ sin8A
cos8A sin A cos8A

1D e I EBWAME Prove the following :
(i)cosz(g —Aj - sinz(% —B) =sin(A+B)cos(A-B)

.. A A 1
(ii) sin’ E+— —sin’ A =—sinA
8 2 8 2) 2

Solution :
(i) Applying the formula

= tan8A = RH.S.

cos? A —sin2 B = cos (A + B)cos (A —B), we have

n T T T
= cos| ——A+—-B T oa-T4m
s o] B n e Eon ol BT
T
= cos| Z—(A+B) |cos|—(A-B
cos{2 ( )}cos[ ( )]

=sin(A+B)cos(A -B)=RHS.
(ii) Applying the formula
sin2 A —sin2 B =sin (A + B) sin (A — B), we have

[ 110 |
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IR IEBWRE Prove that

T 21 T 4
cos—cos—cos—cos? =—

16
2 4
Solution : L.H.S. cosﬁ[cos—ncosﬁ}cos—n
3 9 9 9
11 [ 27 n} 4 [ n 1 }
=—.—| 2cos—co0Ss— |cos— U COS— = —
2 2 9 9 9 3 2

1{ T n} 47
= —| coS— + cos — |cos —
4 3 9 9

1 41 1[ 4n n}
= —cos— + —| 2cos—cos —
8 9 8 9 9
1 41 1[ 5T n}
= —C0S— + —| cos— + cos—
8 9 8 9 3
1 St 1
=—cos—+—-cos—+— (1)
8 9 16
Smo 41 3 4
Now cos?—cos n—? ——cos? ,,,,, 2)

From (1) and (2), we get

LHS. = — = RHS.
16

£\
L@ § CHECK YOUR PROGRESS 17.3

1. Express each of the following as sums or differences :

() 2¢0s30sin20 (b)  2sin40sin20
(c) 2cos£cosi (d) 2sin£cosE
4 12 3 6

2. Express each of the following as a product :
(@  sin60 +sin40 (b)  sin76-sin30
(c) c0s260 — cos40 (d) cos70 + cos50
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MODULE - IV | 3. prove the following :
Functions
T T
COS — — COS —
sin5—71:+cos4—n—cosE b 7 8-
® 18 9 9 ®) sin — — sin —
18 9
Notes
YA | A T 5w n
(c) sin— —sin—+sin— =0 (d) cos—+ cos— +cos— =0
18 18 18 9 9 9
4. Prove the following :
(a) sin2 (n +1)6 —sin2 n@ =sin(2n+1)0 - sin O
(b) cosPcos (20— P) = cos? o —sin? (o =)
(c) cos? T szt = ﬁ
4 12 4
2 T ) T ..
5. Show that €OS 1 +6 |—sin re 0 | is independent of 9.
6. Prove the following :
sin O + sin30 + sin50 + sin70
a = tan 40
cos 8+ cos30 + cos50 + cos 76
A A A A |
(b) sin—sin —sin —sin— = —
18 6 1 18 16
2 . a2 ,o-f
(c) (cos o +cosP)” + (sino +sinf )” = 4cos —
17.3 TRIGONOMETRIC FUNCTIONS OF
MULTIPLES OF ANGLES
(a) To express sin 2A in terms of sin A, cos A and tan A.
We know that
sin(A+B)=sinAcosB + cosAsinB
By putting B = A, we get
sin2A =sinAcosA + cosAsinA
= 2sinAcosA
-, sin 2A can also be written as
Sin2A = M 2 )
cos2 A + sin2 A (v 1=cos2 A +sin2 A)
Dividing numerator and denomunator by cos? A , we get
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sinAcosA

Gin2A = ( cos? A )z 2 tan A
cos2 A sin2 A | +tan2 A

cos2 A cos? A

(b) To express cos 2A in terms of sin A, cos A and tan A.
We know that

cos(A+B)=cosAcosB-sinAsinB
Putting B = A, we have

c0s2A = cosAcosA —sinAsinA
or cos2A =cos2 A —sinZ A
Also cos2A = cos2 A —(1-cos2 A)

=cos2 A —1+cosZ A

Le, cos2A = 2cos2 A -1 = cos? A = 5
Also cos2A = cos? A—sinZ A

=1-sin2 A —sin?2 A
Le,  cos2A =1-2sin2 A = sin2A= 5

2 — qin2

cos¢ A —sin‘ A
cos2A=ﬁ
cos“ A +sin“ A

Dividing the numerator and denominator of R.H.S. by cos? A, we have
1-tanZ A

1+ tan? A

(c) To express tan 2A in terms of tan A.

C0s2A =

tan2A =tan (A +A) _ tanA +tanA
I-tanAtanA

_ _2tanA

1 —tan2 A

Thus we have derived the following formulae :

sin2A = 2sinAcosA = M
1+ tanZ A
2
cos2A=cos” A-sin?A 2cos’ A 4 # 2sin?A = o 2
l+tan“ A

1+ cos2A

1 - cos2A
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; an2A=————
Functions —an? A
cos? A = 1+ cos2A sin2 A = 1 - cos2A
2
' BRY it A =2 verify the following :
Notes Example 17. - 6 , verify the following :
(i) sin2A = 2sinAcosA = — 204
1+ tanZ A
_ 2
(i) c0s2A = cos2 A— sin2A = 2cos2 A—1=1-2sin2 A = 1-ftan"A
1+ tan? A
2tanA
i) tan2 A = ———
() l-tan2 A
Solution :
() sin2A = sinE = ﬁ
3 2
2sinAcosA = 2sin£cosE = 2xlx£ = ﬁ
2 2 2
2t E -
2tanA an J‘ 2 3 \/5
A T 1 TR
1+ tan 1+ tanZ c 1+ g 3

Thus, it 1s verified that

SiHZAzzsinAcosA:M
1+ tanZ A
n 1
il C0S2A = cos— = —
(i1) 275
2
coszA—smzA—cos2—_5m2 ‘/5 _3.o1.1
6 2 4 4 2
2
2c0s2 A —1=2cos2 X 1 =2 ﬁ 1
6 2
4 2
2
1—2sin2A=1-2sinf=1-2x[ L] 21-2xL=L
6 2 4 2
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2
T 1 1
_ 22 11— — - _
l-wn2a 707G (ﬁ) I I
1+ tan2 A 1+ tan2 T - 1 3 4
6
3

Thus, it is verified that
1-tan2 A

c0s2A = cos2 A—sin2 A =2cos2 A—1=1-2sin2 A =
l+tan2 A

(i) tan2 A = tang = \/g

stan® 2x—=
2tanA ane 3 2 3
- 41 _ ¥
3

—tap2 A
I—tan® Ay 22 V32
6
.. . 2tanA
Thus, it is verified that tan2A = ————
1-tanZ A

sin2A
IDCTNBWAL Prove that ————— = tanA
1+ cos2A

sin2A 2sinAcosA

Solution : =
omfon = cos2A 2co0s? A
B sinA_t A
cosA an
1% el CBVARE Prove that cot A —tan A =2cot2A.
Solution : cotA —tan A = —tan A
tanA
_l-tanz A
tan A
~2(1-tan2 A)
B 2tanA
B 2
a 2tanA
1-tanZ A
2
tan2A = 2cot2A.

T 3n
1Be N BYAPY Evaluate cos? ot cos? =

MODULE - IV
Functions

Notes
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F i 1+cosn 1+cos37T
unctions — —
Solution : cos2 Z + cos? 3 _ 4 4
8 8 2 2

Notes 2 2

(V2+1)+ (V2 -1)
- N2 =1

COsA T A
Example 17.13 BEOE that1 = tan Z+E .

—sinA

p tanE + tan —

Solution : RH.S. = tan( Z 4 —J -4 2
T A

1 — tan —tan —

4 2

sin —
1 +—2

COS? oS — + sin—

. - A
sin—  cos——sin—
- —2 2 2
A
cos —

A A A A
COS — + SIn — COS — — Sin —
2 2 2 2
A . AV
COS — — S1In —
2 2

[Multiplying Numerator and Denominator by (

COsA sinAﬂ

2 2
coszé—sin2 é
_ 2 2
c0s2é+sin2é—2cosésiné
2 2 2
_ ﬂ - LHS
1 —sinA

IDeli ALY Prove that

(cosa — cosB)2 + (sin o — sinp )2 = 4sin2 B
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Solution : (cos o - cosB)2 +(sino - sinB)2
= cosZ o + cos2 B — 2cos o cos P + sin? o + sin? 3 — 2sina sin B
=2-2(cosacosP+ in asin B)

=2{l-cos(a-P)}

=~ ax2sin? 2B 4gine O‘T_B

P\
L@ J CHECK YOUR PROGRESS 17.4

T
1. IfA=g,Verifythat

(a) sin2A = 2sinAcosA = _2tanA
1+ tan2 A
_ 2
(b) cos2A= cos’ A-sin? A =2cos’ A 4 # 2sin’ A Ltan_zA
1+tan“ A
o
2. Find the value of sin 2A when (assuming 0 < A < E)
3 ) 12 16
cosSA=— (b) sinA = — tan A = —
(2) S ) S © =
3. Find the value of cos 2A when
15 4 5
COSA=— b) SinA = — tan A = —
@) =0 © >
4, Find the value of tan 2A when
3 a
tan A = — b) tan A = —
@ ;O .
. AT ., 3m
5. Evaluate sin? i sin? =

6. Prove the following :

1 +sin2A T 2
—=tan2(Z+A] (b)COt—A+1=se02A

(a) 1 —sin2A cos2 A —1

sin2A
7. (a) Prove that oo A =c0sA (b) Prove that tan A + cotA = 2cosec2A.
—cos

COSA an T A
8. (2) Prove that T1oinA

(b) Prove that (cos o + cos [3)2 + (sin o - sinf )2 = 4cos?

o-p
2
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17.3.1 Trigonometric Functions of 3A in Terms of those of A

Notes

(a) sin 3A in terms of sin A
Substituting 2A for B in the formula

sin(A+B) =sinAcosB + cosAsinB, we get

sin( A+ 2A) =sinAcos2A + cosAsin2A

=sinA(1-2sin2 A) + (cosA X 2sinAcosA)
= sinA — 2sin3 A + 2sinA(1-sin2 A)

=sinA — 2sin3 A + 2sinA - 2sin3 A

sin3A =3sinA —4sin3 A (1)
(b) cos 3A in terms of cos A
Substituting 2A for B in the formula
cos(A +B) =cosAcosB —sinAsinB, we get
cos (A +2A) =cosAcos2A —sinAsin2A
= cosA (2cos2 A —1) - (sin A) x 2sinAcosA
=2c0s3 A — CosA — 2cosA(1 — cos? A)
=2c0s° A—cosA 2cosA 2cos° A
cos3A = 4cos3 A —3cosA -(2)
(c) tan 3A in terms of tan A
Putting B =2A in the formula
tanA + tan B
tin(A+B)= ——— t
( ) | —tanAtanB’ " £
tan (A +2A) = tanA + tan2A
1 —tanAtan2A
tanA + —2tanA
_ 1 —tan2 A
1 —tan A X m—nA
1-tan2 A
tan A — tan3 A + 2tanA
_ 1—tan2 A
1 —tan? A — 2tanZ A
1-tan2 A
MATHEMATICS
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_ 3tanA -tan3 A
1 -3tan? A

(d)  Formulae for sin3 A and cos’ A
sin3A = 3sinA —4sin3 A
4sin3 A = 3sinA —sin3A

3sinA - sin 3A
4

or sin3 A=

Similarly, cos3A = 4cos3 A —3cosA
3cosA + cos3A =4cosd A

3cosA + cos3A
4

Thus, we have derived the following formulae :

or cos3 A =

sin3A = 3sinA —4sin3 A
cos3A = 4cos3 A —3cosA

3tanA — tan3 A

tan3A =
1 -3tan2 A
sind A = 3sinA —sin 3A
4
A+ A
cos3 A = 3cos : cos3

LU .
Example 17.15 [l A= e verify that

() sin3A =3sinA —4sin3 A (i) cos3A = 4cos3A —3cosA

3tanA — tan3 A

i) tan3A =
(i 1 —3tan? A
Solution :
3n 1
; in3A =sin— = —
@) sin sin I

3sinA —4sin° A =3sinE —4sin3E

zsx%_w(%f

MODULE - IV
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B 3 4 B 1
2 22 2
Thus, it is verified that sin3A = 3sinA — 4sin3 A
.. 3n 1
(i) COS3A = cosS— = ——
4 2
1Y 1
4c083 A —3cosA =4x| — | —-3x—
2 V2
a 4 3 : 1
22 2 2
Thus, it is verified that cos3A = 4cos3 A —3cosA
(i) tan3A = tan% =-1,

3tanA —tand A 3x1-13 —i——l
1-3tan? A 1-3x12 =2

3tanA — tan3 A

Thus, it is verified that tan3A =

1 -3tan? A
1 1 1 1
IR RGN If cosO=—| a+ — |, prove that c0s30 = —| a3 + —
2 a 2 a3
Solution : c0s30 = 4cos? O —3cos O

:4{%(a+5}3_3x;(a+§j

=4><l a> +3a’ 'l+3a~—1+ 1l 3
8 a 32 a3 2 2a

Example 17.17 BEIOERikL

T T 1
sinasin| —+ o [sin| ——a |=—sin3a
3 3 4
. . T . T
Solution : SIHOCSIH(§+ Ocjsm(g— (x}

1. { 275}
= —sin o cos20. — cos—
2 3

MATHEMATICS
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=lsinoc 1 -2sin% o +1 }}sinzE |
2 3 J

1 T
= 2—sin0c[sin2— — sin2 Oc}
2 3

. 3 . 3sino. —4sin3o 1 .
=sino Z—smzoc = =Zs1n3oc

4
B el I EBWAEE Prove that

cos3 Asin3A +sin3 Acos3A = %sin4A

Solution : cos3 Asin3A + sin3 Acos3A

cos3 A(3sinA — 4sin3 A) + sin3 A(4cos3 A - 3cosA)

=3sinAcos3 A — 4sin3 Acos3 A + 4sin3 Acos3 A —3sin3 AcosA

=3sinAcos3 A —3sin3 AcosA

= 3sinAcosA (cos2 A —sin2 A ) = (3sinAcosA ) cos2A

_ 3sin2A < cos2 A
BERL LS YNE NN
2 2 4
[BRENTIIBWALE Prove that cos3 T st = 3 cos = + sin -
9 18 4 9 18

—1 3cos—n +cos—n—| +—1 (3»sin—7c s'n—)
1 . = —S1
Solution : L.H.S. 4 9 3J

i
477718 e
3[ T . n} 11 1
=—|cos—+sin— |+—| ———
4 9 18 41 2 2

3
= —[cosE + sinl} = R.H.S.
4 9 18

N\
L@J CHECK YOUR PROGRESS 17.5

. IfA = g,verifythat

(a) sin3A = 3sinA - 4sin3 A (b) cos3A = 4cos3 A —3cosA
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MODULE - IV 3tanA—tan> A

i tan3A =
Functions (© I 3tanl A

2. Find the value of sin 3A when (a) sinA = % (b) sinA = 2.
q

Notes 1 c
3. Find the value of cos 3A when (a) cosA = 3 (b) cosA = e

T T 1
4. Prove that cos o cos g—oc cos §+0L :Zcos30c.

5. (a) Prove that sin3 21 sin3 Z = 3 sin n _ sin—
9 9 4 9 9

sin3A _ cos3A
sin A COSA

(b) Prove that is constant.

cot3 A —3cotA

6. (a) Prove that cot3A =
3cot? A-1

(b) Prove that

cos10A + cos8A +3cos4A +3cos2A =8cosAcos3 3A

17.4 TRIGONOMETRIC FUNCTIONS OF
SUBMULTIPLES OF ANGLES

AAA lled submultiples of A
5?3 e called submultiples of A.
It has been proved that
sin2 A = LZCOSZA o p J1HCOSIA oy 1D cos2A
2 1+ cos2A

A A
Replacing A by o e easily get the following formulae for the sub-multiple 5

A 1- A ’ ’ _
sin— =t cos , cosé =+ m and tané =+ ﬂ
2 V 2 2 2 2 1+ cosA

We will choose either the positive or the negative sign depending on whether corresponding

value of the function is positive or negative for the value of IR This will be clear from the

following examples

MATHEMATICS



n T
106V B WMIIN Find the values of cos T and cos 2

Solution : We use the formulae cos% == /HC%A and take the positive sign, because

T T
cos B and cos > are both positive.

_ (*/5“)2 (-.-4+2J§=1 43 +2\/§=(1+\/§)2j
8

\/§+1
NP
2

22 +43 +1

1+

&

_ 4+Je+2
8

|HET ) BYMAN Find the values of sin —g j and cos( - g ) .

. A ,1 - A
Solution : We use the formula smg =z %

VR

and take the lower sign, i.e., negative sign, because sm( 3 ) is negative.

MODULE - IV
Functions

Notes
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2

[ n]
T 1+ cos 2
Similarly, cos| —— | =%

8 2

Example 17.22 IRV 2—75 and 3?% < A < 2m, find the values of

i siné ii cosé tané
(i) 3 (i) 5 (i) >
Solution : - - A lies in the 4th-quardrant,3_n <A<2nm

3£<é<n
= 42

sin—> 0, cosé <0, tané< 0.
2 2

2
1--L
A ’1—cosA 25 ’18 ’9 3
Sin— = = = _— = —_ = =
2 2 2 50 25 5

MATHEMATICS
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: MODULE - IV
cos Ao [LrcosA  |T*os 32 16 4 Functions
2 2 2 50 5 5

A fl - cosA 1 —% \/ﬁ \/? 3
and tan — = — = - = | = | =_=
2 14 cosA 1+ 2—75 32 16 4
Q
& | CHECK YOUR PROGRESS 17.6

n
1. IfA=§,ven'fythat

@ siné _ ’1 —CcosA b) cosé _ ,1 +cosA
2 2 2 2

© tané= ’l—cosA
2 1+cosA

Notes

2. Find the values of sin£ and sin i.
12 24
3. Determine the values of
sin T b) cos T ( tan T
@sing  @eosg (0 tan
IH el I BUWR] Prove that following :
) 5-1
(a) Slnl = ‘\/_ and COSE = Lz\/g
10 4 10 4
5+1 -
(b) cosE = V5 and sinE = 10—2\/§
5 4 5 4
T T
Solution : (a) Let A = — SA =—
olution : (a) Le 10 = 5

Aa=L_3A
2

Sin2A = sin( g - 3A) — cos3A

o 2sinAcosA = 4cos3 A —3cosA

or  cosA[2sinA-4cos2A+3]=0 1)
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As cosA #0 and | —sin2 A = cos2 A
. (1) becomes 2sinA —4(1 — sin2 A) +3=0
4sin2 A + 2sinA -1=0

. 2D +J4+16 -1+4/5
= SinA = =
8 4
sinA:E
LT «/g—l
N sin— = ——
10 4
2
n N J5 -1 V10 + 245
Now ¢os— =,[l—sin2— = ,[1— =
10 10 4 4

b1 b1

b) Let A=— 2A=—

(b)Le 10 5
cos2A =1-2sinZ A

2
cos%zl—Z[EJ 21_2[6—2«/§]=2+2«/§

4 16 8

W5+

4
. n N10-25
Now sin==,/l-cos?2 == ——
5 5 4
1D el BMZE Prove the following :

tan o0 + 2tan2o + 4tando + 8cot8a = cot o

Solution : We have to prove that

tan ot —cot o0 *2tan2 o #tand o Bcot8 o H

( ova " sng ]"‘2 tan 20 + 4tan4o + 8cot8a = 0

or -
COoS S o

or —Z.CO—SQOL +2tan2 oo M4 tan4 oo W8cot8 o
2s1n 0L CoS O

or 9 SOSXL L 20+ 4tando + Scot8a = 0

sin2o

MATHEMATICS



or —2cot2a + 2tan20 + 4tand4o + 8cot8at =0 ... )
Combining —2cot2a + 2tan2o
(1) becomes  —4cot4o + 4tando + 8cot8=0 ... )

Combining —4cotdo + 4tando,; L.H.S. of (2) becomes

—8cot8a + 8cot8a = 0 = RH.S. of (2)

17.5 TRIGONOMETRIC EQUATIONS

You are familiar with the equations like simple linear equations, quadratic equations in algebra.
You have also learnt how to solve the same.

Thus, (i) x — 3 = ( gives one value of x as a solution.

(i) x2 — 9 = o gives two values of x.

You must have noticed, the number of values depends upon the degree of the equation.
Now we need to consider as to what will happen in casex's and y’s are replaced by trigonometric
functions.
Thus solution of the equation sin® — 1 = 0, will give
T 5m 9n
in@f=]land 6 =—, —, —,....
sin NN

Clearly, the solution of simple equations with only finite number of values does not necessarily
hold good in case of trigonometric equations.

So, we will try to find the ways of finding solutions of such equations.

17.5.1 To find the general solution of the equation sin 6 = 0
Itis given that gsin® = 0
But we know that sin 0, sin 7, sin2m,....,sinmt are equal to 0
O=nm,ne N
But we know sin (-0)= —sin® =0
sin(-m),sin(-2m), sin(-3m),....,sin(-nm) =0
0 =nm, nel.
Thus, the general solution of equations of the type sin 6 = 0 is given by 6 = ni where # is an
integer.
17.5.2 To find the general solution of the equation cos 0 = 0
Itis giventhat cos® = 0

But in practice we know that cos g = 0. Therefore, the first value of 9 is

o=2
2

MODULE - IV
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We know that cos(7+6)= —cos € or cos[n+§)= —cosg =0.

3n
or cos— =0

In the same way, it can be found that

S_R, c0;77r , cos%r, ..... , cos(2n +1)g are all zero.

6=(2n+1)§,neN

But we know that cos (-0) = cos 6

. cos(—gJ =cos( 3—;) eos( 52—n) = ces{ (2n 1)

9:(2n+1)§,nel

Lo

J

ot

Therefore, § = (2n +1 )E is the solution of equations cos 8 = 0 for all numbers whose
2

cosine is 0.
17.5.3 To find a general solution of the equation tan 6 = 0
Itisgiventhat tanO= 0

sin@

or 0 or sinB =0

cos 0
Le. O=nm nel

We have consider above the general solution of trigonometric equations, where the right hand
is zero. In the following, we take up cases where right hand side is non-zero.

17.5.4 To find the general solution of the equation sin 0 =sin o

Itis given that sin© = sino

= sin@ —sino =0
0+ 0-

or 2005( 2a)sin( 2a)=0

.. Either cos(e-l-a):oorsin(e;aj:o
2
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MODULE - IV
0+ a T - .
= =(2p+)T or  ——=amp g€l Functions
= 0=2p+1)m—0a or 0=2qn+a (1)
From (1), we get
6 =nmn + (-1 )n o, n € I as the geeneral solution of the equation sin § = sin o Notes

17.5.5 To find the general solution of the equation cos 6 = cos o

It is given that, cos© = cos o

= cosO —cosa =0

= -2sin sin -o =0
2
.-«
-, Either, sin b+oa =0 or sin =0
2 2
0+ a 0-q
= =pn or =qm p,q el
2 2
= 0 =2pn—a or 0 =2pn+ (1)

From (1), we have

0=2nmto,n €l as the general solution of the equation cos 6 = cos
17.5.6 To find the general solution of the equation tan 6 = tan o

It is given that, tan 0 = tan o

sinO sino

= cos B cosoc_0

= sinBcoso —sinocosO = 0

= sin(6-0)=0

= O-a=nmgnel

= O=nm+a nel

Similarly, for ~ cosec § = cosec o, the general solution is

O=nn+(-1) o

and, for sec O = sec o, the general solution is
0=2nwta
and for cot O = cot ot

0 = nm + o is its general solution
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MODULE -V |1t 6in2 0 < sin? o then
Function
unctions l1-c0s20 1-cos2u
2 2
= 0520 = cos2a
Notes | = 20 =2nm+ 20, nel
= O=nmta

Similarly, if cos? 6 = cos? o, then
a=nnto nel
Again, if tan2 0 = tan2 o, then

1-tan26 1-tanZa
l1+tan20 1+ tan?a

= c0s20 = cos2a
= 20 = 2nm £ 20
= 0=nnto, nel isthe general solution.
IR IERUMRE Find the general solution of the following equations :
. 1 . 3
(@ (i) sinb=— (i) sin® = - £
2 2
1
(b) (i) cosO= ﬁ (i) cos 6 = ——
2 2
©  cotb=—3 ) 4sin’0=1

Solution :

. 1 . T

a 1) sin = — = sin—

(@ @ 5 p
G:nn+(—1)“§, nel

. 3 LT b . 4n
(i) Sin® = —— =-sin—-=sin| T+~ | =sin—
2 3 3 3

G:nn+(—1)n43—n, nel

. B o=
(b) (i) cosO= B cosg

MATHEMATICS
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6=2nnig, nel

1 T T 27
(ﬁ)cosez——z—cos—z cos| m—— |=cos—
2 3 3 3
0 =2nni2—n, nel
3
(¢ cot6=—\/§

1 T b 5m
tan = ——==—tan—= tan| m— — | = tan—
V3 6 6 6

O=nnm+—, nel

2
(d) 4sin29=1 = sin2 0 = ! =(%) =sin2g

= sin9=sin(i%)

0=nnz E, nel
6
1D el BE®IY  Solve the following :
(@  2c0s20+3sin6=0 (®)  cosdx = cos2x
(© c0s3x = sin2x (d)  sin2x +sin4x +sin6x = 0
Solution :
(a) 2¢0s20+3sin6 =0

=  2(1-sin20)+3sin®=0
= 2sin20-3sin®-2 =0
= (2sin@+1)(sin6-2)=0

= sinez—% or sinf=2

Since sin© = 2 is not possible.

) . T ) T L In
sinf = —sin— =sin| T+ — |=sin—
6 ( 6] 6
0 =nm+ (1) e
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cosdx —cos2x =0

MODULE - IV |(b) c0s4x = cos2x
Functions |;..

= —2sin3xsinx =0
= sin3x =0 or sinx =0
= 3Xx =nm or X = nm
Notes

nm
= X = ? or X=NT nel
(©) cos3x = sin2x

T
N cos3x = 005(5—2)()

i

— 3x =2nm t E—2x nel

Taking positive sign only, we have

3x=2nn+g—2x

N 5x=2nn+£
2

X—2Ln+£

= 5 10

Now taking negative sign, we have

3x=2nn—§+2x - x=2nn—§nel
(d) sin2x + sin4x +sin6x = 0
or (sin6x +sin2x)+sin4x =0
or 2sin4xcos2x +sin4dx =0
or sindx[2cos2x +1]=0
; cos2x = —l = cos2—n
singx =0 or 5 3
27

= 4x = N 01‘2X=2n7'£i?,n61

nm L0

X = T or X=nNmzx ; nel
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L@ A CHECK YOUR PROGRESS 17.7

1. Find the most general value of @ satisfying :

. ) i}
@ sin@ = By (i) cosec § = 2
) . V3 ) 1
@ sin0=-> @ sino=-—
2. Find the most general value of @ satisfying :
. 1 . 2
(@ cosh = —— (i) sech = ——
2 V3
3 :
(i) cos 0= % (iv) secd = —2
3. Find the most general value of @ satisfying :
(@) tan O = -1 (ii) tan9 =3 (@)  cotd=-1
4. Find the most general value of 9 satisfying :
. 1 . 1 1
1 sin20 = — 1 cosM=— (m tan30 = —
) 5 (i) 5 (iif) N
(iv)  cos30 = —? v) sin?2 0 = % (vi)  sin220 = %

.. 3
(Vi) 4cos20=1 (viil)  cos? 20 =

5. Find the general solution of the following :

@) 28in20++/3 cos0+1=0 (i) 4cos? 0 4sin O=1

(i) cot® + tan 6 = 2 cosec O

dl LET US SUM UP

° sin(A+B)=sinAcosB* cosAsinB,

cos(AxB)=cosAcosB FsinAsinB

tanA + tan B

tan(A +B)= , tan(A -B) =
1 —tanAtanB

tanA - tan B

1+ tanAtanB
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cotAcotB -1 cotAcotB +1
——— , cot (A-B) = ———
cotB + cotA cotB —cot A
2sinAcosB =sin (A + B) +sin(A -B)

2cosAsinB =sin(A + B)—sin(A - B)

2cosAcosB =cos(A+B)-cos(A-B)

2sinAsinB = cos (A —B)-cos(A + B)

cot(A+B)=

sinC+sinD=2sinC+DcosC_D
2 2
sinC—sinD=2cosC+DsinC_D
2 2
cosC + cosD = 2cosC+DcosC_D
2 2
D-C

cosC —cosD =2sin sin
sin(A+B)osin (A— B)= sin> A—sin’ B

cos(A+B) -cos(A— B)= cos® A—sin® B

sin2A = 2sinAcosA = ﬂ
1+ tan2 A
)
cos2A =cos” A-sin’ A 2cos> A 4 * 2sin’A _—1— tan2 A
I+tan“ A
tanzA = ﬂ
1-tan2 A
in? A= LTCOSZA o p S 1HCOS2A g, 1o cos2A
2 14 cos2A

Sin3A = 3sinA —4sind A | 00534 = 4c0s3 A - 3c0sA
_ 3tanA —tan3 A

1 -3tanZ A
3sinA —sin 3A .

tan3A

3cosA + cos3A

sin? A = 0s3 A =

. A l—cosA ’1+cosA
sin— =+, [——— =
2 2
tanéz + ’l—cosA
2 1+cosA
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T «/g—l T \/§+1

° sinﬁz 2 ,cosgz 2
° sin@ =0 = 0 = nm, nel
cos® =0 = 6=(2n+1)§, nel
tan 0 = 0 = 0 = nm, nel
®  sinB =sina = 0=nn+(-1)" a nel
®  cosO=cosa = 0 =2nm £ 0, nel
J tan O = tan o = 0 =nn+a, nel
® sin20=sin2a = O=nnta, nel
®  c0s20=cos?a = O=nnto, nel
o tan2 O = tan2 o = O=nnta, nel

e SUPPORTIVE WEB SITES

° http://www.wikipedia.org

° http.//mathworld.wolfram.com

@
SRl TERMINAL EXERCISE |

_cos2 B-cos? A
cos® B—sin® A

1.  Prove that tan(A +B)><tan (A —B)

2. Prove that cos© — ~/3sin 6 = 2005(9+%)

3., IfA+B=="
4

Prove that(1+ tanA )(1+tanB) =2 and (cot A—1)(cosB—-1) =2
4.  Prove each of the following :

_sin(A-B) . sin(B-C) +sin(C— A)

: cosAcosB cosBcosC cosCcosA
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MODUL'E v ii) COS i—A €0Ss 1+ A |+ cos 2_71'_ A | -cos 2_7t+ A |= cos2A
Functions (i) cos) 75 10 5 STAF
2n 4m on 1 . 131 177 437
(i) cos— - cos— -cos— =——  (iv) cos— + cos— +cos— = 0
9 8 45 45 45
Notes ) tan(A+£)+cot(A—£j=—l p
6 Sin2A — sin—
3
sinB + sin20 cos 0+ sin O
i =tan 0 (vi)) ————— = tan 20 + sec20
) 1+ cosB+cosXM (i) cosBO —sin 6
. 2
i) 1-sin 6 - tan? it__ﬁ
V)| T ing 4 2
. b T 3
(iX) cos2 A +cos2| A+— |+cos?2| A-=|==
3 3 2
sec8BA —1 tan8A ) T n 117 13m 11
X = (xi) COS — €OS — €OS —— COS—— = —
sec4dA -1 tan2A 30 30 30 30 16
ii sin1 + sinw—n = —l
T, 0 2
5. Find the general value of '9' satisfying
. 1 3
(a) sin6 = Nl (b) sin® = %
in6 1
sinf = —— -
() NG (d) cosec 0=+/2
6.  Find the general value of ' satisfying
1 2
cosf = — b) secb = —
(a) cos0 = - (b) sec0 = 7
NG
(c) cosB = 5 (d) secd = -2
7. Find the most general value of 'g ' satisfying
1
(@) tan® =1 (b) tan 0 = -1 (c)cot® = ——
NG
8. Find the general value of 'g ' satisfying
. 5 1
(a) sin“ 6 = 5 (d) 4c0s209=1 (¢) 2cot2 0 = cosec? 0
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9. Solve the following for ¢ : MODULE - IV
Functions
(a) cospb = cos qO (b) sin90 = sin O
(c) tan5 6 = cotH

10.  Solve the following for ¢ :

Notes
(@) sinmO+ sinnb = 0 (b) tanmO + cotn® =0

(¢) cosO + cos20 + cos30 = 0 (d) sin® +sin20 +sin30 + sindd = 0
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&

Notes

A
I vswers

CHECK YOUR PROGRESS 17.1

-1 3 21
L @ 0 R (ii) i © 27

2
B-1
(a) 2\/5

CHECK YOUR PROGRESS 17.2

. cos? A —sin2A .1 _(\/3T+1)
1. (1) — (i) 1 2. (c) Y NG
CHECK YOUR PROGRESS 17.3
1. (@) sin50 —sin 0; (b) c0s20 — cos6d
cosE+cosE d s.inE+sinE
(©) 3 5 (d) > 5
2. (@) 2sin50cos O (b) 2co0s50-sin29
(c) 2sin30 -sinBO (d) 2c0s60 - cos O
CHECK YOUR PROGRESS 17.4
5 ﬁ b @ 2016
- @ ® 760 © S22
N (R o
- @ ®) 73 © T69
4 z b) 5.1
. (a) 7 (b) 02 _a2 .
CHECK YOUR PROGRESS 17.5
, 2 (3pa° - 4p°) . 2 e =32
. (a) 7 (b) T : (3)27 (b) o

CHECK YOUR PROGRESS 17.6
b1 J(4-v2-+e)

2. (@) ——

N 22
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L@ %ﬁ (b)

2+42

© 2 -1

2

CHECK YOUR PROGRESS 17.7

1. (i)6=nn+(—1)n%,n el
(jjj)6=n7t+(—1)n4—3n,n el

2. i) 6= 2nni27n,nel
i 6=2nni£,nel
(i -

3. (i)6=nn+37n,nel
(ﬁi)eznn—%,nel

4 He==r(-)" T

2 12

(iii)ezn?n+£,nel
(V)6=nnig,nel
(Vii)6=nni§,nel

5. (i)ezznni%”,nel

(iii) 0= 2nni§, nel
TERMINAL EXERCISE

5. (a) 0= nn+(—1)n§,n el
() 6= nn+(—1)n57n,n el

6. (a) 6=2nni§,nel

(il 9=nﬂ+(—1)n%,n el
(iv) 6=nn+(—1)“54—”,n el
(ﬁ)6=2nni%,nel

(iv) 6=2nni37n,nel

(ii) e=nn+§,nel

(ii) Gznnig,nel

(b) 6= nn+(—1)n§,n el

() 0= nn+(—1)n§,n el

(b) 6= 2nnig,ne I
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10.

(c) 9=2nni5?n,nel
(a) 6=nn+§,nel
(c) 6=nn+23—n,nel
(a) 6=nni§,nel
(c) 6=nni§,nel

(@) 0= 2" net
pFq

T
6=(2n+1)—,nel
(©) B

0o 2k +Dn
(a) Tmen or

© 6=(2n+1)% or

) Trigonometric Functions-II

(d) 6= 2nni23—n,nel

(b) e=nn+37n,nel

b 6=m‘ci£,nel
®) .

nm T
0= —or(2n+1)—,nel
(®) 4 10

2kn (2k+1Dm
kel 0= ——
m+n () 2(m-n)

kel

2nni%,nel

nm T
(d) 6=T0r6=nni?nel or 0=(2n-1mnel
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INVERSE TRIGONOMETRIC FUNCTIONS

In the previous lesson, you have studied the definition of a function and different kinds of functions.

We have defined inverse function.

Let us briefly recall :

Let f'be a one-one onto function from A to B.

Let y be an arbitary element of B. Then, f being
onto, 3 an element x € A suchthat f (x)=y.
Also, f being one-one, then x must be unique. Thus
foreach y € B, 3 aunique element x € A such
that f(x) =y. So we may define a function,
denotedby -1 as f-1: B —» A

f-l(y)=xef(x)=y
The above function f~1 is called the inverse of f. A function is invertiable if and only if f is
one-one onto.
In this case the domain of -1 is the range of f and the range of f-! is the domain f.
Let us take another example.
We define a function : f: Car — Registration No.

If we write, g : Registration No. — Car, we see that the domain of f is range of g and the
range of f is domain of g.

So, we say g is an inverse function of f, i.e., g=f"".

In this lesson, we will learn more about inverse trigonometric function, its domain and range, and
simplify expressions involving inverse trigonometric functions.

After studying this lesson, you will be able to :
° define inverse trigonometric functions;
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° state the condition for the inverse of trigonometric functions to exist;

° define the principal value of inverse trigonometric functions;

° find domain and range of inverse trigonometric functions;

° state the properties of inverse trigonometric functions; and

° simplify expressions involving inverse trigonometric functions.

EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of function and their types, domain and range of a function

° Formulae for trigonometric functions of sum, difference, multiple and sub-multiples of
angles.

18.1 IS INVERSE OF EVERY FUNCTION POSSIBLE ?

Take two ordered pairs of a function (x;, y) and (x5, y)
If we invert them, we will get (y,x; ) and (y,x,)

This is not a function because the first member of the two ordered pairs is the same.
Now let us take another function :

. T | 11: \/3
sin—, 1 sin—, — in— —
(051} (55 033

Writing the inverse, we have

. T 1 . .\/5 T
L,sin— | | —=,sln— X gin=
( 2]’(J§ 4)and[2,s1n3)

which is a function.
Let us consider some examples from daily life.
f: Student — Score in Mathematics
Do you think /! will exist ?
It may or may not be because the moment two students have the same score, /' will cease to be

a function. Because the first element in two or more ordered pairs will be the same. So we
conclude that

every function is not invertible.

IDEV I IBERE If /:R — Rdefinedby f(x)=x> +4. What will be /' ?

Solution : In this case f'is one-to-one and onto both.
= f'is invertible.
Let y= X +4

y—4 = =x gy_él-

So /!, inverse function of fie., /' (y)=3/y—4

MATHEMATICS



Inverse Trigonometric Functions

The functions that are one-to-one and onto will be invertible.

Let us extend this to trigonometry :

Take y = sin x. Here domain is the set of all real numbers. Range is the set of all real numbers
lying between —1 and 1, including —1 and 1 i.e. =1 <y <I.

We know that there is a unique value of y for each given number x.

In inverse process we wish to know a number corresponding to a particular value of the sine.

. 1
Suppose y=smx ZE
sinx—sinz—sins—n—sinm—n—
- 6 .
have the val L
x may have the values as ., ==, =

Thus there are infinite number of values of x.

y=sin x can be represented as

n1) (1
6’216 2)"

The inverse relation will be

Im)y (L5
2761276 )

1
It is evident that it is not a function as first element of all the ordered pairs is 5 which contradicts

the definition of a function.
Consider y =sin x, where x € R (domain)andy e [-1, 1] or —1 <y <1 which is called range.
This is many-to-one and onto function, therefore it is not invertible.

Can y =sin x be made invertible and how? Yes, if we restrict its domain in such a way that it
becomes one-to-one and onto taking x as

m i
(1) _ESXSE’ ye [_1’ 1] or
3n St
(ii) ?SXS? ye [-1,1] or
Sn 3n
(iif) Y <X S—7 ye [-1,1] etc.

Now consider the inverse function y =sin™x.

We know the domain and range of the function. We interchange domain and range for the
inverse of the function. Therefore,
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T T
(@) 5 <y 35 xe [-1,1] or
3n 5w
(i) TSJ/S > xe[-1,1] or
5w 3n
(ii) —73)/5 Y xe[-1,1] etc.

Here we take the least numerical value among all the values of the real number whose sine is x

which is called the principle value of sin”! x.

T T
For this the only case is — 5 <y < 5 Therefore, for principal value of y = sin”! x , the domain

. . .n n
is [-1, 1] i.e. xe [-1, 1] and range is > <y SE'

Similarly, we can discuss the other inverse trigonometric functions.

Function Domain Range
(Principal value)
1 in~! 1.1 [_E E}
: y=sm x [_ s ] 2a )
2. y=cos'x -1, 1] [0, 7]
3 -1 R _nrn
. y=tan " x 23
4. y=cot_1 X R [0, 7]
5 -l >1 or x<-1 {0 oz n}
. y=sec x x21or x<— > X
T (o
6. y:COSGC_l X x>1or x<-1 {—5, OJU(O,E}

1

y=sin " x y=Cco0s X

MATHEMATICS



Inverse Trigonometric Functions
Y

Y
n/2 ==
———————— n
)
::_/____ /2
% v
-1 1
y=tan " x y=cot " x

e e _"k

-1 /2

Y Y

y= sec x y= cosec ! x

Fig. 18.2

Ihel ) EWA Find the principal value of each of the following :

N 1 . —1( 1 ) -1 1

1)smn | —=|(m) oS | —— m) tan | ——=

0 ( sz (i T v

Solution : (i) Let sin” | — |=0
[«/5]

or sin®=—=sin| =~ 0="

4

(if) Let cos™! ( _%j: 0

1
= cosO =——=cos n—E = CosS 2_7'5 or G:E
2 3 3 3
N 1 1 T
(iii) Let tan”'| —— |=0  or ——=tan6 or tanf=tan| ——
3 3 6
= e:—E
6
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_ Inverse Trigonometric Functions
MODULE - IV IhelulJBERE Find the principal value of each of the following :

Functions
1

@ () cos™ (E) (ii) tan™" (~1)

& (b)  Find the value of the following using the principal value :

Notes -1 ﬁ }
2

SecC |:COS

S 1
Solution : (a) (i) Let €OS l(E]=9,then

1 0 cos 0= cos T
— =co0S or = COs—
NG 4
= 0= T
(ii) Let tan~' (~1) =0, then

—1=tan0 or tan 0= tan(—%)

= 0= T
4
(b) Let cos™ (ﬁ} =0, then
2
3
£ =cos0 or cos 0= cos(z)

2 6

= 0= T

NG
IDe  NIERERY  Simplify the following :

(i) cos[sin~! x| (ii) cot [cosec'x]

sec cos_lﬁ =secO=sec| L =i
2 6

Solution : (i) Let sin™' x =0

= X =sin6

cos [sinfl x]=cos9=x/1—sin26 :\ll—x2

(if) Let cosec 'x = 0

= X =cosec 0

MATHEMATICS



Also cotO= Jcosec2 0-1

=+/x> -1

Q
\Y_f# CHECK YOUR PROGRESS 18.1

1. Find the principal value of each of the following :

(@) COS_][Q] (b)  cosec” (+2) ©) sin-'[_g)

2
(d) tan ™! (—\/§> (e) cot (1)

2. Evaluate each of the following :

(a) cos(cos_1 lj (b) cosec_l(cosecf) (©) cos(cosec_li)
3 4 NG
(d) tan (sec_lx/z) (e) cosec[cot_1 (—\/5)]

3. Simplify each of the following expressions :

(a) sec (tam_1 X) (b) tan(cosec_1 %) (c) cot (cosec™' x2)
(d) cos (cot™ x?) (e) tan (sin™" (\/:))

18.3 PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS
sin” (sin0) =0, —g <0 Sg

Solution : Let sin0 = x
= 0 =sin"'x
=sin"' (sin)=6
Also sin(sin”'x) =x
Similarly, we can prove that

() cos ' (cos®) =0, 0<O<m

m m
(ii) tan”' (tan®) = 0, —5<6<E

- .1
Property 2 OIESEY 'x =sin 1(;) (ii) cot ' x = tanl(l)
X
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(i)

S (1
S€C X =CO0S —
X

Solution : (i) Let cogec™' x =0

= X =cosecO
= l =sin0
X
0 =sin™"' (l)
X
O _1( 1 j
= cosec Xx=s8Iin | —
X
(i) sec'x=0
= X =secH
l =cos6
X

G (1
S€C X =CO0S —
X

Property 3 @] sin”! (=x)=—sin"'x

(iii) cos ™' (=x) =7 —cos

Solution : (i) Let sin”' (—x) =0

(i)Let cot'x=0
= X =cot0
1
= —=tan0
X
(1
= 0 =tan"' (—)
X
cot”' x = tan”!

/N
> | =

or 0=cos™" (l)
X

(i) tan~' (=x) =—tan"" x

Tx

= —-Xx=sin0 or x =-sin0 =sin(-0)
—0=sin"'x or 0=—sin"'x
or sin”! (-=x)=—sin"! x
(i) Let tan™' (-x)=0
= -x=tan0 or X =—tan 0 = tan (-0)
O=—tan'x Of tan ! (-x) =—tan"' x
(iii) Let cos™' (—x)=0
= —x = cos 0 or X =—cos0=cos(n-0)
cos 'x=m—0
cos ' (=x)=m—cos ' x
’W (i) sin”'x +cos' x = g (ii) tan"' x +cot ' x =%
(i) cosec”' x +sec”! x =§
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Inverse Trigonometric Functions

o _ s
Soluton : (i) sin”' x +cos 1x=5

Let sin'x=0 = X=sin6=cos(%—6)

or cos”! x:(E—GJ
2

-1._T .1 1. _T
= 0+ cos X—E or sin” X +cos X—E

(if) Let cot'x=0 = x=cot6:tan(g—6)

_ T _ T
tan1X=E—6 or O+tan ' x =—

-1 4

T
or cot X +tan x=5

(ii)) Let cosec™ x =0

T
= X =cosecO=sec| ——6
2
_ T
sec lx=——0 or B+sec ! x =T
2 2
-1 -1 _TE
= cosec” X +sec X—E

IS () tan' x +tan ! y= tan~! [ lx Y ]

(i) tan”'x —tan 'ly =tan +( x—y]

I+xy

Solution : (i) Let tan™' x =6, tan_1y=¢ = x=tan0,y =tan¢

o x+
We have to prove that tan™' x +tan ™'y = tan 1( IX Y ]

By substituting that above values on L.H.S. and R.H.S., we have

tan O+ tan ¢ }

_ —tap! | ARYT AN G
LHS.=0+¢and RHS. =tan L—tan 0tan ¢

= tan™! [tan 0+ (1))] =0+¢=LHS.

.~ The result holds.
Simiarly (ii) can be proved.
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2
Property 6 2tan_lx=sin_1[ sz}zcos_{l Xz}ztan_l[ 2X2}
I+x I+x 1-x

Notes

() (i) (iii) (iv)
Let x=tan 0
Substituting in (i), (ii), (i), and (iv) we get
2tan”' x=2tan"'(tan0)=20 .. @)

.-l 2x . 2 tan 0
sin 5 |=sin | ————
1+x l+tan” 0

, _1(2tan6)
=sin >
sec” O

=sin™! (2sinB cos0)

=sin”!(sin20)=206 .. (ii)
cos”! 1-x*) cos”! 1-tan® 0
1+x2 1+tan’ 0

_i[ cos?0—-sin’ 0
=C0S )
cos” O+sin” 0

=cos”! (cos2 0 —sin? 6)

=cos '(cos20)=20 L. (iif)
af 2x 1 2tan6
tan 5 |=tan | ————
I-x l-tan” 0
=tan”'(tan20)=20 .. (iv)

From (i), (ii), (iii) and (iv), we get

2
2tan”'x =sin 2X2 :cosJrl X2 =tan 2X2W
1+x 1+x 1-x
Property 7
) sin_lX=cos_l(\]1—xz)=tan_1{ X 2}
1-x

_1{ 1 }
=SeC
1—X2
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Inverse Trigonometric Functions
- - il A1=x?
(i) cos” | x =sin 1(\/1—){2)=tan { }

= cot™! X
R

1-
=sec ! {l}
X

Proof : Let sin_l Xx=0 = sinO=x

(i) cosB=~1-x*, tan 0=

, secO=
1-x2 1-x X

sin'x=0=cos™ (\ll—xz):tan_l( X > ]
1-x

~fete

-1 1- X2
=cot
X
(1
=cosec | —
X

(i) Let cos ™' x =0 = X =cos0
—x2 1
sin0=+1-x%*, tan0= I-x secO=—, cotf=
X X
1
and  cosecO=
1-x?

4 1
=sec 1(—)
X

and cosecH = l

X
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O sintxesiny =sin” [ xy1Imy? 4 - o2 |

@  cosx+cosy=cos™ | xy—vI-x241-y? ]
@ sinx—sin Ty =sin *[xyf1 32 W1 2]
)  cosx—cos Ty =cos Hxy W1 <21 )

Proof (i) : Let x =sin0, y =sin¢, then
LHS.=0+¢

R.H.S. =sin”' (sin0 cos +cosO sin §)

=sin”’ [sin 0+ (l))] =0+0¢
LH.S.=RHS.
(i)Let x=cosBO and y=cosd
LHS.=06+¢

R.H.S.= cos™" (cos cos¢ — sin Osin ¢)

=cos '[cos(0+0)|=0+0
L.H.S.=RH.S.
(iii) Let x =sin@, y =sin¢
LHS. = 0-0

RH.S. = sin™! [Xm— yv 1- x° ]
= sin"! [ sin 61— sin ¢ —sino/1-sin? 0 |
= sin™![sin Bcos ¢ cos Bsin 0]
=sin”'[sin (0-¢) |=0-¢
LHS.=RHS.

(iv)Let x=cosO, y=cos¢
LHS=0-¢

RH.S.= cos™'[cos O cosd +sin O sin ]

=cos™'[cos(0-¢)|=0-0
L.H.S.=RH.S.

Inverse Trigonometric Functions
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Example 18.5 QESEIIEIS

[. a3 . 5}
cos|{smm —+smn  —
5 13

. 5
Soluton : Let sin™' (%) =0 and sin I(Bj =0, then

sin@ = é and sind = i
5 13

4
cos0=— and cosGp=—
= 5 an (0 T

. The given expression becomes cos [0 + ¢ ]
= cos 0 cos O—sin B sin ¢

_412 35 33

513 51365

Ihel I BEAON Prove that

(1 4 1 af 2
tan — |+tan | — |=tan —
7 13 9
Solution : Applying the formula :

- _ 1 X+
tan™! X + tan 1y=tan ! Y

1
_+_
(1 (1 _ _1( 20
tan1 — +tan1 — =tan1 _7 13 =tam1 —
7 13 l—le 90
Ihel WA Prove that

(4 (12 (33
COS — |+ CcoS — | =CO0S —
5 13 65

Applying the property

0s”' x+cosy=cos™ (xy—\/l—x2 \/l—yz),we have

(4 (12 412 _ [ / 144
COS — |+ cos — | =CO
5 13 5 169

2
9
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D el CRERM Prove that

tan 1«/;—— (l_xj
1+x
Solution : Let [y = an g then
1 -1 l—tan29 1 -1
LHS.= d RHS.=—cos | ——— |=—cos (c0s20
6 an 2 [1+tan26J ( )
=l><26=9
2
LH.S.=RH.S.

IR IERERA Solve the equation

tan ™! I_—X =ltan_1 x,x>0
1+x 2

Solution : Let x = tan O, then

tan”" ( - tan@j = % tan”"' (tan 6)

I+tan0
. tan”! {tan(%—eﬂ=%9
= g—ezée
;

o]
1l
I~
=
I/

N—
I
& -

[ 1+X TNI=x ]Z—-I-—COSI(XZ)

\/l+x —\/1 x

Solution : Let x> = c0s20, then
20=cos™! (x2 )

1 1.2
= B6=—cos X
2

Substituting x> = c0s26 in L.H.S. of the given equation, we have

tan”! VI+x2+4/1-x? — tan”! \/1+cos26+\/1—cos26
N 2_J1-x2 1+c0s20 —4/l—co0s20
1+x 1-x \/ \/
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_ tan 1 \/_cos6+\/_s1n6
«/_cose x/_sm 0

cos0+sind
cos0—sinb

- g
(1 :zsz

Lo
4

:E+lcosfl(x2)
4 2

e
L°:4 CHECK YOUR PROGRESS 18.2

1. Evaluate each of the following :

. o 1
(a) s1n{§—sm 1(‘;)} (b) cot(tan_l a+cot o

1 . 2x 1=y
(c) tan —| sin 3 + CoS 5
2 I+x I+y

T

(d) tan(2tan_1 %) (e) tan[2tan_1%—z

2. Ifcos™'x+cos™'y =, prove that
x? —2xycosP+y? =sin’p
3. If cos ' x +cos”! y+ cos'z=m , prove that

x? +y2 +7° +2xyz=1
4. Prove each of the following :

_11 ._12

. T 4
sin”T —=+sinT —==— sin”' =+ sin~
® NE 52 ® 5

3

(c) cos”! i +tan ' =tan”! 2 (d) tan™! l +tan”! l +tan”!
5 11 2 5

5

0 | —
~13a
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4l L ET US SUM UP

Inverse of a trigonometric function exists if we restrict the domain of it.

0

(1)
(i)
(v)
\)
(vi)

n n
sin”! x=y if siny = x where —ISXSL—ES YSE

cos”' x=y ifcos y=x where —1 <x <1,0<y<n

—1 . T 1
tan”' x =y if tan y =x where X€R,— PRRARY

cot! x =y if coty =x where xeR,0<y<mn
T n
sec”! x =y ifsecy =x where x> 1, (£ ¥ S or x< —I,E <y<m
. T
cosec”! x =y if cosec y =x where X2 1, 0 < y< >

or x< —1,—% Sy<0

Graphs of inverse trigonometric functions can be represented in the given intervals by
interchanging the axes as in case of y = sin x, etc.

Properties :
() sin'(sin@) =0, tan"' (tanB) =0, tan (tan'0)= 0 and sin(sin™'0) =6
_ (1
(i) cosec™ x=sin_l(lj, cot™! x:tan_l(l), sec”' x = cos '[—)
X X X
(i) sin”'(-x)=-sin'x, tan”' (=x)=—tan"' x, cos™' (—x) =1 — cos ' x
(iv) sin"'x +cos”' x = g , tan~! x + cot ™' x =—, cosec ' x +sec”! x =§
_ _ _ + -
(v) tan X +tan 1yztan HxTy , tan"'x —tan _ly =tan H 2
I-xy I+xy
2
(Vi) 2tan' x =sin""! 2X2 =cos ! ! Xz =tan"! 2X2
1+x 1+x 1-x
(vii)

sin_lxzcos_l( 1—x2) =tan +[

= SCC = COt = Cosec —
X

(viii) sin”! x +sin” y—sm l[x\ll y +y\/1 x]

(ix)

cos ' x cos y =cos Jr[xy:F y\/l—x2 \/1 —yz]
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e SUPPORTIVE WEB SITES

° http://www.wikipedia.org

° http://mathworld. wolfram.com

[J
Q'l TERMINAL EXERCISE

1. Prove each of the following :

(a) sin—l[ijmn-l(i):sin-l(ﬂjaa)
5 17 85

(¢) cos™ (ﬂj +tan™! (gj = tan ! (2—7)
5 5 1

2. Prove each of the following :

tan”! l +tan”! l =lcos_1 E
4 9 2 5

Al A Dy, (23 tan”! 1 +2tan * 1 =tan 2
(@) 2tan (Ej+tan (g)—tan (Hj(b) 5 3

©

4(1 a1 41
tan | — |+tan | —|[=tan | —
8 5 3

Prove that 2sin™" x = sin ™! (2XV 1- x? )

Prove that 2¢cos~! 2x -1

3. (a
(b)

X =CO0S

©

4.  Prove the following :

COSX T X
tan”' =—-= b
(@) tan (1+sinx) 4 2 ®)
(¢) cot™! ab+1 +cot™! M +cot™!
a—b b-c¢

5. Solve each of the following :

(@)

_ _ T
tan”' 2x + tan"! 3x =—

o a

(c) cos ' x +sin”! [% x) = (d)

)
Prove that cos™' x = 2sin”! (‘/ 5 j 2¢co ( 1+X]

[ cosx—sinx| T
tanT | ——— |=——-X
cosx+sinx | 4

ca+1j:O

c—a

(b) 2tan™" (cosx)=tan"' (2cosecx)

_ _ n
cot ' x — cot 1(x+2)=1—,x>0
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Inverse Trigonometric Functions

MODULE - IV || A\
D\) CHECK YOUR PROGRESS 18.1
& L @ (b) —— © -~ @ -= © =
Notes ‘ 6 4 3 3 4
) l b T l d)1
SO ® © 3 @ © -2

1-x

2 x2
o O 755, O @75 O

CHECK YOUR PROGRESS 18.2

X+y
L. (a) 1 (b) 0 (c) T—xy

TERMINAL EXERCISE

5 7
(d) o (e) T

1
5@ B, @ @4

MATHEMATICS



Hyperbolic Functions

Objectives |

If we take x=acosB, y=asin8 (60R) Thenx?+y?=&2, In other words, for any real value

of 6 the point(a cosb, asin®) lies on the circlex? + y2 = a2. For this reason, the trigonometric

function we are also known as circular functions.

_ OP+e®0  Od+ 60 Xy .
X = a@TE, y= %42% (60R) then we get that 27 =1. Thisis the

equation of "hyperbpla" (Hyperbolas will be discussed in the second year intermediate course). This

2 2
mean that points on the hyperbola are mﬁg&i)’z =1 form
a

0P+ e®0 0 - et

2i 2 Y e e

Keeping this fact in view, the "Hyperbolic functions" are introduced. The number e is defined as

e=l+i+l+ 0=y 1 0g R
u- Lz n:On!
For any it is known that
ex=1+5+£+ ..... -y X
L LZ n—OnI

10
eis also give bye = nltw @erB

the approximate value of e is givendsy2.7118287

158/1



18.4.1Definition : 1) The functionf: R - R defined by f (x) =

the "hyperbolic sine" function. Itis denoted by sinh

X _ —X
Thus  sinhx=S—% forall xOR
X —X
iy coshx = forall xOR
sinhx _ e -¢”*
iy tanhx = = for all
) coshx & +¢e* xHR
coshx _ e +¢”*
i) cothx = =~ forall xOR
sinhx g*-¢
sechx = LI for all
V) coshx & +e” orall xOR

1
vy cosechx =— =
sinhx ¢

2
g forall xOR
18.4.2 Identities

) coskx-sin’x=1forallxOR

i) 1-tanttx =sechxforall xOR

i) coth’x—1 = coseckx for all xOR - {0}

158/2

eX

—X

forall xORis called



m Inverse Hyperbolic function ]

18.5.1 Definition

The functionf: R . R defined byf(x) = sinhxnfor all X OR, is a bijection. Thus the inverse

of this function exists and it is denoted &iph . Thus, if x, y are real numbers then
sinifiix=y « sinly=x
0 coshix=y « cosly=x
taniiix=y ~ tanly=x
cothi’x=y - cothy=x
sechlx=y ~ secly=x

cosech!x=y - cosecly=x we define.

m Properties of hyperbolic function]

18.6.1 for x,yOR

i) sinh(+Yy) = sinhx cosly + cosix sin ty

i) sinh (x—y) = sinhx cosly — costx cosly

i) coshi+y) = coslkxcosly + sinkx sinty

V) cos-Y) = cohsk cosly - sinhx sinhy
18.6.2 foranyx O R

) sinh2x=2sinhkcosh= _2tanhx_
1-tantf x
i) cosh X =coskx + sint¥x
=2 coskx-1
=1 + 2 sinBx

_ 1+tantf x
1-tantf x
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18.6.3 foranyx,yO R

tanhx+ tanhy

) tanh &+Y) = anhx tanty

tanhx - tanhy

i) tanhx-y)= 1-tanhx tanhy

cothx cothy+ 1

) coth &+y) = cothy + cothx

cothx cothy- 1

M) coth k=) = cothy - cothx

18.6.4 foranyx O R

) tanhx = _2tanhx
~ 1+tanif x
coth? x+ 1
i) cothx=—if x#0
) 2 cothx

Example 1: Prove that, forany 0 R sinh(X) = 3sinkx + 4 sinf¥x
Sol: sinhX  =sinh (X +Xx)

=sinhX . coslx + cosh 2 sin hx

=2 sinkx (1 + sinkx) + (1 + 2sinfx) sinkx

= 3sinlx + 4sinkx

5

Example 2: If coshx = > find the value ofi) cosh() ii) sinh()

Sol: i) cosh(X) = 2coshx -1

i) we know that costf2x) — sinh?(2x) = 1
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Thereforesinh® (2¢)= cosk (& ¥ L'E!%gﬁz -1

_25.24
4

521
2

sinh()= +

[ Check your progress 1]

Lif sinhx=2 find the value of coshi@, sinh(2).

tanhx - tanly

2. Provethattanh(x-y)= ——mM8M8 ¥ ——.
x=y) 1-tanix tanly

3. Prove that cost(x) — sintfx = cosh(2).

[Letus sum up]

X _ =X
L i) sinhx=2—-F
X —X
i) coshx= €’e
2. i) tanhx= sinhx ’
coshx
i) cothx = cgshx _ 1
sinhx  tanhx
1 _
iil) sechx = . cosechx =

coshx sinhx
3. i) cosix—sintPx=1
i) 1-tanix = sechx
jii) coth?x — 1 = cosechx.
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4. i) sinh Z = 2sintx coslx,
ii) cosh X= cosHx + sinltx

5. i) sinh3 = 3sinkx+ 4sink¥x
ii) coshX = 4coshx — 3coskx

3tanhx+ tanf x
1+ tani x

i) tanhX =

[Supportive Websites]

e hitp:/AMmww.wikipedia.org

e http://mathworld.wolfram.com

Answers

[Check your progress 1]

158/6



19

RELATIONS BETWEEN SIDES AND
ANGLES OF A TRIANGLE

In an earlier lesson, we have learnt about trigonometric functions of real numbers, relations
between them, drawn the graphs of trigonometric functions, studied the characteristics from
their graphs, studied about trigonometric functions of sum and difference of real numbers, and
deduced trigonometric functions of multiple and sub-multiples of real numbers. We also studied
about inverse trigonometric functions, some of their properties and solved problems based on
their concepts.

In this lesson, we shall try to establish some results which will give the relationship between sides
and angles of a triangle and will help in finding unknown parts of a triangle.

r
D oBIECTIVES

After studying this lesson, you will be able to :
° derive sine formula, cosine formula and projection formula

° apply these formulae to solve problems.

EXPECTED BACKGROUND KNOWLEDGE

° Trigonometric and inverse trigonometric functions.
° Formulae for sum and difference of trigonometric functions of real numbers.

° Trigonometric functions of multiples and sub-multiples of real numbers.

|

19.1 SINE FORMULA

In a AABC, the angles corresponding to the vertices A, B, and C are denoted by A, B, and C
and the sides opposite to these vertices are denoted by a, b and ¢ respectively. These angles
and sides are called six elements of the triangle.

MATHEMATICS

MODULE - IV
Functions

Notes
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Functions

\\)

Notes

Result 1 : Prove that in any triangle, the lengths of the sides are proportional to the sines of the
angles opposite to the sides,

a b ¢
sinA sinB sinC

1€.

Proof : In AABC, in Fig. 19.1 [(i), (ii) and (iii)], BC =a, CA=band AB=c and £ Cis acute
angle in (i), right angle in (ii) and obtuse angle in (iii).

A
Y b
B = c
® (1) (iif)
Fig. 19.1
Draw AD prependicular to BC (or BC produced, if need be)
In AABC AD _inB
" AB
or —=sinB = AD=¢smnB . @)
c
In AADC, stinc in Fig 19.1 (1)
AC

or, . sinC =  AD=bsinC )
If Fig. 19.1 (ii), or 22 =1 =sin* =inC

AC 2

AD=bsinC

AD . .
and in Fig. 19.1 (iii), — = sm( TE—C) =inC
AC

AD . .
or T=smC or AD=bsinC
Thus, in all three figures, AD =b sin C
From (i) and (ii), we get

csinB=bsinC
b ¢

= sinB  sinC (i)

MATHEMATICS



Relations Between Sides and Angles of a Tria

Similarly, by drawing prependicular from C on AB, we can prove that
a b

sinA sinB @)
From (iii) and (iv), we get
a b ¢
T TS (A)
sinA  sinB  sinC
(A) is called the sine-formula
Note : (A) is sometimes written as
sinA  sinB sinC .
= = (A

a b c

The relations (A) and (A') help us in finding unknown angles and sides, when some others are
given.

Let us take some examples :
B-C A
IDel ) BUAN Prove that acos > =(b +c)sin ~ > using sine-formula.

A
Solution : R.H.S. = (b +¢)sin 5

We know that, —— = b__ ¢ %
© Know thet, sinA sinB sinC (say)
= a=ksinA,b=ksinB,c=ksinC

RHS. = k(sinB +sinC) sin%

B+C B-C . A
COS

=k 2 sin sin —
2
B+C A
Now ——=902 = (- A+B+C=n)

2 2
. B+C A
sin =C0oSs —
2

R.H.S. =2kcosé cosB_C siné

2 2

=k-sinA -cos —

= a-cosB;C— LHS

MATHEMATICS
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IDE I CREMA Using sine formula, prove that

a(cosC—cosB)=2(b —c)cosZ%

Solution : We have

a b ¢ X
sinA sinB sinC (say)

= a=ksinA,b=ksinB,c=ksinC

. . A
R.H.S =2k (sinB -sinC) coszz

=2k 2cos B+C sin B2—C cosZé
= 4ksiné-sin B- cos? — = 2asin — cosé
2 2
) . B-C
=2asin - sin 5

=a(cosC—cosB)
= L.H.S.

IhEl N ERERE [n any triangle ABC, show that

asinA —bsinB=csin (A -B)
Solution : We have

a b ¢ X
sinA sinB sinC (say)
L.H.S. = ksinA-sinA ksinB sinB

= k[sin2 A —sin’ B}
=ksin(A+B)~sin(A—B)
A+B =1 = sin(A+B) =sinC
LH.S. =ksinC sin(A— B)
=csin(A-B)=RHS.
In any triangle, show that
a(bcosC—ccosB)=b* —*

Solution : We have, a b _ ¢ X (say)

sinA sinB sinC

MATHEMATICS



Relations Between Sides and Angles o

L.H.S. =k sinA(k sinBcosC—k sinCcosB)
=k* sinA[sin(B-C) ]
=k* sin (B+ C)-sin(B C) [ sin A=sin(B+C)]
= k*(sin® B =sin’ C)

=k?sin? B *k2sin? C

=b? > =RHS
Q
A "Al CHECK YOUR PROGRESS 19.1
1. Using sine-formula, show that each of the following hold :
A-B
tan
i 2__ah i) bcosB+ccosC =acos (B—C)
() A+B ath (11) cosB+ccosC =acos(B-C
tan ——
2
. B-C A b+c B +C B €
(iif) asin =(b-c)cos— (iv) = tan cot
2 b-c 2 2

) acosA +bcosB +ccosC 2asinBsinC

a —
cosA cosB’

19.2 COSINE FORMULA

Result 2 : In any triangle, prove that

2. In any triangle if prove that the tiangle is isosceles.

2 2 2 2 2 1.2 2 2 2
() cosA=2 T iy cosp=SFAT T G g0 20T T
2bc 2ac 2ab

Proof :
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Three cases arise :

(1) When /C is acute (i) When /C is aright angle
@)  When /C is obtuse

Let us consider these one by one :

Case (i) When /C is acute

ﬂ—sinC AD=bsin C
AC = =D SIn

Also BD=BC -DC =a bcosC [ DTF ZCOSC}
From Fig. 19.2 (i)
¢? =(bsinC)* +(a—bcosC)’
=b%sin® C +a® b’ cos’C 2abcosC
=a’ +b% 2abcosC

a2 +b% 2

cosC=
= 2ab

Case (ii) When /C=90°
¢? = AD? + BD? =b* +a°
As C=90° = cosC=0
c2=b%+a%-2ab-cosC

bZ+a2 -2

2ab

= cosC =

Case (iii) When /C is obtuse
AD . .
—=sin (1802 () =sinC
C ( )

. AD=bsinC
Also, BD=BC +CD = ®bcos(1802 ()

=a —bcosC
= (bsinC)2 +(a-b cosC)2
= a2 +b2 —2ab cosC

aZ +b% <2
2ab

= cosC =

MATHEMATICS



Relations Between Sides a

2 2 2
.. In all the three cases, cosC =m
2ab
Similarly, it can be proved that
2,.2 12 2,2 .2
cosBzu and COSAZM
2ac 2bc

Let us take some examples to show its application.

1D eI EBUEE [n any triangle ABC, show that

COSA N cosB  cosC _a2 +b? +c
a b c 2abc

2

Solution : We know that

2 2 2 2 2 1.2 2 2 2
N O e PG B e i
2bc 2ac 2ab
LHS. = b%+c? —a’ ch +a? b 32 B &
T 2abc " 2abc " 2abe

1
2abc

[b2+c2 —a2 +02 +a2 —b2 +a2 +b2 —cz]

_a? 4b? 4c?
2abc

I IEBCAN If <A =60 <, show that in AABC

(a+b +c)(b € &) 3bc

=RHS.

b2 2 2

Solution : cosA= e
2bc

A=60° = cosA=cos60 & %

. (i) becomes %=%

= b2 +¢? —a® =bc
or b2 +c? +2bc a° Bbe
or (b+c)’ —a? =3be
or (b+c+a)(b £ a)=3bc.

MATHEMATICS
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elations Between Sides and Angles of a Triangle
MODULE - IV IDe N IERENE If the sides of a triangle are 3 cm, 5 cm and 7 cm find the greatest angle of a

Functions triangle.
\ Solution : Here a=3cm,b=5cm,c=7cm
\\) We know that in a triangle, the angle opposite to the largest side is greatest
Notes | .. £C 1is the greatest angle.
cosC= M
2ab
_9+25-49 15 A
30 30 2
-1 271

cosC=— C=—
2 T3

2n
.. The greatest angle of the triangle is 3 or 120°.

b c
IRV ICRERE In AABC, if /A =60 ¢, prove that ——+ =1,
c+a a+b

2 2 2
Solution : cosA=b re
2bc
a2
or cos60% l: @
2 2bc
b2 +c% —a? =bc
or b2+c?=® b (1)
b . c _ab+b2 +¢ Hac

RHS.=

ct+a Ia +b _(c+a)(a +b)

:ab+ac 1’ be o
(c+a)(a +b) [Using ()]
_ a(a+b)tc(a 4b)
(a+c)(a +b)

_(a+c)(a+b) _
(a+c)(a+b)

MATHEMATICS



Relations Between Sides and An

Q
A\ Y _f# CHECK YOUR PROGRESS 19.2

-

1. In any triangle ABC, show that

2 2 2 2 2 .2
(i)b 20 sin2A+S 2 §in2B+2 b

a b c

(ii) (a2 b2 +c? ) tanB = (bz 2 _|_a2)tanC :(02 -a* %2) tanA

sin2C =0

aZ+b? +c2

(iii)k(' 2A +sin2B +sin2C) =
) Sin +S1n +S1n 2abc

a_ _ b _ ¢
sinA sinB sinC
(iv) (b2 —¢2) cotA+(2 —52)cot B 432 _p2)cotC #

2. The sides of a triangle are a =9 cm, b =8 cm, ¢ =4 cm. Show that
6 cosC=4+3cosB.

19.3 PROJECTION FORMULA

Result 3 : In AABC, if BC=a, CA =b and AB = c, then prove that

where

(i) a=bcosC +ccosB (i) b=ccosA +acosC (i) c=acosB +bcosA
Proof :
A
C b
B . (D}
@ (1) (iif)

Fig. 19.3

As in previous result, three cases arise. We will discuss them one by one.

(i) When £C is acute :

BD
In A ADB, — =cosB = BD=ccosB
c

DC
In A ADC, T=COSC = DC=bcosC
a=BD+DC=ccosB+bcosC

a=ccosB+bcosc

MATHEMATICS
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Notes

(i) When ~ /C =90°

azBCzﬁ-AB=cosB-c
AB

=ccosB+0
=ccosB 4b cos90 (" c0s90°=0)
=ccosB b cosC

(iii) When ZC is obtuse

BD
InAADB, —=cosB — BD=ccosB
c

CD
In A ADC, Tzcos(n—c)z—cosc
= CD= -bcosC
In Fig.19.3 (iii),

BC=BD-CD

a=ccosB «(-bcosC)
=ccosB b cosC

Thus in all cases,a = bcosC +ccosB
Similarly, we can prove that

b=ccosA +acosC and c=acosB +bcosA
Let us take some examples, to show the application of these results.

1D e IERERE [n any triangle ABC, show that

(b+c)cosA+(c +a)cosB Ha 4b)cosC =a b &
Solution : L.H.S. =bcosA+ ccosA+ ccosB+acosB+acosC +bcosC

=(bcosA +acosB) +(ccosA+a cosC) +(ccosB+b cosC)

=c+b+a
=a+b 4 RHS.

1D e IR [nany A ABC, prove that

a’ b2 a’ b2
. 1-2sin? A 1-2sin’B
Solution : L.H.S. = 5 - >
a b
_1 _2sin2A 1 +2sin2B
a’ a? b2 b2
=L2 L2 o2 ZLz Lz . sinA _sinB =Q|
=R.H.S.

MATHEMATICS
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IRl CRCAEEN [n A ABC,if acosA =bcosB, where g b prove that A ABC isa

right angled triangle.

Solution : acosA=bcosB

a{b2+c2 —az}zb{az +c? Joz}
2bc 2ac

or 32(b2+02 —a2)=b2 (a2 +¢2 b2)
or a’b? +a’c? —a* =a%? w%? b
or cz(a2 —bz)z(a2 —bz)(a2 +b2)
= c?=a? +b?

~. A ABC is aright triangle.

IDEV NI BEAVE [fa=2 b=3, c=4, find cos A, cos B and cos C.

2,2 .2
Solution : COsA= m
2bc
_9+l6 4 21 7
2x3x4 24 8
?+a’ > 1644 9 11
cosB= = =
2ac 2x4x2 16
2,12 2 B 2
and cosC=2 +b”—-c¢” _449-16 -3 -1

2ab  2x2x3 12 4

e\
L@ § CHECK YOUR PROGRESS 19.3

1. Ifa=3,b=4andc=35,find cos A, cos B and cos C.

2. The sides of a triangle are 7 cm, 4+/3 cm and f13cm . Find the smallest angle of the
triangle.

3. Ifa:b:c=7:8:9,prove that
cosA:cosB:cosC=14:11:6.

4. If the sides of a triangle are x2+x H ,2x+1 and x% —1. Show that the greatest angle
of the triangle is 120°.

5. Inatriangle, b cos A = a cos B, prove that the triangle is isosceles.

6.  Deduce sine formula from the projection formula.
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MODULE - IV
Functions

4l 1 ET US SUM UP

\\ It is possible to find out the unknown elements of a triangle, if the relevent elements are given by
\ using

Sine-formula :

a b ¢
sinA sinB sinC

0

Cosine foumulae :

2 2 2
(i) CQsA:m
2bc
2,2 42
cosB:u
2ac
2 2 2
cosC = tb” =<
2ab

Projection formulae :
a=bcosC +ccosB

b=ccosA +acosC

c=acosB +tbcosA

e SUPPORTIVE WEB SITES

° http://www.wikipedia.org

° http://mathworld. wolfram.com

[
SRl TERMINAL EXERCISE |

In a triangle ABC, prove the following (1-10) :
L. asin (B—C)+bsin(C -A) +csin (A B) =0

2. acosA+bcosB +ccosC 2asinBsinC

22 2 2 )
b™-c -sin2 A+ ¢ sin2B
a b C

sin2C 0

MATHEMATICS
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2 +a? 1 +cosBcos(C -A)
b2 +¢2  l+cosAcos(B —C)

c—bcosA cosB

b—ccosA - cosC

a-bcosC _sinC
c—bcosA sin A

7. (a+b+ c)[tan é+tanE}=20 cotE
2 2 2

. A-B a-b
8. sin = cos —
2 c

9. (1) bcosB+ccosC =acos (B )

() acosA+bcosB =ccos(A B)
10. b2 = (c —a)2 coszg +(c -Ia)2 sinzg

= L , then show thata =

11. In a triangle, if b= 35, c =6, tan 5

N | >

12.  Inany A ABC, show that

cosA b-acosC

cosB  a—bcosC

Jar.
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) Relations Between Sides and Angles of a Triangle
MODULE - IV

A
Functions |v| ANSWERS
D\&) CHECK YOUR PROGRESS 19.3

1. cosA:i
5

cosB:E
5

cosC =zero

2. The smallest angle of the triangle is 30°.
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Heights and Distances

We have studied about triangles in general and right angled triangles in particular in this chapter
we will combine the principles of both these topics to study some applications of trigonometry to

problems of daily life and some problems of scientific interest.

Suppose a boy is sitting on the balcony of this building located on one bank of a canal. He is
looking at a small pup standing on a step of the temple on the other bank of the canal. By Imagining a
right angled triangle to fit with the geometry of the situation and knowing the height at which the boy is

sitting. Can you determine the width of the canal.

To solve such problems we introduce two fundamental concepts - i) angle of elevation and ii)

angle of depression.

m Angle of elevation and angle of depressio]1

In this discussion that follows in this section, we discuss some elementary ideas like obesver's
line of right, the angle of elevation and the angle of depression and illustrate then diagrams. Later we
shall discuss some physical problem involving single plane which are based on these concepts and the

trigonometric ratios and obtain their solutions.
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19.4.1 Definition (Angle of elevation)

The line of right is the line drawn from the eye of an observer to the object viewed by the

obeserver.

The anlge of elevation is defined as the aniy©B formed by the horizontal OA with the line
of right OB, when the object being viewed is above the horizontal level.

B

Line of sight

Angle of tertion
O

obeserver's position horizontal

Fig. 19.4

19.4.2 Definition (Angle of depresition)

The angle of depression of an object being viewed is defined as the@Bgormed by the

horizontal CB with the line of sight BO when the object viewed is below the horizontal level.

horizontal B

observing position
A of depB

Line of sight,

Fig. 19.5
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Example 1

From a point on the level ground, the angle of elevation of the top of echilN&er moving
through a distance ofi' meters towards the foot of the hill. The angle of elevation of its top is found

to be . Find the height of the hill.

Sol: As shown in fig 19.5 Let 'B' be the foot of the hill AB. Let C be the initial point of observation and

D be the final point of observation on the horizontal. Let 'h' be the height of the hill ankdl DB =

A
a
(@) P B
d D X
Fig. 19.5
By hypothesis CD =d |ACB = a, |ADB =3
F AACB, cota = CB_x+d
rom , cota =g h
0 x+d=hcota .. (1)
DB _ x
= —==— [Ox hco
FromAADB cotB= o =1 B .. (2)
From equation(1) and(2) we haved =h(cota - cotf) ..(3)
-4
cota — cotf
. : d
Height of the hill= ———
cota — cotf
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Example 2

From the cliff of a mountain, 120 meters above the sea level, the angles of depression of two
boats of the same side of the mountain &€ and 35" respectively. Find the distance between the
two boats. (Assume that the boats lie along a straight line from the foot of the hill)

Sol: Take MN as the mountain and consider a horizontal MX through the foot of the mountian M. The
horizontal MX can be taken as the sealevel. Draw NY parallel to the horizontal line such that it passes

through the observers eye. Denote the two boats by A and B.

N
y
453
120 m
« 3 43
<3 g A M
Fig. 19.6
By hypothesis [YNA =45°; |YNB =30°
By from fig 11.4, YNA = |NAN
BM _ BM
= ——=—1[ BM 120 cot3§
From A MBN, cot 3¢ VN 120
AM _ AM

FromA MAN, cot 4% = —— O AME 120° cot 4%

MN 120
AB = BM - AM = 120 (cot 30 - cot 4%)
=120 (/3 -1) mts.
Example 3

One end of the ladder is in contact with a wall and the other and is in count with the level ground

making an anglex . When the foot of the ladder is moved through a distance 'a’ cms away from the
wall, the end in contact with the walls slides through 'b' cms along the wall and the angle made by the

. ) Do+ B0
ladder with the level grounds is no@ . Show thata = b Tan
: . 52 0
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Sol: Let | be the length of the ladder, OA =X, OB =vy. Letthe intiati position of the ladder be AB and
the final position after its foot moved through a distance 'a’ crs Be. Then AB=A'B' 4.

B
b
y

{

y-b
1 o B .

o)
X A a A

Fig. 19.7
From fig 19.7 OB=0B-BB'=y-b

Also from A OAB, cosa =|§ O x | ces (1)
similarly OB =y=1sina (2)
In A OAB', OA'=x+a=Icosf ..(3)
and OB'=y-b=Isinf ..(4)

we now make out a relation betweg, ¢, d using relation (1) - (4)
From (1) and (3);a =1 (cosp — cosa)

From (2) and (4) b=1 (sina - sinp)

. O .
a _ cosB-cost _ ZSInH 2 HS“@ ZH :TanDOHBﬁ
b sina - sinB Zsinm_BDco H 2
H2H %
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[ Check your progress 1]

1. Fromthe top of a light house 200 meters high on the sea - shore, the angle of depression of a ship
in the sea is 36 How far is the ship from the sea - shore ?

2. The angles of elevation of the top of a tower from two points at a distance of 4m and 9 m. From
the base of the tower and in the same straight line with it are complementary. Prove that the

height of the tower is 6m.

3. The angle of elevation of the top of a building from the foot of the towe? @8the angle of
elevation of the top of the tower from the foot of the buildingislBhe tower is 50 meters high,
find the hight of the buildings.

[ Letus sum up]

1. Theline of rightis the line drawn from the eye of the observe to the object that is viewed by the

observer.

2. The angle of elevation of an object viewed, is the angle formed by the line of sight with the
horizontal, when the object that viewed is above the horizontal level. In this case, the observe

raises his/her head to look at the object.

3. The angle of depression of an object viewed is the angle formed by the line of sight with the
horizontal, when the object that viewed is below the horizontal level. In this case, the observer

lowers his/her hand to look at the object.

[Supportive Websitei

e http:// www.wikipedia.org
e http:// mathworld.wolfram.com.

Answers |

[Check your progress 1]

(1) 275.26 meters

50
(3) 3 meters
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De Moivre's Theorem

We learn that cB . cid, = cis@, +86,) and hencéisd)?= cis B. In this chapter we extend
this result for any integer. The extension is called De Moivre's theorem for integral indices. We use it

in studing the" roots of unity. We also obtain a verson of De Moivre's theorem for rational indices.

E De Moivre's theorem for Integral Index and for rational Index]

By using this theorem all th# roots of a complex numbeZ # 0 are determined. As a
particular case, all th# roots of unity are determined and their geometrical representations are

obtained.

19.5.1 De Moivre's Theorem for Integral Index
for any real numbe® and any Integer,
(cosB +isinB)"=cosnB +isinnd
19.5.2

i) Itis customary to write ci8 for co9 +i sinb. Thus we may state the DeMoivre's theorm as
(cis®)" =cis(n@) if nO Z.

i) (cosB +isinB)™=cos ¢n)B+isin (-n) 6 =cosnB —i sinnB providedn' is an integer.
i) (cosB +isinB) (cosd —isinB) =co20 —i%sirt O
=co%0 +sif0=1({?=-1)
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o 1 O
: L ainOn = _ v = o
V) (cosB —isind) MD = (cosf +i sin®)™=cosnd —i sirnd

v) cis@.cisp=cis@+¢) forany0, ¢ O R.

Example 1 :If m, nare integers and = cosa +i sina

. mon. 1
Then prove thaty = cosp +i sinf3 then x™ y" + oW =cos (ma + P

X"y =L = 2isin (o + 1B)

Xy
Sol:  X"=(cosa +i sina)™=cosma +i sinma
y" = (cosB +i sinP)" = cosnP +i sinnp

O X"yh'=(cosma +i sinma) (cosnp +i sinnf)

= cos (a +nP) +i sin (ma +np) (1)
1 1 _ o
xMy" " cos o+ 1B )+ i sin (ro+ rB)—cosmx Freisn o) @)

(1) +(2) X"y + L =2 cos i+ 1)
X"y

1)- @) x™y" - xmlyn = 2 isin (ma+ rB)

Example2:
“2 Onng

If nis a positive integer, show tha.+i)" + (1-i)" =22 CO%»H

D

asizyzEL 4 10 pO T o
Sol: 1+ = 2% TEH H SZ S H
. il

1-i =42 BT \/—B \/ZHcosﬁ i ssz

n—( /oy n =2 +
(1+i) W2) Bcoy +i H cos— +1 SI ...(1)



. O n . d_ 2o nm_, nm
1-i)" = (J2)° = 20
(1-i) (J_)H os--i—Q = 27 cosp i HZH . (2)
By adding (1) & (2) we get
n n+2
(L+) +@-i ) = Zﬁ s%%: 2 cofl!

Example 3:
If n is an integer then show that (I + i sinB)"+ (1 + cod —i sinB)"

— 2n+]_ [BD |:| nm

oS B B0

)

Sol: Take L.H.S(1+cos® +i sinBY) + (I coD-i sir@”):ﬁ 206% +i2 s

+ %coée -2 sing cos?d1
2 2 T 2H

Ll
=2" cos' = %cos9 +i sin%P +§ cose =i si@ O
2 2 2 2 B

=2" cos' 9 Dcos@ +i sin@ + cosrLe =i sirnka]
2H 2 2 2 2]
= cod O Hocod®T= p1 ogs? cogg_
H" 28 5
[Check Your Progress ]]
i o0J3 0

1) i) @+iv3) iv) Ej ZE E > @ find the values

2) If cosa + cosB + cosy=0 = sina + sinf + siny show that
i) cos3a + cos3B + cos3y= 3 coqa +B +Y)

ii) sin3a +sin3p + siny=3sin(a +B +vy)

174/9
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m n" roots of Unity ]

o 2 .2
Letn be a positive integer greater than one and cos +isin“"" then 1, w,w?...
n n

w™1 are all the distinctn™ roots of unity.
) The sum of the™ roots of unity is zero
1+w+w2+ ... +wml=0

i) product of then™ roots of unity is(—1)"1

i al Cube roots of Unity]

In this section we find all the cube roots of unity and all the cube roots of a positive real numbers.
19.7.1

1 -1+i/3 -1-4/3
] 3 2

5 are the cube roots of the unity

.21
W= cis— .
n
1
Example 4 : Find the values of/3 + i)4.

Sol: The modulus ampllitude form off3 + i

=2(cos 308 +i sin 3¢)

1 1
Hence(\/é + i)Z =24 ﬁcosg +i Si

I

1 E,an+—
:24cisDTGD, k=012 3

O O
O O
L mxkm+no

=24 =
2 msBTH,k 0,123

1
=24¢cis 1x+1)-" k=012 3
24
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L 131 2 37 T

1 1 1
T . 251
sisallvalues24 cis — , 2 cis—— , 2 ¢ H .2 ¢
(@ * ') 24 4 24

Example 5.
Find all the roots of the equatiof! - x’ +x*-1=0
Sol: xM=-x"+x-1=x"(x*-1)+1&* - 1)
=(¢-1) 67+ 1)

Therefore the roots of the given equations are precisely'ttwts of unity and7"" roots of

-1. They are
msﬁ[ = msﬁrk 0{0,1, 2, 3tand
4 2
cis 2K T is (kc+ 1)f KO {0,123 4 5,6

The value of x are

1
cis0=1, cisz =i,cismt=-1 [. -1=cisTm]

3 .
Cis — =i
2

. T . 31 . 5m . L9 11w 13T
cis —, C|s7 , m%7 , cigt=-1, m%7 u%7 , Cis—

) . . . 3 .5m . 9m . 11m . 13T
ie., xl, 1, cis—,cls— ,cCis— , Cisz ,CIS— ,Cis—
7 7 7 7 7 7

Example 6

If 1, w, w? are the cube roots of unity, prove thet+ 4x + 7 = 0 wherex =w w? - 2
Sol: x=w-w2-2
O (x+2)=w-w?
O x+2P=w?+w*-2w?
0 xX+4&x+4=w?+w-2=-1-2=-3
l

X2+4&x+7=0
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[ Check your Progress 2]

1. Find all the value of{16)"4.
1 1

1+2w  1+w

1
i +
2. If 1, w,w? are the cube roots of unity the prove tizaﬁr W
3. Solve x* -1 =0 the equation.

4. Solve the equation® - x® +x* -1 =0.

[Letus sum up]

1. If 'n" isaninteter, then (@¥' = cis fiB) [De-Moiver's theorem for integral index]

2. IfZO:r0 cisG0 # 0 then the" roots of Zare

2kn + 6,0

= I‘On cis Bia k=012, ..6- 1

Then roots of unity are ciszﬁT k=0,1,2,3,..0-1)
n

@

-1 +2i\/§ W= -1-1/3

4. Cube roots of unity arel, w = 2

[ Suportive Website§

o http:// www.wikipedia.org

e http:// mathworld.wolfram.com.

Answers

[ Check your Progress q

(1 8 (3) [

[ Check your Progress 2

Tt
1) 2cis (k+1), k=0,1,2,3

3) +1,+i
i . [0, 3m

4) +1,+i, Cisﬁt4H’ usBJ_rEH
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Trigonometric Expansions

In this section we discuss expansions forndingos8) and tan (0) in terms of powers o$in

0, cosB,tanBwhenh' is a positive integer. These expressions are consequence of De-Moiver's

theorem and have finitely many terms.

Expansion of trigonometric function
sinn@, cosn@, tan nd, cotnd

Here we are De Moiver's theorem and Binomial theorem for expressing, coand, interms

of powers of si), cosB and then using these expressions we expreg®taotnd in terms of

powers oftan®, cotd wherenis a positive integer.

19.8.1

i)

If n isapositive integef is real number then

sinnB =n cog " sirB -n, co§® sihB +n, cgs s+ ...
wherenis an odd integer and

sinnB =n cog™ sirB -n,, coF® shB +n, cgs si® ..
whennis an even integer.

cosnB = co8§ 8-, cos? shd+n, cds s+ L.
Wheren'is an odd integer and

cosnd = co80-n., co¥? s +n,, cbs' shh+ .=(21) 8if

Where nis an even integer.
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19.8.2

If n is apositive integer, then

N, Tan® - n, Tan @+ n, Tai®-n, Tah + ..
1-n., Tar’6 +n,, Taf 6 - n, Tafi®

Tannb =

providedcosnd # 0

cosnb
sinn@

19.8.3 Note If nis positive integer andin nd # 0 then we haveot n@ =

cot"8 - ng, cot™?8 +n., cof™* B-n cof B + ..

cotnB = - - — —
ng, cot™ 6 -n, cot ™0 +n. cot”O -, cot "6+ ..

Example1: Expand i) cos8, ii) sin@, iii) tan6d
Sol:) cosn® = co§ 8-, co¥?6 she +n,, cdy s+ ..
cos® = co86- 6, cds® s+ & co® dil- .6 CB
=co$0-15c080 sihe+ 15c3H stp- dird

i) SiNnB = n, cos™6 sid-n co¥’6 sho+ ...
sine = . coS6 siB- § cosH shB+ & cds Sid

=6c0S 0 sind - 20 cos0 siho + 6cdd  Sid

N, Tam - n, Tan® +n. Tafd - ...
1-ng, Tar’® + ., Taf@-n, Tafie + ...

i) Tann® = &8

6c, Tarb - &, Tari® + ¢ Tamd
1-6., Tarf6 + 6, Tafl6- 6, Tafe

Tan @ =

_ 6Tar® - 20TaR® + 6Tard
1-15Tarf6 + 15Tafo - Tap
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sin 60
sin®

Example 2 : Show that =32 c086 —32 co$ 6+ 6 cod 63 whensinBz 0

Sot  sin @ =6 cos'sind 6., cos Bsin 6+ 6,_codsin°6

in 66
Slh =6c080-20co86sin’0 + 6 cod sin4b
sin®
=6 cosh — 20 co$ 0 (1- cog 6) + 6 cod (1- cos 0)?
sin 60
. =32c080-32co86+6co$.
sin®

Expressing sift @ and cod0 interms of sines and
cosines of multiples of 8

1
X=coD +i sinethen; =cosf—isind

x+} =2c0s0 :x 1 =2 sind ...(D)
X X

Letn be a positive integer, then by De-Moiver's theorem

1 1 .
X" +— =2cosn6,x'-— = 2 sim6
X X

in:(coseﬂ sind) = coab+ sind
X

1 1 .
X" +F =2cosnd, X' —a =2 sim6 . (2)

19.9.1
i) If 'n" is a positive integer then
271cod0 = cosnd + Ne, cosf-2)6 + Nc, COS 0-4)0+ ...

19.9.2

Let nbe a positive integer
i) If n isanevennumberthen
271 (-1)"2sin@ = cosnd =N, €S 0-2)0 + nCZ(n—4) 0-..
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ii) If nisanodd numberthen

21 (-1)™Y2 sinf@ = sinn@ — Ne, Sin (-2)8 +ng (n-4)6 —...

Example 3

Show that 2co$0 = cos® + 8 cos 6 + 28 cos 8 + 56 cos B + 35

Sol: We have every even''

n
. _ (-1)
21 cod = cosnd + Ne, COS 0-2)0 + Ne, cosfi-4)0 +... + 5 ncg
putting n=8 in the above expansion
1
27 co$0 = cos® + 8, cos ® + 8, cos H + 8C3 cos B+ > 8,

27 co$0=cos® +8cos B +28cosH+56cosR+ 35
Example4
Show that 2sin*0 co$8 = cos B —cos ® —3cos B + 3 co$.

1 1
Sol: x=cosD +isinBd then x+; =2cose;x—; =2 sin®

X" +in = 2cosnf ,>(“——1n = 2 sim@

X X
4 3
(20 sind} (2co® :ET( —iﬁ ﬁx +]]5
_0e_1l00 D
5 TeHH T
7 s _Qs_1,3 .40 _O
23|neco§e—g< x6+x2 &HEX e

=2cos B -2sin® - 3(2cosB) + J2 cos)
26 sin*0 cos$0 =cos P —cos® —3cosI + 3 coP.
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[ Check Your Progress i

sin46

— " =8coS 0 - 4co®
sin@

1. Show that

2. Show that siff@=7sinB —56 sirf® + 112 siA® — 64 sirl O

3. Show that 64 si® co0 = sin70 —3 sin50 +sin30 +5 sind

[Letus sum up]

1. sinn@ =n, cosy s -n, cos; sihB+n, coy s ...
2. cosn® = co86-n,, co5?8 shl+n, cds'O sib- ...

N, Tan® - n, Tai®+ n, Tai®-n, Tah6+ ...

3. Tann® =
1-n,, Tarf +n, Tat6 - n, Tafio+ ..

4. If nis a positive integer then
() If 'n"is eventhen
271 (-1)V2 sin@ = cosnd - Nc, COS (-2)8 +nc cos-4) 6 —..
(i) If 'n"is oddthen

n-1
21 (1) 2 si8= sinnd -n sin (-2)8 +ng sin(1-4)6 - ..

[Supportive Website}

e http:// www.wikipedia.org

e http:// mathworld.wolfram.com.
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20

LIMIT AND CONTINUITY

x2-1
Consider the function f(x) =

X —
You can see that the function f(x) is not defined at x = 1 as x —1 is in the denominator. Take the
value of x very nearly equal to but not equal to 1 as given in the tables below. In this case
x—1#0asx # 1.

2 —
- We can write f (x ) = -1 (x+1)(x-1)

=x+1, because x —1# (0 and so division by

x—-1 (x—l)
(x —1) is possible.
Table -1 Table - 2
X fx) X f(x)
0.5 1.5 1.9 2.9
0.6 1.6 1.8 2.8
0.7 1.7 1.7 2.7
0.8 1.8 1.6 2.6
0.9 1.9 1.5 2.5
0.91 1.91
: : 1.1 2.1
0.99 1.99 1.01 2.01
1.001 2.001
0.9999 1.9999 : :
1.00001 2.00001

In the above tables, you can see that as x gets closer to 1, the corresponding value of f (x) also
gets closer to 2.
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| Limit and Continuity

MODULE -V | However, in this case f(x) is not defined at x = 1. The idea can be expressed by saying that the
Calculus limiting value of f(x) is 2 when x approaches to 1.

Let us consider another function f (x) =2x. Here, we are interested to see its behavior near the

point 1 and at x = 1. We find that as x gets nearer to 1, the corresponding value of f (x) gets
\) closer to 2 at x = 1 and the value of f (x) is also 2.
\ So from the above findings, what more can we say about the behaviour of the function near

Notes [x=2and atx =2 ?

In this lesson we propose to study the behaviour of a function near and at a particular point
where the function may or may not be defined.

r
D oBJECTIVES

After studying this lesson, you will be able to :

. illustrate the notion of limit of a function through graphs and examples;
«  define and illustrate the left and right hand limits of a function y =f (x) at x = a;
. define limit of a function y = f (x) at x = a;
state and use the basic theorems on limits;
. establish the following on limits and apply the same to solve problems :

n_,n
(i) lim 22 = na"! (x#a)
Xx—>a X—a
(i1) lim sinx=0 and lim cosx=1
x—0 x—0
1
Gy ~ lim 2= ) lim (14x)" =c
x—=0 X X030
X - . log(l+x
o) fim Sl (vi) fim 22(4%)
x—0 X x—0 X

. define and interprete geometrically the continuity of a function at a point;
. define the continuity of a function in an interval;
. determine the continuity or otherwise of a function at a point; and

. state and use the theorems on continuity of functions with the help of examples.

EXPECTED BACKGROUND KNOWLEDGE

. Concept of a function
. Drawing the graph of a function
. Concept of trigonometric function
Concepts of exponential and logarithmic functions
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20.1 LIMIT OF A FUNCTION

2
In the introduction, we considered the function f(x) = X

. We have seen that as x approaches

1, £ (x) approaches 2. In general, if a function f (x) approaches L when x approaches 'a', we say
that L is the limiting value of f (x)

Symbolically it is written as
lim f(x)=L

X—a
Now let us find the limiting value of the function ( 5X — 3) when x approaches 0.

ie. lim (5x—3)

x—0

For finding this limit, we assign values to x from left and also from right of 0.

X -0.1]-0.01 | =0.001 | —=0.0001..........
5x-31-3.5|-3.05 [ -3.005 | -3.0005..........
X 0.1 | 0.01 | 0.001 | 0.0001..........
5x=31-2.5|-2.95|-2.995|-2.9995.........

It is clear from the above that the limit of (5x —3) as x — 0 is -3

lim (5x—3)=-3

1.e.
’ x—0

This is illustrated graphically in the Fig. 20.1

¥ - 5x-3

Fig. 20.1

MATHEMATICS
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Limit and Continuity

MODULE -V
Calculus

\\)

Notes

The method of finding limiting values of a function at a given point by putting the values of the
variable very close to that point may not always be convenient.

We, therefore, need other methods for calculating the limits of a function as x (independent
variable) ends to a finite quantity, say a

2 —_—
Consider an example : Find ]imf(x), wheref(x) = X9
x—3 x-3

We can solve it by the method of substitution. Steps of which are as follows :

Step 1: We consider a value of x close to a X2
say x =a + h, where h is a very small positive | For f(x) =
number. Clearly, as x —a, h—0

we write x =3 +h, SO
X —

thatas x -3,h —9

Step 2 : Simplify f(x)=f(a+h) Now f(x)=f(3+h)

_(3+h)*-9
3+h-3
=h2+6h

h
=h+6

Step 3 : Puth =0 and get the requried result | . lim f (x) = lim (6+h)

x93 h—0

As x—>0,h—0

Thus, lim £(x)=6+0=6
’ x—=3

—

by putting h = 0.

Remarks : It may be noted that f (3) is not defined, however, in this case the limit of the
function f(x)asx — 31is 6.

Now we shall discuss other methods of finding limits of different types of functions.

Consider the example :

—_, #1
Find limf(x),where f(x)=1x2_1 X
x—l

1 , x=1

X -1

Here, for x #1,f(x) =

(x—l)(x2 -I-X-I-l)

T (x-1)(x+1)
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Limit and Continuity

It shows that if f (x) is of the form ix)’ then we may be able to solve it by the method of
h(x)

factors. In such case, we follow the following steps :

Step 1. Factorise g (x) and h (x) Sol.

x> -1

f(x) =

x“ -1
(X—l)(x2 +x+1)

- (x —1)(x+1)

(. x#1,-.x =1 # and as such can

be cancelled)

x2 +x+1

Step 2 : Simplify £ (x) f(x)= 1
X+

=1 _1+1+1 3

Step 3 : Putting the value of x, we i

= lim
get the required limit. x—>lx2-1 1+41 2
Also f(1)=1(given)

In this case lim f(x)#f (1)
> x—l

Thus, the limit of a function f (x) as x — a may be different from the value of the functioin at
X=a.

Now, we take an example which cannot be solved by the method of substitutions or method of
factors.

. ANl+x=-41-x

Evaluate lim —8M—
x—0 X

Here, we do the following steps :
Step 1. Rationalise the factor containing square root.
Step 2. Simplify.
Step 3. Put the value of x and get the required result.
Solution :

1+x l—x_(‘/l"'x —«/l—x)(«/1+x+«/1—x)
X - x(m+ l—x)

_./(1+x)2—1/(1— x)?
- x( +x +\/E)

MODULE -V
Calculus

Notes
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MODULE -V
Calculus

\\>

Notes

(I+x)- (1-x)

<(rx +ix)

1+x-1 +x

zx(\/l-l-_x+ l—x)

2x
x(« Nt x 41— x) [ x #0,.. It can be cancelled|

2

- 1+x +'Jl—x
I+x —+/1 < 2

= lim
X

Ba1+x +4/1-x

x—0 X

2
A1+0++/1-0
2,
1+1

20.2 LEFT AND RIGHT HAND LIMITS

You have already seen that X — a means x takes values which are very close to 'a’, i.e. either
the value is greater than 'a’ or less than 'a'.

In case x takes only those values which are less than 'a' and very close to 'a' then we say X is
approaches 'a' from the left and we write it as x — a~. Similarly, if x takes values which are
greater than 'a’ and very close to 'a' then we say x is approaching 'a' from the right and we write

itas x —a’.

Thus, if a function f (x) approaches a limit ¢, as x approaches 'a' from left, we say that the left
hand limit of f(x)asx —ais /.

We denote it by writing

lim £(x)=¢, . lm fa=h)=£;,h>0

X—a h—0

Similarly, if f (x) approaches the limit ¢, , as x approaches 'a' from right we say, that the right
hand limit of f(x)as x—a is /,.

We denote it by writing
lim f(x)=¢, or lim f(a+h)=/,,h>0
x—at h—0
Working Rules
Finding the right hand limit i.e., Finding the left hand limit, i.e,
lim f(x) lim f(x)
x—at x—a
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Put x=a+h Put  x=a-h MODULE -V

Find lim f(a+h) Find lim f(a—h) Calculus
h—0 h—0

Note : In both cases remember that h takes only positive values.

20.3 LIMIT OF FUNCTION y=1(x) AT x=a

Consider an example :

Notes

Find limf(x),where f(x)= x>+ 5x+3
x—l

lim £x)= Jim | (1+h)+ 5(1+h)+3

Here o hos0
= lim [l+2h+h2+5 +5h+3}
h—0
=1+5+3=9 . (1)
lim f(x)= lim [(l—h)2 +5(1- h)+ 3}
and _
x—l h—0
= lim [1—2h+h2+ 5—5h+3}
x—0
=1+5+3=9 .. (i)
From (i) and (i), lim f(x)= lim f(x)
x—1t x—1

Now consider another example :

.| x=3]
lim ——
x—3 X—3

. |x=3] .. |(3+h)-3|
lim = lim
x=3t x=3  h-0[(3+h)-3]

Evaluate :

Here

= lim m
h—0 h

. h
= lim — =
hlrr%) - (ash>0,s0 |h|=h)

== (iii)

e X3 1B 3
and m = lim
o X=3  ho0[(3 -h) 3]
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\\>

Notes

h
= lim — > -h|=
T (ash>0,so|-h|=h)
=—1 (iv)

im X305 iy 223
-F iii) and (iv), s Y
rom (iii) and (iv) gt X=3 3 X-3

Thus, in the first example right hand limit = left hand limit whereas in the second example right
hand limit # left hand limit.
Hence the left hand and the right hand limits may not always be equal.

We may conclude that

. 2 . X
lim (x? +5x +3) exists (which is equal to 9) and lim | does not exist.

x—l x—3 X—
Note :
I lim f(x)=/
+
o = limf(x)=/
and lim f( x) =/ x—a
X—a
11 1im+ f(x)zﬁl
o = lim f(x) doesnotexist.
and lim f(x)=/, X—a
X—a
I lim+ f( X) or lim_ f(x) does not exist = lim f(x) does not exist.
X—a X—a =

20.4 BASIC THEOREMS ON LIMITS

1. lim cx =c lim x, ¢ being a constant.
X—a X—a

To verify this, consider the function f (x ) = 5x.

We observe that in lim 5x , 5 being a constant is not affected by the limit.
x—2

lim5x=5 lim x

x—2 x—2
=5x2=10
2. lim [g (x)+h(x)+p(x)+....]= lim g(x)+ lim h(x)+ lim p(x)+........
X—a X—a X—a X—a

where g(x),h(x),p(x)..... are any function.

3. lim [ f (x)-g (x)]= lim f(x) lim g(x)

X—a X—a X—a
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To verify this, consider f(x)=5x> +2x+3

and g (x) =x+2.

Then limf(x)= lim (5x2+2x+3)

x—0 x—0

=5 lim x2 +2 lim x+3=3
x—0 x—0

lim g(x)=lim(x+2)=lim x+2=2
x—0 x—0 x—0

lim(5x% +2x +3) lim(x +2) = 6
x—0 x—0

Again lin&[f(x) -g(x)] = lin})[(Sx2 +2x +3)(x+2)]

= 1im(5x> +12x% +7x +6)
x—0

5 1im x° +12 lim x% +7 lim x+ 6

x—0 x—0 x—0
=6
From (i) and (if), Hm[(5x> +2x +3)(x +2)] = lim(5x” + 2x + 3) lim(x +2)
> x>0 x—0 x—0
lim f (x)
. fx)
1 _x>a ) .
4. xlgla{g(x)} lim g(x) provided igg(x)io
X—a
X2 +5x+6
To verify this, consider the function — f(x) =————
xX+2
we have lim (x? +5x+6) = (=1’ + 5(-1)+6
x——1
=1-546
=2

and lIm (x+2)=-1+2
x——1

=1

lim (x% +5x +6) 5
x—-1 _Z_
lim (x +2) 1

x——1
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'.'X2+5X+6 |
2 _ 2
Also lim (x +5X+6)= lim (x+3)(x+2)| = x* +3x +2x +6
x— + X+2 x o1- X+2 =X(X+3)+2(X+3)
=xX+3)(x +2)
= lim (x+3)
x—-1
=1 43=2 (i)
.. From (i) and (ii),
: 2
lim x2+5x+6 B XILHEI(X +5X+6)
x—-1 X+2 lim (x +2)
x——1

We have seen above that there are many ways that two given functions may be combined to
form a new function. The limit of the combined function as x — a can be calculated from the
limits of the given functions. To sum up, we state below some basic results on limits, which can
be used to find the limit of the functions combined with basic operations.

If limf(x) = {and lim g(x) = m, then
X—a X—a
@) il_g kf(x) = kii_rgf(x) =k \where k is a constant.
(i) lim [f(x)+g(x)]= limf(x) * limg(x)=/+m
Xx—a x—a x—a
(ii) lim [f(x)-g(x)]=limf(x)- limg(x)=/-m
X—a X—a X—a
lim f(x)
: lim @=X,_>a—=—, provided limg(x)# 0
(iv) x—a g(x) limg(x) m x—a
X—a

The above results can be easily extended in case of more than two functions.

|helnl IS M Find limf(x), where
x—l

ﬁ X¢1
fx)=1x-1"
1, x=1
2_
Solution : f(x):X !
X —
_(x—l)(x+1)
x—1
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=(x+1)
limf(x) = lim(x +1)
x—l x—l
=1+1=2
X2 -
Note :
=
atx=1.
. x3 -8
IR e ) WAMA Evaluate : lim .
x—2 X —2
3 —
Solution : lim 2 8
x—2 X —2

_ 2
~ lim (x=2)(x"+2x+4)

X—2 (X —2)

= lim (x2+2x+4)
xX—2

=22 42 %2 +4

=12

D'l ) (WIRE Evaluate : lim —‘3_H.
x—=2 2-X

Solution : Rationalizing the numerator, we have

V3-x - \/3 X I—X\/3 x 1

2-x 2-=x  B-x+
3-x-1

=(2—x)(J3Tx+1)

2-X

0= 1)
\/3—x -1 2 X

lim ———— = lim

x—2 2-X X —3(2—)()(\/3 —X ‘H')

1
= lim

X—2 («/ﬂ +1)

1

(Jﬁn)

1

1+1

N | —

[ x#1]

is not defined at x=1. The value of 1imf(x) is independent of the value of f'(x)
x—1

[ x#2]

[ x# 2]
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Example 20.4 e ERIT A
xamplie d aluate . .
valuate : lim “es

Solution : Rationalizing the numerator as well as the denominator, we get

J2-x x . (Vi2—x =)(V12 < ¥ (V6 « 3]

Notes

A Ve 3 x5 Jars 36 B)(ViZ )

12—-x —X2

=1irn( )-lim NO+x+3

x—=3 6+x-9 x—3\/12—x+x
~(x #4)(x 3)  J6+x+3

=lim————=-lim
X—3 (x-3) x 3/12-Xx +x

[ x# 3]

6—_
=~ +4) o=

Note : Whenever in a function, the limits of both numerator and denominator are zero, you
should simplify it in such a manner that the denominator of the resulting function is not zero.

However, if the limit of the denominator is 0 and the limit of the numerator is non zero, then
the limit of the function does not exist.

Let us consider the example given below :

.1
| DENTN PR Find lim — | if it exists.
x—0 X

Solution : We choose values of x that approach 0 from both the sides and tabulate the

1
correspondling values of e

x |-0.1| =01 |-.001 |-.0001
1 =10 | 100 | —1000 | —=10000
X

x |0.1[.01 [.001 |.0001

1 10 | 100 | 1000 | 10000

X

: 1 .
We see that as x — 0, the corresponding values of — are not getting close to any number.
X

.1
Hence, 111%; does not exist. This is illustrated by the graph in Fig. 20.2
X—>!
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Ny
54+
4--
3._
e
-1
11 \ YT
-5 -1 -3 -7 -1
1 1 1 1 1 1 1 1 1 1 >
XI O 1 2 3 4 5 X
x L,
ro-2
- -3
- 4
- -5
v
Fig. 20.2

[T P{IX W Evaluate : ii_r%(|x|+| )

Solution : Since [x] has different values for x > ( and x<0, therefore we have to find out both
left hand and right hand limits.

lim (| X |+] —x|) =lim
x—=0" h—0

=1}ig})(l—h|+l—(—h)l)

(10 4] # 0 B

— limh+h=1lim 2h =0 ;
ha0 b (D)
lim (] x|+ —x]|) =lim (|0 +h 0 &
and 1 (X[ 4 =x]) <l (10 [ 4 €0 )
=limh+h=1im2h=0 '-
x—0 h—0 (1)
From (i) and (ii),
lim (|x|+|-x|) =lim [|x| 4 x|]
x—0" h o7F
Thus, tim ||| +] =x ] =0
—0

Note : We should remember that left hand and right hand limits are specially used when (a)
the functions under consideration involve modulus function, and (b) function is defined by
more than one rule.
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B e WM Find the viaue of 'a' so that

limf(x) exist, where f(x)=
x—1

3x+5 ,x<1
2x +a,x >1

Solution : lim f(x)=lim (3x +5)

x—1" x—l

[ f(x)=3x +5forx <1]

= lim [3 (1-h)+5]
h—0

=3+5=8 . (i)
lim f(x)= lim(2x +a) [+ f(x)=2x +a for x >1]
x—l x—l1
= lim (2(1+h)+a)
h—0
=2+a L (i)

We are given that limf(x) will exists provided
x—l

lim = lim f(x)

= x-l7  xolT
-~ From (i) and (ii),
2+a=28
or, a=6
IB e ) AR [f a function f(x) is defined as
X , 0€£x<—
2
f(x)=10 !
X)= , X =—
2
1
x-1, —<x d
2
Examine the existence of limf(x) -
e
2
0<x< ~ (i)
x , 0<x<= . 1
2
1
Solution : Here f(x)=40 , x =5
1
x-1,-<x< . 1
5 (1)

lim f(x)=limf l—h
1 - h—0 2
x—| —
3]
= lim l—h '.'l—h<landfrom(i),f l—h :l—h
x—0{ 2 2 2 2 2
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lim f(x)= - +h)

lim
h—0

From (iii) and (iv), left hand limit # right hand limit

limf(x) does not exist.
X——

| |

-1 ','l+h>l and from(ii),f l+h =
2 2 2 2

l+h

|
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Q
W\ "Al CHECK YOUR PROGRESS 20.1
1. Evaluate each of the following limits :
lim [2(x +3) +7 im (x2 i 2 16|
(a) Jim [2(x+3)+7] (b) g;)(x +3x+7) (o))lgll[(xﬁ) 16)
. 2 - 3 ;
(d) Xli)mi(xﬂ) +2] © )}ES)[(Z)HI) —5] (f lim (3x+1) (x 1)
2. Find the limits of each of the following functions :
. x-=5 . X+2 . 3x+5
| 1 1
@ T2 ®) © 10
2 2
. px+q . X"-9 . x" =25
lim —— | 1
@ xf%)ax+b (e)xl—>ms x—=3 (f)xgns X+5
(@) lim Kox 2 m ™ 93X2 _11
& x>2x% —3x 42 x=3 *
3. Evaluate each of the following limits:
3 3 4
. -1 . X~ +7x X -
1 b) lim 1
@ o ( )X—>0x2+2x @
[ 2 ]
1 —
@iml
MATHEMATICS
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4. Evaluate each of the following limits :

(a) lim NA+x -4 =x (b) lim R+x-2 () lim B+x-46
x—0 X x—0 X x=3  x-3
. V3x =2 =
(d) lim X (e) lim VX2 x
x—04/1+x—1 x—2 2—4J6 —x

1
if it exists.
2 b

.2 .
5. (a) Find lim= ifitexists.  (b)Find lim
x—0 X Xx—2X —

6. Find the values of the limits given below :

X

I I I
@ 5 x| ®) 2] © =2

| x5
x—

7. (a) Find the left hand and right hand limits of the function

-2x H,x <l
f(X)={

does not exist.

(d) Show that lim
x—5

3x-5x > Bdx—l
x2,x<1 . .
b)Y If f(x)=1"" findlimf(x)
X >1 x—1
4x+3,x<4
¢) Find limf(x)if it exists, given that f(x) = ’
© x—4 () g (x) {3x+7,x24
: 15 . . ax +5, Xx<2
8. Find the value of 'a' such that limf(x) exists,wheref(x) =
x—2 x—1,x >2

x,x<1
9.  Letf(x)=1 1,x =1

xz,x>1

Establish the existence of 1imf(x) -
x—1

10. Find limf(x) if it exists, where

x—2
x—1x <
f(x)=1 1x=2
X+1,x>2

20.5 FINDING LIMITS OF SOME OF THE IMPORTANT
FUNCTIONS

x" —a" n

(i) Prove that lim =na""! where n is a positive integer.

x—a X—a
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x"—a lim (a +h)n —a"
h—0

Proof : lim
Xx—a X—a

at+h-a

-1
(an +n an_lh+Man_2h2 o +hnj—an

2!
= lim
h—0 h

21
h—0 h
. n(n-1 ]
= lim {na 1+ ( )an_zh+ ..... +hn¥J
h—0 2!
=na" 1 4+0+0+....4+0
:nan—l
n n
. X -—a _
lim =n-a"!
x—a X-—a

Note : However, the result is true for all n

lim cosx =1
x—0

Iim sinx=0

(ii) Prove that (a) 50

and

(b)

Proof : Consider a unit circle with centre B, in which £ C is a right angle and £ ABC = x
radians.

Now sin x = A C and cos x = BC

As x decreases, A goes on coming nearer and nearer to C.

-
-

1e.,when x - 0,A —€

—_—

orwhen x = 0,AC —9

—————
e R

and BC - AB,i.e.,.BC —

~e—

~Whenx—0 sinx — 0 and cosx — 1
Thus we have

lim cosx=1
x—0

lim sinx =0 and
x—0

sinx

(iii) Prove that lim =1
x—0

X

Proof : Draw a circle of radius 1 unit and with centre at the origin O. Let B (1,0) be a point on
the circle. Let A be any other point on the circle. Draw AC 1 OX .
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A

Let LAOX = x radians, where 0<x<% b
Draw a tangent to the circle at B meeting OA produced A
atD. Then BD 1 OX. / —> Tangent
Area of AAOC< area of sector OBA< area of < 5 X =5 > X
NG,

1 1 1 Fig. 20.4
orJ OCXAC< Ex(1)2 < OBXBD ! ®

1 1
[ area of trianglezg basexheight and area of sect0r=56 rz}
1 . 1 1
—cosxsinx <—x<—-1-tanx
2 2 2

A
" COSX = E,sinx =—Cand tanx = @,OA =1=0B
OA OA OB

tanx 1
1.e. COSX<— - 1viding throughout by —sin x
’ sinx sinx D £ ghout by 2 I
1
or CosSX<——<
sinX COSX
1 sinx
or > <COSX
COSX X
) sinx 1
1€., cosx< <
X COSX
Taking limit as x — 0, we get
. . sinx .
lim cosx < lim < lim
x—0 x—0 X x—0 COSX
. sinx . )
or 1< lim <1 -~ lim cosx =1 and lim =-=1
x—0 X x—0 x—0cosx 1
. sinx
Thus, lim =1
x—0 X

Note : In the above results, it should be kept in mind that the angle x must be expressed in
radians.

1

(iv) Prove that lim (1+ x) - e
x—0

Proof : By Binomial theorem, when | x | <1, we get

MATHEMATICS
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1 1 l(l_l) l[l_l)(l_z)
X
(1+x) = I — x4~ ; x2 440t LSS oo

{HH(l—x)Jr(1—x)(1—2x)Jr w}

2! 3!

!
{1+1+1;'X+ (I_X)(l_zx)+

o lim (1+x)" = lim
x—0 x—0

=e¢ (By definition)
1

Thus lim (1+x)" =e
x—0
(v) Prove that
lim 10g(1—+x)= lim l10g(1+x)= limlog(l+x
x—0 X x—0 X x—0

=loge

(vi) Prove that lim © T o
x—0 X

2 3
Proof : We know that eX:[1+x+%+%+ .......... ]

)l/X
1

Using lim (1+ x)X =e
x—0

[Dividing throughout by x]
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e X x2
lim =lim|1+—+—+........
x—0 X x—0 20 3!
=14+0+0+........ =1
X —
Thus, lim &L=
x—0 X
X _ X
D)) PIRM Find the value of lim € ¢
x—0 X
Solution : We know that
X f—
lim © - L (i)
X
- Putting x =—x in (i), we get
X _
ims< oy (ii)
x>0 —X
Given limit can be written as
X _ _ —X
lim &1 [Adding (i) and (ii)]
x—0 X
T el W el
x—0 X X
= lim < P 1|
x—0 X —X
X _ -X _
= lim &+ lim !
x—0 X x—0 —X
=1+1 [ Using (i) and (ii)]
=2
X _ X
Thus  lim ——< =2
x—0 X
X —
D) T RARIE Evaluate : lim i
x—1 x—1
Solution : Put x = 1 +h, where h— 0
lim €78 — i & =C
x=1 x=1 h—=0 h
MATHEMATICS
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el e
=lim ——
h—0 h
h
- lim &€ D
h—0 h
. eh—l
=elim
h—0 h
=ex1=e.
X_
Thus lim ¢ ~°_ e
x—l x -1
. sin3x
| C N WIIBBN Evaluate : lim :
x—0 X
. . sin3x .. sin3x . o
Solution : lim = lim -3 [Multiplying and dividing by 3]
x—=0 X x—=0  3x
. sin3x
=3 lim [~ when x > 0,3x 9]
3x—0 3x
=3.1 [ limsmle}
x—0 X
=3
Ths, lim sin3x _3
x—=0 X

IDel IRV Evaluate |im I‘Cﬂ.
x—0 2x2

rc0s2x=1-2sin’ X,

MODULE -V
Calculus

Notes

Solution : 1:... | ~COSX . 2sin5 9
olution : |ip, >— = lim 5 s 1-cos2x=2sin" x
x—0  2x x—0 2x
.2 X
or 1-cosx=2sin” —
2
2
.X
sin—
lim| —2 o L _
=50 5 X [Multiplying and dividing the denominator by 2]
2
2
sin—
=—lim
4§—>0 5
2 2
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I-cosx _

lim 5
x—0  2x

Example 20.13 [N POt
xXam b . - ___
pe valuate 0—0 1—cos60

l-cos40 . 2sin®20
Solution : lim —— =lim ———
050 1-cos60 6-92sin230

) 2 2
[()( 0t ]
60 20 sin® X
. 2 2
. sin20 30 146
= lim -
0—0| 20 sin30 | 992

sm26 30
ze—>o 3e—>o sin30

=—><1><1 —i
9 9
[EETITETAE Find the value of lim m.
(n 2x)
2
n n
Solution : Put X=E+h when X—>E’h_)0
2x =m+ 2h

1+cos2 E+h
. 14+cos2x . 2
Iim ———=1im

oI (m-2x) B0 [ (e 2h)?

. 1+cos(m+2h)
=lim ————~
h—0 4h2
. 1-cos2h
=lim ————
h—0  4h2
2sinZ h
im
h—0 4h?
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:le:l
2 2

. 14+cos2x 1
lim —— ==
x—)% (TE—ZX) 2

lim sinax
Example 20.15 JEEINEE <0 tanbx

sinax
Xa

. . sinax ..
Solution : 1im = lim —&X

tanbx
x—=0tanbx x—0 . %b
X

sinax

lim
4 x50 ax

b i tanbx

x—0 bx

sinax _a

x—0 tanbx b

re\
\ & J CHECK YOUR PROGRESS 20.2

1. Evaluate each of the following :

2X X_,7X
- b) lim =
( x=0 e* +e”

.. e
a) lim
( ) x—0 X

2. Find the value of each of the following :
-X 4 X
(a) lim &——° (b) lim ===

=1 x-1 x—=1 x—1

3. Evaluate the following :

sindx sinx’

lim lim

@ x—=0 2Xx (b) x—0 5x
lim sinax

(d) x—0sinbx

() lim

x—0

sinx

X
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4. Evaluate each of the following :

hm 1—-cos8x lim sin2x(1—cos2x)
( ) x—0 X (b) x—0 (C) x—0 X3
lim l1-cos2x
(d) x50 3tan’ x
5. Find the values of the following :
lim 1-cosax x> cotx lim S0s€e X—Ccotx
(a)x—>0 1-cosbx (® )x—>01 cos X (C)xeo X
6. Evaluate each of the following :
. i
lim 1nx . COSEX )
@ "M (b))1(1_>ml — (c) lmTlE(secx—tanx)
X-}E
7. Evaluate the following :
(@) lim sinsSx (b) lim tan70 (c) lim sin2x + tan3x
x—0 tan3x 0—0 sin40 x—0 4x—tan5x

20.5 CONTINUITY OF A FUNCTION AT A POINT

/" {a, f{ay [a/‘f(a; V (a f(@))

a a P a

Fig. 20.5
Let us observe the above graphs of a function.

We can draw the graph (iv) without lifting the pencil but in case of graphs (i), (ii) and (iii), the
pencil has to be lifted to draw the whole graph.

In case of (iv), we say that the function is continuous at x = a. In other three cases, the function
is not continuous at X = a. i.e., they are discontinuous at x = a.

In case (i), the limit of the function does not exist at x = a.
In case (ii), the limit exists but the function is not defined at x = a.
In case (iii), the limit exists, but is not equal to value of the function at x = a.

In case (iv), the limit exists and is equal to value of the function at x = a.
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1D eI Examine the continuity of the function f(x) = x —a atx =a.

Solution : Imf(x) = limf(a +h)
X—a h -6

=lim[(a+h)—a]
h—0

=0 (1)
Also flay=a—a=0 (i)
From (i) and (ii),
limf(x)=1(a)

Thus £ (x) is continuous at x = a.

ID el RIRWA Show that f(x) = ¢ is continuous.

Solution : The domain of constant function c is R.Let 'a' be any arbitrary real number.

limf(x)=candf(a)=c

X—a

limf(x)=1(a)

X—a

- f(x) is continuous at x = a. But 'a' is arbitrary. Hence f(x) = ¢ is a constant function.

IDENTIIPIBE] Show that f(x)=cx+d is a continuous function.

Solution : The domain of linear function f ( x) =cx+d is R; and let 'a' be any arbitrary real

number.
limf(x)=limf(a+h)
X—a h—0
= lim[c (a+h)+d]
h—a
=ca+d .. (l)
Also f(a)=ca+d L. (ii)

From (i) and (i), igna f(x)="1(a)

f (x) is continuous at x = a
and  since a is any arbitrary , f (x) is a continuous function.

| DENNEPIREN Prove that £ (x)=sin x is a continuous function.

Solution : Let f (X) = sin x
The domain of sin x is R. let 'a' be any arbitrary real number.

limf(x)= limf(a +h
x%a() hﬁ( )

— limsin(a+h
h—0 ( )

—lim [sina.cosh+cosa.sinh]
h—0
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—=sinalimcosh+cosa limsinh { lim kf(x) =k limf(x)where k is a constant}
h—0 x—a x—a
=sina x1 +cosa X0 [ limsinx =0 and 11m COs X = J—|
x—0
=sina (1)
Also f(@)=sina (i)

From (i) and (ii), limf(x)=1f(a)

. sin X is continuous at X = a
-+ sin X is continuous at X = a and 'a' is an aribitary point.

Therefore, f (x)=sinx is continuous.

D el CRAMIN Given that the function f (x) is continuous at x = 1. Find a when,

f(x)=ax+5 and f(1)=4.

TP, limf(x)= lim(1 +h
Solution : lim (x) hlffle( +h)
=1i 1+h)+5
hgl(l)a( +h)+
—ats5 Q)
Also Fy=4 (ii)

As f(x) is continuous at x = 1, therefore ig} f(x)=1f(1)
~From (1) and (ii), a+5=4

or a=4 -50r a=-1

Definition :

1. A function f (x) is said to be continuous in an open inteval ]a,b[ if it is continuous at every
point of Ja,b[*.

2. Afunction f(x) is said to be continuous in the closed interval [a,b] if it is continuous at
every point of the open interval Ja,b[ and is continuous at the point a from the right and
continuous at b from the left.

ie. xiTJr f(x)=f(a)
lim £(x)=f(b)

and x—b

In the open interval Ja,b[ we do not consider the end points a and b.
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- MODULE -V
D€ IPLIWIW Prove that tan X is continuous when 0= x< 5 Calculus

Solution : Let f (x) = tan x

The domain of tan X is R —(2n +1)£,ne I
2

. ) Notes
Let aeR—(2n +1)E , be arbitrary.

limf(x)=limf(a+h)
X—a h—0

= lim tan(a+h
h—0 ( )

sin(a +h)
h—0 cos(a +h)

. sinacosh +cosasinh
= lim —
h—0 cosacosh—sinasinh

sinalimcosh+cosa lim sin h

— h—0 h—0
cosalim cos h—sinalimsinh
h—0 h—0
_ sinaxl+cosax0

cosaxl—sinax0

sina
" cosa
=tana .. @) [ Va € Domain of tan x, cos a #0]
Also f(a)=tana ... (i)

. From (i) and (i), Illij;f(X) =f(a)

- f(x) is continuous at x = a. But 'a' is arbitrary.

. . . . T
~.tan x is continuous for all x in the interval 0< x< 5

e\
L@ J CHECK YOUR PROGRESS 20.3

1. Examine the continuity of the functions given below :
(a) f(x)=x —Satx 2 (b) f(x)=2x +7atx =0
5
(c) f(x):gx +7atx =3 (d) f(x)=px +qatx =4

2. Show that f (x)=2a+3b is continuous, where a and b are constants.
3. Show that 5 x + 7 is a continuous function

4. (a) Show that cos x is a continuous function.
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(b) Show that cot x is continuous at all points of its domain.
5. Find the value of the constants in the functions given below :
(a) f(x)=px —5andf(2) < such that f (x) is continuous at x = 2.

(b) f(x)=a +5xandf(0) =4 such that f (x) is continuous at x = 0.

2
(c) f(x)=2x +3bandf(-2) = such that f(x) is continuous atx = 2.

20.7 CONTINUITY OR OTHERWISE OF A FUNCTION AT A

POINT

So far, we have considered only those functions which are continuous. Now we shall discuss
some examples of functions which may or may not be continuous.

i€V N WIIWPR Show that the function f(x)=e* is a continuous function.

Solution : Domain of e¢*is R. Let ac R . where 'a ' is arbitrary.

limf(x) = limf(a +h), where h is a very small number.
x—a h 6

= lim&™
h—0

= lime® "
h—0

—¢® lim "
h—0

et xl (1)
—et (i)
Also f(a)=e?
-.From (i) and (i), limf(x)=1(a)
- f(x) is continuous at x = a
Since a is arbitary, ¢* is a continuous function.

2

| EN N [WIIWRE By means of graph discuss the continuity of the function f(x)= X _11 .
-

Solution : The grah of the function is shown in the adjoining figure. The function is discontinuous
as there is a gap in the graph at x = 1.
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Fig. 20.6

Feﬂ
ALY _{ CHECK YOUR PROGRESS 20.4

1. (a) Show that f(x)= ¢>*is a continuous function.

-2

—=x
(b) Show that f (x)=e * is a continuous function.

(c) Show that f (x)= >**2is a continuous function.

e—2x+5

(d) Show that f (x is a continuous function.

2. By means of graph, examine the continuity of each of the following functions :

@ =xt1. (0 £(x) =222
_x?-9 _x*-16
© f(x)=2— @ f(x)=>=

20.6 PROPERTIES OF CONTINUOUS FUNCTIONS

(1)  Consider the function f'(x) =4. Graph of the function
f(x) =4 is shown in the Fig. 20.7. From the graph,
we see that the function is continuous. In general, 4

y

all constant functions are continuous.

@)  Ifafunction is continuous then the constant multiple
of that function is also continuous.

7
Consider the function f (x)= 5% We know that x

is a constant function. Let 'a’' be an arbitrary real
number. Fig. 20.7

limf(x) = limf(a +h
(o0 = firgta b

» X
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— lim L (a +h)
h—02
=%a ..... Q)
7 ..
Also f(a)= 32 e (i)

- From (i) and (ii),
limf(x) =f(a)

7 . .
- fx)= 5 X is continuous at X = a.

7. . . . 7 . . )
As 5 1S constant, and x is continuous function at x =a, 3 X 1s also a continuous function at x = a.

(i)  Consider the function f(x)=x? +2x. We know that the function x> and 2x are
continuous.

limf(x)= limf(a +h
Now Jim (x) Jim (a +h)

= lim| (a +h)” +2(a +h)|

h—0
= lim [az +2ah +h? +2a +2ahJ—|
h—0
=a’42a e (M)
Also flay=a*+24 . (ii)

. From (i) and (ii), limf(x)=1(a)
X—a
- f(x) is continuous at x = a.
Thus we can say that if x* and 2x are two continuous functions at x = a then (X i ZX) is also
continuous at x = a.
(iv)  Consider the function f(X)=(X2 +1)(X+2). We know that (X2 +1) and (x +2) are
two continuous functions.
Also f(x):(x2 +1)(x+2)
=x>+2x2 +x+2
As x*,2x%,x and 2 are continuous functions, therefore.
x3+2x2 +x +2 is also a continuous function.

We can say that if (X 24 1) and (x+2) are two continuous functions then (X2 + 1) (x+2)

18 also a continuous function.
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2
(v)  Consider the function f(x)= X" =4 atx =2. We know that (X2 —4) is continuous at
X+2
x = 2. Also ( x + 2) is continuous at X = 2.
2
- +2)(x=2
Again fim X4 _ g 3F2)(322)
x-2 X+2  x 2 X+2
= lim (x-2)
x—2
=2-20
2
2)* -4
Also £(2) _@-4
2+2
0

limf(x)=£(2). Thus f(x) is continuous at x = 2.
X—2

2
If 42 _ 4 and x + 2 are two continuous functions at x =2, then z N is also continuous.
X
(vi)  Consider the function f(x)=x —2|. The function can be written as
—-(x 2 2
| D
(x=2),x 22
lim f(x)=1mf(2 -h
x—lgl_ (=) h1i>n0 ( )3h>0
= lim[(2 -h) 2]
h—0
=2-2
S 0= lmiC ) g 0
= lim [(2+h)-2]
x—2
=2-2=0 L (i)
Also f()=2-2)9 . (iii)

. From (i), (ii) and (iii), 1imf(x)=£(2)
Thus, | x—2| is continuous at x = 2.
After considering the above results, we state below some properties of continuous functions.
If f (x) and g (x) are two functions which are continuous at a point x = a, then
(1) C f (x) is continuous at x = a, where C is a constant.

(i) f(x)g(x) is continuous at x = a.

MODULE -V
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(iii) £(x)-g(x) is continuous at x = a.
(iv) f (x)/g (x) is continuous at x = a, provided g (a) = 0.
(v) [f(x)| is continuous at x = a.

Note : Every constant function is continuous.

20.9 IMPORTANT RESULTS ON CONTINUITY

By using the properties mentioned above, we shall now discuss some important results on

continuity.

(1)  Consider the function f(x)=px +q,x €R ()
The domain of this functions is the set of real numbers. Let a be any arbitary real number.
Taking limit of both sides of (i), we have

limf(x)=1lim (px+q) =pa+q [: value of p x +qat x = a,]

X—a X—a

px +q is continuous at X = a.

Similarly, if we consider f(x ) = 5%2 +2x +3,we can show that it is a continuous function.

In general f(x)=a, +a;x +a,x> +.. +a,_x"" +a, x"

where a,a,,a,....a, are constants and n is a non-negative integer,

we can show that a,a;x,a,x>,....a,x" are all continuos at a point x = ¢ (where c is any
real number) and by property (i), their sum is also continuous at x = c.
-~ f(x) is continuous at any point c.

Hence every polynomial function is continuous at every point.

(x+1)(x+3)
(x=5)

Since (x + 1) and (x + 3) are both continuous, we can say that (x + 1) (x + 3) is also
continuous. [Using property iii]

(i)  Consider a functionf(x) = ,f(x)1s not defined when x -5 = 1.¢,atx=3.

. Denominator of the function f (x), i.e.,(x — 5) is also continuous.

(x+1)(x+3)

X —

. Using the property (iv), we can say that the function is continuous at all

points except at X = 5.

In general if f(x)= P EX; , where p (x) and q (x) are polynomial functions and q (x) # 0,
qx

then f(x) is continuous if p (x) and q (x) both are continuous.

Ihel ) (PIWZY Examine the continuity of the following function at x = 2.

3x =2 forx<2
f(x)=
x+2 forx=>2
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Solution: Sincef(x) isdefined asthe polynomial function 3x-2 ontheleft hand sideof the | MODULE - V
point X = 2 and by another polynomial function x +2 ontheright hand sideof x =2, we shdll
find theleft hand limit and right hand limit of thefunction at x = 2 separately.

/\y &

Calculus

Notes

A

x V

Lefthandlimit = lim f(x)
X2
= lim(3x -2)
X-2

=3x2-2=4
Right hand limitatx =2;
limf(x) =lim(x+2) =4
x-2" X-2
Sincetheleft hand lirmt and theright hand limit & x = 2 areequa, thelimit O thefunctionf (x)
existsatx =2 andisequa to4i.e., Iirr;f(x) =4,
X -
Also f(x) isdefined by (x +2) atx =2
f(2=2+2=4
Thus  limf(x) =2
X2

Hence (x) iscontinuousat x = 2.
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Limit and Continuity
Example 20.25

() Drawthegraphof f(x)=|x].
(i) Discusssthecontinuity of f(x) atx =0.

Solution: Weknow that for x >0, |x |=xandfor x <0, |x|=-x. Hencef(x) can bewritten
as.

[+X, x<0
f(x) =Ix]=0
0x, x=20

(i) Thegraphof thefunctionisgiveninFig20.9

(i) Lefthandlimit
= “E% (-x) =0
Right hendlimit = lim £(x)
=limx=0
x-0

Thus, Lirrgf (x)=0
Also, f(x)=0
0 IXirréf(x):f(O)

Hencethefunctionf (x) iscontinuousat x =0.
SENo)PApAs Examinethe continuity of f (x) =[x —b|atx=h.

Solution: We havef(x) = |x —b|. Thisfunction can bewritten as

X =b), x <b
A N
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Left hend limit = lim f(x) = limf (b—h) MODULE - V
P X Calculus
= lim{~(b—h -b)] -
N | ’
= limh =0 0
Rightrendimit = lim 1 (x) =limf (b +h) Notes
x-bt -
= limf(b+h)
= limh=0 (i)

Also, f(b)=b-b=0
From (i), (ii) and (ii), Iirrg f(x) =f (b) (i)

Thus, f(x) iscontinuousat x = b.

EL’an X#0
E I If f(X)= x

H 2 x=0

find whether f(x) iscontinuousat x =0 or not.

Em, x#0

Solution: Here f(x) = O x
H 2 x=0

sin2x

Lefthandlimit = lim
X0 X

sin2(0-h)

IimDSinZh XED
hood h 1A
=1x2=2 (1)
sin2x
X

Right hand limit = Iir(r)1+
X

sin2(0+h)
O+h

. sin2h 2
=lim X—
h-0o 2h 1

=lim
h-0
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MODULE - V =1x2=2
Calculus | Al f(0)=2
From (i) to (iii),

S limf (x) =2=1(0)

_—

Hencef(x) iscontinuousat x = 0.
Noted

2
-1
Example 20.28[[RECIE );_1 for x # 1 and f(x) =2whenx =1, show that thefunction

f(x) iscontinuousat x = 1.

HC-1
Solution:Here f(X) = Ox-1"' X

H2 , x=1
Lefthandlimit lim f(x)

X-1

= Llirc])f(l—h)

fjm &= 1 h)* -1
h-o (1-h) -1

. 1-2h+h?-1
= lim—=——— =©

h-0 -h
= limn(h=2)
h-0 —=h
= LIT)_(h -2)
=2
Righthandlimit = lim f (x) (i)
x-1

= LIT)f(l+h)
2_

Iim(1+h) 1

h-o (1+h)-1

_ . 1+2h+h®-1
= lim——
h-0 h
h(h+2)
h

m
-0

N o—

= (D)
Also f(1) =2 (Given) (i)
O From (i) to(iii),
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limf(x) =f(Q) MODULE - V
x-1
Calculus
Thusf(x) iscontinuousat x = 1. _
SETlollWAolac -ind whether f () iscontinuousat X = 0 or not, where s -
& y
f(x)=mx’ x#0 2 Notes
H2, x=0
¢
Solution: limf (x) =lim> N
X0 x-0X t t t t > X
-2 -1 1 2
= liml=1 + -1
x-0
and f(0)=2 J
0 limf (x) # f(0) Fig. 20.10
X0

Hencef (x) isnot continuousat x = 0. Thegraph of thefunctionisgiveninFig. 20.10.

Clearly, thepoint (0,1) doesnot lieonthe graph. Therefore, the functionisdiscontinuous at
x=0.

Signum Function : Thefunctionf (x) = sgn(x) (read assignum x) isdefined as

01, x<0
f)=Ho, x=0
H:L x>0
Findtheleft hand limit and right hand limit of thefunction fromitsgraph given below:
Ar y
o——
1 T T T t 1 > X
-3 -2 -1 0 1 2 3
E—
Fig. 20.11

Fromthegraph, weseethatasx - 0%, f(x) -~ 1landas(x) - O0,f(x) — -1

Hence, lim f(x) =1, lim f(x) =-1
x -0 B

X0

Astheselimitsarenot equal, limf (x) doesnot exist. Hencef(x) isdiscontinuousat x =0.
X -0
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Greatest Integer Function:Let usconsider thefunction f(x) =[x] where[X] denotesthe
greatest integerlesthan or equal tox. Findwhether f (x) iscontinuousat

, 1 .
(i) x = > (i)x=1

To solvethis, let ustake somearbitrary valuesofx say 1.3, 0.2, 0.2 ..... By the defmitionof
greatest integer function,

Ingenerd :
for-3<x<-2, [X] =-
for-2<x<-1, [X] =-
for-1<x<0, [X] =-
forO<x<l, [X] =
forl<x<2, [X] =1and soon.

Thegraph of thefunction f(x) =[x] isgivenin Fig. 20.12

(i) Fromgraph
lim f(x) =0, Iim+f(x)=0, y
XJE "“1?
4-h-
limf(x)=0 34
xo 1
2 i @
niln vt —°
Also f 0.5
EEB [051= +—t t t Ot t
-4 -3 -2 -1 0 1 2 3 4
- — -1
Tl I|mf X)=f
xﬂf ( ) BEH —0 - -2
-—0 - -3
Hencef(x) iscontinuousat .
1
X =—
2
@@ limf(x)=0,limf(x)=1 Fig. 20.12
X-1" x -1t

Thus Iinlf (x), doesnot exist.
X -

Hence, f (X) isdiscontinuousat x = 1.

STl LRARIOA t What pointsisthefunction _ox1 continuous ?
(x+4)(x-5)
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Solution: Here () = x -1 MODULE - V

olution: Here 100 = ¥ a)(x -5) Calculus
Thefunctioninthenumerator i.e., X =1 iscontinuous. Inefunctioninthedemoninator is(x + 4) 7,
(x—5) whichisalso continuous. $

But f(x) isnotdefmed attheyoints —4 and 5.
O Thefunctionf(x) iscontinuousat al pointsexcept —4and 5 at whichit isnot defined. Notes
Inother words, f (x) iscontinuousat al pointsof itsdomain.

2
i nd the points of discountinuity of thefunction f(x) = w
X —=8x +12
Solution: Heref (x) isarational function.
Denominator =x2-8x + 12
=(X-2)(x-6)iszeroatx=2andx =6
O f(x)isnotdefinedat x =2 and x = 6.
Alsoweknow that arational functioniscontinuousat all pointsof itsdomain.

O f(x) iscontinuousfor al valuesofx except x =2 and x = 6.

CHECK YOUR PROGRESS 20.5

1. (a) If f(x) = 2x + 1, when x1 and f(x)=3 when x = 1, show that the function f(x)
continuousat x = 1.

X+3, X#2 . . .

(o) If f(x)= = , findwhether thefunctionf iscontinuousat x =2.
%3x +5 x=2

(c) Determinewhether f (x) iscontinuousat x = 2, where

Mx+3, x<2
fx)=0
08-x, x>2
(d) Examinethecontinuity of f () atx =1, where

2
f(x):%x’ x<1

Bx+5 x>1
(e) Determinethevaluesof k sothat thefunction

Fkx?
f(x)= !
) 5 3 XxX>2

X<2
iscontinuousat x = 2.
2. Examinethecontinuity of thefollowing functions:
@ fx)=x-2Jatx=2 (b)f(x)=x+5ax=-5
(©) f(x)=|a—-x|atx=a
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MODULE - V Hx_2|
Calculus @ f(x)=0x-2" XE2 x=2
~ H 1 x=2
&
x-a|
@f(x)=gx-a’ X*2  ax=a
Notes H 1 X=a
3 (@)If fpo =B XF0 ico
0 2 x=0
@'n?x
o1f F0=0 x * **% ax=o

H 7, x=0
(c) For what value of aisthefunction

ES@ Xz0

f(x)=0 3x ’
Ha x=0

4. (@) Show that thefunctionf (x) iscontinuousat x = 2, where

2 _y_
M, for x#0

fx)=0 x-2
H 3, forx=2

(b) Testthecontinuity of thefunction f(x) atx =1, where

2 _
M, for x #1

fx)=0 x-1
H -2, forx=1

(c) Forwhat valueof kisthefollowingfunction continuousatx=17?

%(2—_1, when x #1

f(x)=0x-1
H k, whenx=1

(d) Discussthe continuity of thefunctionf(x) at x = 2, when

M, for xz 2

f(X)=0x-2
H 7, X=2

x|

. x#0 o
5. @IFf0)=mx , findhetherfiscontinuousat x =0.
H o0 x=0
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(b) Test the continuity of the function f (x) at the origin. MODULE -V
Calculus
X x#0
where f(x)=1|x|’

I, x=0
6.  Find whether the function f (x)=[x] is continuous at

Notes
(a)x=§ (byx=3 (€) x=-1 (d)X=§

7. Atwhat points is the function f (x) continuous in each of the following cases ?

X+2 X=35 X =3

@ 0= ) 100 s @ =
X% +2x+5
f =
(@) 1) x> —8x H6

dl LET US SUM UP

° If a function f(x) approaches / when x approches a, we say that / is the limit of f (x).

Symbolically, it is written as
limf(x) ="/
X—a
limf(x) =/ : _
o If Jimf(x) = and limg(x) =mthen
0 limkf(x)=k limf(x)=k/
X—a X—a
(i) lim [ f(x) £ g(x)] = limf(x) £ limg(x) =/ tm
X—a X & X a>»
(i) lim [f(x)g(x)] = limf(x)limg(x)=¢m
X—a X—a X—a
limf(x)
(iv) lim f) _xoa " _ L provided limg(x)#0
X—a

. LIMIT OF IMPORTANT FUNCTIONS

) oox"-al 4 ) o
1 lim =na" i limsinx =0
() x—a X—a () x—0
lim cosx =1 . . sinx=
@ 5 (v lim 2=
1
x . . log(l+x
V) 1im(1+x)X =e (Vi) hmle
x—0 x—0 X
X_
vi)  lim S
x—0 X
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Notes

° http://www.wikipedia.org

° http://mathworld. wolfram.com
[
q1 TERMINAL EXERCISE
Evaluate the following limits :
1. lim5 2. lim 2
x—l x—0
5 2
3 lim 4x6+9>;+7 n lim 3x +22x
x=13x7 +x7 +1 X= Z2x7 +x7 -2x
4 4
5 lim (x+k)" —-x 6. lim JI+x =41 =<
x=0 k(k+2x) x—=0 X
7 lim{ 1, 2 } ] lim—(2X_3)J;_l
x| x+1 x2-1 x—1 (2x +3)(x - 1)

lim

2
. X" -4 1 2 }
lim ————=
% x224/X +2 —4/3x 2 10. Xﬁl{x_l x? -1

2

1 lim sinx P lim X —(a+l)x+a
' Xx— M—X ' X—a x2 —a2
Find the left hand and right hand limits of the following functions :
. 2
- -1
13.f(x)= % il x Slasx -1 14, f(x)=———asx 1
3x-5 if x >l | x+1]
Evaluate the following limits :
i [x +1] ’ [x—2] i -
15, lim —— im —— 17. lim
x—1 x+1 x—2t X 2 x—2 |X_2|

2
18.1f f(x)= (x+2)" -4 , prove that lirr(}f(x) = 4 though £ (0) is not defined.
X X—>

5x+2,x<2

; limf i f(x)=
19. Find k so that 1'mf(x) may exist where f(x) {2x+k,x>2

sin7x

20. Evaluate lim

et e - 21
21. Evauate lim
x—0 2X X—

0 xz J
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1-cos3x sin2x +3x MODULE -V
lim ——— i lim ———
22. Evaluate lim 2 23.Find the value of i einax Calculus
. X . sin50
24. Evaluate lim(l1-x)tan— 25, Evaluate lim
x—1 2 0—0tan80

Examine the continuity of the following :

Notes
£(x) 1+3xif x> -1
X
26. 2if x<-1
at x=-1
——Xx,0 <x <=
X
1 1
f = -, =—
27, (=1 Jx=3
——x,— <x <1
‘[X_1
&t

28. For what value of k, will the function

2

6 .
flx) = —X—4 if x#4
kifx=4
be continuous at x =4 ?

29. Determine the points of discontinuty, if any, of the following functions :
2
X 43

4x% +3x+5
a) —5—— b) —/——m
(® X+ x+1 () x2-2x H
2
X +x+1 4
b) — d) f _Jx'—-16, x#2
() x2-3x 4 (@ 1) { 16, x =2
sinx 0
30. Show that the function f(x) = X +C08, X #U i continuous at x = 0
2, x=0

31. Determine the value of 'a', so that the function f (x) defined by

acosXx T
—, X #

| m-2x ’ E
fx)= T is continuous.
5, X =E
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ANSWERS
D\) CHECK YOUR PROGRESS 20.1

\ . (@17 (b) 7 (©)0 @a 2
Notes (e)- 4 H8
2 @ 0 05 ©= @3 (©)6
® -10 (2)3 b 2
3. (@3 o ©4 @
1 i e
4 @y ®)57 O5F @2 (© -1
5. (a) Does not exist (b) Does not exist
6. (a) 0 (b)% (c) does not exist
7. (@1,-2 (b1 (c) 19
a=-2

10.  limit does not exist

CHECK YOUR PROGRESS 20.2

. (a2 (b) il
) e2 +1
2. (a) —é (b) —¢
3. (22 (b) % © 0 (d)%
TG (50 (©)4 @3
a2 1
5. @y (b)2 © 3
6. (@1 03 © 0
7. (a)g (b)% (c) -5
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Limit and Continuity

CHECK YOUR PROGRESS 20.3

1.

(a) Continuous  (b) Continuous

(c) Continuous  (d) Continuous

14
5. (@p=3 (bya=4 (c) b=3
CHECK YOUR PROGRESS 20.4
2. (a) Continuous
(b) Discontinuous at x = 2
(c) Discontinuous at x = -3
(d) Discontinuous at x = 4
CHECK YOUR PROGRESS 20.5
1. (b) Continuous (c) Discontinuous
3
(d) Discontinuous (e) k= 2
2 (a) Continuous (c) Continuous,
(d) Discontinuous (e) Discontinuous
5
3 (a) Discontinuous (b) Continuous (c) 3
4 (b) Continuous (c)k=2
(d) Discontinuous
5. (a) Discontinuous (b) Discontinuous
6 (a) Continuous (b) Discontinuous
(c) Discontinuous (d) Continuous
7. (a) All real number except 1 and 4
(b) All real numbers except —2 and 3
(c) All real number except —6 and 1
(d) All real numbers except 4
TERMINAL EXERCISE
1
1.5 2. 3. 4 4. - 3
1 1
2 2 —_—— el —
5.2 6. 1 7. > 8. 0
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MODULE -V 1 a-1

Calculus 9. -8 10. 5 11.1 12. B

13.1,-2 14. 2,2 15. -1 16.1

v\\) 17. 1 19. k=8 20. % 21. 1
Notes 9 2 5
22. — 23.1 24. — 25. =
2 s 8
26. Discontinuous 27. Discontinuous
28. k=8
29. (a) No (b) x=1
(€) x=1, x=2 (d) x=2
31. 10
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DIFFERENTIATION

The differential calculus was introduced sometime during 1665 or 1666, when Isaac Newton
first concieved the process we now know as differentiation (a mathematical process and it yields
a result called derivative). Among the discoveries of Newton and Leibnitz are rules for finding
derivatives of sums, products and quotients of composite functions together with many other
results. In this lesson we define derivative of a function, give its geometrical and physical
interpretations, discuss various laws of derivatives and introduce notion of second order derivative
of a function.

r
D 0BIECTIVES

After studying this lesson, you will be able to :

define and interpret geometrically the derivative of a function y = f(x) at x = a;

prove that the derivative of a constant function f(x) = c, is zero;

find the derivative of f (x)=x",ne Q from first principle and apply to find the derivatives
of various functions;

find the derivatives of the functions of the form cfx),[f (x) £ g(x) Jand polynomial finctions;

state and apply the results concerning derivatives of the product and quotient of two functions;

state and apply the chain rule for the derivative of a function;
. find the derivative of algebraic functions (including rational functions); and

. find second order derivative of a function.
EXPECTED BACKGROUND KNOWLEDGE
. Binomial Theorem for any index

. Functions and their graphs
. Notion of limit of a function

21.1 DERIVATIVE OF A FUNCTION

Consider a function and a point say (5,25) on its graph. If x changes from 5 to 5.1, 5.01,

Notes

MODULE -V
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5.001..... etc., then correspondingly, y changes from 25 to 26.01, 25.1001, 25.010001,....A
small change in x causes some small change in the value of y. We denote this change in the value

of x by a symbol 8x and the corresponding change caused in y by 8y and call these respectively

X
as an increment in x and increment in y, irrespective of sign of increment. The ratio 8_y ofincrement

is termed as incrementary ratio. Here, observing the following table for y =x?at (5,25), we

have fordx=0.1,0.01,0.001, 0.0001,...... dy=1.01,.1001, .010001, .00100001,.....

X 5.1 501 5.001 5.0001
Sx 1 01 001 0001
y 2601 25.1001 25.010001 25.00100001
Sy 1.01 1001 010001 00100001
dy
— 10.1 1001 10.001 10.0001
dx

We make the following observations from the above table :
(i) Oy varies when §x varies.
(i) Sy —>0when §x — 0.

3
(i) The ratio % tends to a number which is 10.

. . 5 .
Hence, this example illustrates that §y — 0 when 6x — 0 but S—y tends to a finite number, not
X

. ... Oy, . dy dy. o
necessarily zero. The limit, lim s equivalently represented by—y. 2 is called the derivative
3x—00x dx dx

of y with respect to x and is read as differential coefficient of y with respect to x.

. Oy d . .
That is, lim X -2 0in the above example and note that while dx and dy are small
dx—00x  dx

. .9 .
numbers (increments), the ratio S—Z of these small numbers approaches a definite value 10.

In general, let us consider a function
y=1(x) (¥
To find its derivative, consider §x to be a small change in the value of x, so x + §x will be the

new value of x where f (x) is defined. There shall be a corresponding change in the value of y.
Denoting this change by 8y ; y + dy will be the resultant value of y, thus,

y + 0y = f(x +9x) ..(if)
Subtracting (i) from (ii), we have,
(y+ &) -y =f(x +%) £(x)
or dy =f(x+0x) - f(x) ...(iii)
To find the rate of change, we divide (iii) by §x

MATHEMATICS



dy _f(x+ Ox) —f(x)

5 5 .(1v)
. o . Oy
Lastly, we consider the limit of the ratio 5x asdx — 0.
. Oy . f(x+0x)-f(x)
lim -2 = lim —~—~——~> %/ |
If Eixlr—n>0 dx BXHEO dx V)

is a finite quantity, then f(x) is called derivable and the limit is called derivative of f{(x) with respect

d
to (w.r.t.) x and is denoted by the symbol f (x) or by I of f(x)

d dy d
o — 1 = -
L.e. Ix (x) or x (read as i of y).

Thus, lim ﬁ: lim f(x +3x) —f(x)

5x—00X  dx—0 Ox
dy d
—— =—1f(X)=f"'
dx dx (x)=f'(x)

(1) The limiting process indicated by equation (v) is a mathematical operation. This
mathematical process is known as differentiation and it yields a result called a derivative.

(2) A function whose derivative exists at a point is said to be derivable at that point.

(3) It may be verified that if f (x) is derivabale at a point x = a, then, it must be continuous at
that point. However, the converse is not necessarily true.

(4) The symbols Ax and h are also used in place of §x i.e.

dy _ lim f(x+h) —f(x) or dy _ fim f(x + &) —f(x)

dx h—0 h dx Ax—0 Ax

d
(5) Ify=f(x),then d—z is also denoted by y; or y'.

21.2 VELOCITY AS LIMIT

Let a particle initially at rest at 0 moves along a strainght line OP., The distance s
f(t)f (t + 21)

&
ad

0 P Q
Fig. 21.1

covered by it in reaching P is a function of time t, We may write distance

OP =s=1(t) (1)
In the same way in reaching a point Q close to P covering PQ
1.e.,8s 1S a fraction of time §¢ so that

0Q=0P+PQ
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=s+0ds

= f(t +5t) ..(if)
The average velocity of the particle in the interval §¢ is given by

_ Change in distance

Change in time

_ (stds)-s

= (00—t ° [From (i) and (ii)]

_f@+ dt) —1{(t)
8t
(‘average rate at which distance is travelled in the interval §t ).

Now we make §t smaller to obtain average velocity in smaller interval near P. The limit of average
velocity as &t —s 0 is the instantaneous velocity of the particle at time t (at the point P).

f(t +5t)— £(t)

Velocity at time t= lim
ty 5t—0 ot

d
It is denoted by d—:

Thus, if f (t) gives the distance of a moving particle at time t, then the derivative of 'f' at t=t,,

represents the instantaneous speed of the particle at the point P i.e. at time t =t .

This is also referred to as the physical interpretation of a derivative of a function at a point.

.. d .
Note : The derivative d_y represents instantaneous rate of change of y w.r.t. x.
X

IDel i WARM The distance 's' meters travelled in time t seconds by a car is given by

the relation

s=3t?
Find the velocity of car at time t =4 seconds.
Solution : Here, f(t)=s=23t>

f(t+8t)=s+8s =3(t+t)>

. . . f(t+3t)—1f(t)
t=1 _ 7
Velocity of car at any time 8tlm 5

2 2
-~ lim 3(t+6t)” -3t
8t—0 ot

38 +2t8t+ 8t2) -3¢
= lim
8t—0 ot

= lim (6t + 35t)
8t—0

= 6t

MATHEMATICS
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Velocity of the car at t = 4 sec
= (6 x 4) m/sec
=24 m/sec.

Q
\ Y CHECK YOUR PROGRESS 21.1

1. Find the velocity of particles moving along a straight line for the given time-distance relations
at the indicated values of time t :

1
(a) s:2+3t;t=§. (b) s=8t-7;t=4.

(©) s=t2+3t;t=%. d) s=T7t%-4t +1;t=§.

2. The distance s metres travelled in t seconds by a particle moving in a straight line is given

by s= t* ~18¢* . Find its speed at t = 10 seconds.

3. Aparticle is moving along a horizontal line. Its distance s meters from a fixed point O at t

seconds is given by ¢—1(— {2 + ¢3. Determine its instantaneous speed at the end of 3
seconds.

21.3 GEOMETRICAL INTERPRETATION OF dy/dx

Let y = f (x) be a continuous function of x, draw its graph and denote it by APQB.
1 A

X

sl ]

Fig. 21.2
Let P (x,y) be any point on the graph of y = f(x) or curve represented by y = f(x). Let
Q(x +dx,y + dy) be another point on the same curve in the neighbourhood of point P.

Draw PM and QN perpendiculars to x-axis and PR parallel to x-axis such that PR meets QN at
R.Join QP and produce the secant line to any point S. Secant line QPS makes angle say o with
the positive direction of x-axis. Draw PT tangent to the curve at the point P, making angle g with
the x-axis.

Notes
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Now, In AQPR,ZQPR=q

QR QN-RN OQN-PM (y+0y)-y 0y
tangl=—= = = = (1)
MN ON-OM (x+0x)—-x Ox

Now, let the point Q move along the curve towards P so that Q approaches nearer and nearer
the point P.

Thus, when Q > P, §x — 0,0y =0, oo — 0,(tano. — tan8) and consequently, the secant QPS
tends to coincide with the tangent PT.

: Sy
From (i). tano =—
Ox
L . . Oy
In the limiting case, lim tano = lim —
dx—0 3x—0 Ox
dy—0
o—0
d
or tan @ =L (i)
dx

d
Thus the derivative ﬁ of the function y = f (x) at any point P (x,y) on the curve represents the

slope or gradient of the tangent at the point P.

. o . d
This is called the geometrical interpretation of % .
d
It should be noted that ﬁ has different values at different points of the curve.

d
Therefore, in order to find the gradient of the curve at a particular point, find d—yfrom the
X

. . . .. d
equation of the curve y = f (x) and substitute the coordinates of the point in d—z .

Corollary 1

. . . d
If tangent to the curve at P is parallel to x-axis, then g =(° orl180°, i.e., d_z =tan(’® or tan

. dy
o = 0
180° 1.e., x

That is tangent to the curve represented by y = f (x) at P is parallel to x-axis.

Corollary 2

. . . d o
If tangent to the curve at P is perpendicular to x-axis, @ = 90° or d—z =tan90°=co

That is, the tangent to the curve represented by y = f (x) at P is parallel to y-axis.

MATHEMATICS



21.4 DERIVATIVE OF CONSTANT FUNCTION

Statement : The derivative of a constant is zero.
Proof : Let y = ¢ be a constant function. Then y = ¢ can be written as

y=cx’ [x0=1] ()

Let 8x be a small increment in x. Corresponding to this increment, let 8y be the increment in the

value of y so that

y+8y = c(x +8x)° (i)
Subtracting (i) from (ii),
(y+8y)—y=c(x +8x)° —cx”, (ox0=1)
or dy=c-c or dy=0
D dy 0 dy _
Dividing by S or 5x

Taking limit as 5x — 0, we have

lim ﬁ=O or ﬂ—o
dx—0 0x dx
d
or £= [y=c from (i)]

This proves that rate of change of constant quantity is zero. Therefore, derivative of a constant
quantity s zero.

21.5 DERIVATIVE OF A FUNCTION FROM FIRST PRINCIPLE

Recalling the definition of derivative of a function at a point, we have the following working rule
for finding the derivative of a function from first principle:

Step I.  Write down the given function in the form of y = f (x) (i)
Step II.  Let dx be an increment in x, dy be the corresponding increment in y so that
y + Oy = f(x + dx) ..(10)
Step III. Subtracting (i) from (ii), we get
dy =f(x+ 8x) — f(x) (i)

Step IV. Dividing the result obtained in step (iii) by §x , we get,
dy _f(x+ Ox) —f(x)
dx dx

Step V.  Proceeding to limit as §x — 0 .

lim ﬁ: lim f(x +8x) —f(x)
dx—00x  3x—0 dx

Note : The method of finding derivative of function from first principle is also called delta
or ab-ininitio method.
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Next, we find derivatives of some standard and simple functions by first principle.

21.6 DERIVATIVES OF THE FUNCTIONS FROM
THE FIRST PRINCIPLE

Lety = Xn ..... (1)
For a small increment §x in X, let the corresponding increment in y be dy .

Then y+3dy =(x +6x)". )
Subtracing (i) from (ii) we have,
(y+8y)- y=(x+3x)" —=x"

n
dy = xn(l +6—XJ -x"

X

<[

d 5x \!
Since ?X <l, as §x is a small quantity compared to x, we can expand [1 +—X] by Binomial
X

theorem for any index.

6 n
Expanding (1 + ?X] by Binomial theorem, we have

b= 2 2 B F e

iy &)[3 n(n-1)8x n(n-1(n-2)(8x) +]

X 2 X2 31 x3
Dividing by §x , we have

— _ _ 2
3_ an, n(n-D& n(n-hn-2)6x”
dx X 2! X2 3! X3

Proceeding to limit when §x — 0, (8x)* and higher powers of §x will also tend to zero.

_ T 2
lim &~ fimxn | 2y =D 3 n(n=Dio=2) 6%)7
X—-00X  gx 50 | X 2! X2 3! X3
dy dy _,fn
It —=—=x |—+0+0+...
or 5x—00x  dx X
or g:xn.gznxn_l
dx X
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i(xn) =nx""

dx o y=x]

This is known as Newton's Power Formula or Power Rule

1

or 9

Note : We can apply the above formula to find derivative of functions like x x? x3, .

ie.whenn=123...

eg. dix=ix1=1x1‘1=1x°=1.1=1
X
dix2 =2x%71 =2x
X
d -
o (x3)=3x>" = 3x?, and so on.
X
IDel AW Find the derivative of each of the following :
(@) x10 (1) x50 (1) 91
Solution :
i 4 (310) 105171 =105
O
X
(i) di(xso) =50x>07 = 50x%
X
d (o1 91-1 %
Gi)  ——(x")=om =01x

dx

Remark : Newton's power formula is also applicable when n is a rational number.

. 1
i.e. say when n= 3 For example,

Let y=x5 —Jx
dy 1 =1 1 = 1 1 d 1
ao_to Lot 4K =
Then dx 2 R 2 x1/2 of dx( X) 2/x

We shall now find the derivatives of some simple functions from definition or first principles.

1BEI ) PIKE Find the derivative of x* from the first principles.

Solution : Let y=x?
For a small increment §x in x let the corresponding increment in y be dy .
y+ 8y = (x +x)?

Subtracting (i) from (ii), we have

@)

(ii)
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(y+3dy)- y:(x+8x)2 —-x2

or Sy = x% +2x(8x) + (8x)? —x 2
or dy = 2x(8x) + (5x)?
Divide by §x , we have
. 2x+0x
X

Proceeding to limit when §x — 0, we have

lim & = lim (2x + %)
3x—00x  dx—0

gy

=2x+ lim ®x
or dx 5x—>0( )
=2x+0
=2x
dy d( >
Yo 2 (x2)=2
or dx * or dx * *
Ih'elnl ) (AR Find the derivative of l, x #0 by delta method.
X
. 1 )
Solution : Let ¥ - (1)

For a small increment 8x in x, let the corresponding increment in y be Jy .

+0y = ~~
ey X + 0x (i)
Subtracting (i) from (ii), we have,
1 1
(y+8y)-y= -=
Xx+0x x
_X-(x+8)
or (x +Ox)x
.
X(X +0x) (i)
Dividing (iii) by &x , we have
oy __ 1
Ox  x(x +0x)
Proceeding to limit as §x — 0, we have
lim Q = lim - !

dx—00x  8x—0 Xx(x +0x)
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byl EISAEE
or dx  x(x+0) °F dx| x | 2
IR AR Find the derivative of Jx by ab-initio method.
Solution : Let y=+/x (1)

For a small increment 8x in x, let dy be the corresponding increment in y.
y+8y=+/x +0x (i)
Subtracting (i) from (ii), we have
(y+8y) -y = Jxt+ox —x .(iii)
or By =/x+8x —/x

Rationalising the numerator of the right hand side of (iii), we have

6y=\/%2+;£(\/x +6X+’\/;)

__(x+8x)—x 5x

_'\/X+5X+x/; or SszWﬂ/;
Dividing by §x , we have

Sy 1

5% Jx +8x+4/x

Proceeding to limit as §x — 0, we have

.0y .. 1
e x o L/:S +«/§}
or S—ZZ\/&& or %(\/;):2‘1/;
If f (x) is a differentiable function and ¢ is a constant, find the derivative of
0(x) =cf(x)
Solution : We have to find derivative of function
0(x) = cf(x) )]

For a small increment §x in X, let the values of the functions ¢(x)be ¢(x +0x) and that of f
(x)be f(x +0x)
O(x +0x) = cf(x + 0x) ..(if)
Subtracting (i) from (ii), we have
O(x +8x) —0(x) =c¢[f(x+8x) — f(x)]
Dividing by §x , we have

O(x +0x) —0(x) {f(x +0x)— f(x)}
dx ¢ dx

Notes
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Proceeding to limit as §x —s 0, we have

im O(x+06x) - (x) _ lim {f(x+5x)—f(x)}

dx—0 Ox 8x—>0 Ox
v [ fx+0x) —f(x)
or 'x)= C‘SLIE}O{ dx }
or 0'(x)=cf'(x)
d df
Thus, a[cf(x)]zca

. CHECK YOUR PROGRESS 21.2

Find the derivative of each of the following functions by delta method :

(a) 10x (b) 2x +3 (c) 3x*
(d) x*+5x (e)7x°
2. Find the derivative of each of the following functions using ab-initio method:
1 1 1
—,xz0 —,x %0 —x#0
(a)X X (b)aX X (c) x+X X #
—b ax+b —d x+2 -5
— XE— —x#—
(d)ax+b a (e)cx+d * c (0 3x+5 : 3
3. Find the derivative of each of the following functions from first principles :

1 -b 1
(a)J—X¢0 (b)m,xij (c)\/;+$,x¢0

I+x
,x#1
@1
4, Find the derivative of each of the following functions by using delta method :
(a)f(x) =3+ . Also find f'(2). (b) f(r)=nr?. Also find f'(2).

(c)f(r) = gnﬁ . Also find £'3).

21.7 ALGEBRA OF DERIVATIVES

Many functions arise as combinations of other functions. The combination could be sum,
difference, product or quotient of functions. We also come across situations where a given
function can be expressed as a function of a function.

In order to make derivative as an effective tool in such cases, we need to establish rules for
finding derivatives of sum, difference, product, quotient and function of a function. These, in
turn, will enable one to find derivatives of polynomials and algebraic (including rational) functions.

MATHEMATICS



21.8 DERIVATIVES OF SUM AND DIFFERENCE OF
FUNCTIONS

If f (x) and g (x) are both derivable functions and h (x) = f (x) + g ( x), then what is h' (x) ?
Here hx)=fx)+g(x)

Let dx be the increment in x and Jy be the correponding increment in y.
h(x +0x) = f(x + 8x)+ g(x + x)

Hence h'(x)= lim [f(x+ &) +g(x + ﬁ)] {'f(X) ‘g(X)]

8x—0 Ox

. [f(x + &) —f(x)] +[g(x +®) 2(Xx)]

3x—0 Ox
, [f(x + &) —f(x) gx + &) —g(x)}

= lim +
5x—0 Ox ox

_ lim f(x+&)-f(x) lim g(x+8&) g(x)
5x—0 dx 5x—0 dx

or h'(x)=f'(x) +g'(x)

Thus we see that the derivative of sum of two functions is sum of their derivatives.

This is called the SUM RULE.

c.g. y:x2 +X3
v d oy dys
M et ed()
= 2x +3x2
Thus y'=2x Bx?

This sum rule can easily give us the difference rule as well, because
f h()=r(x) 2(x)
then h (x)=f(x) +[ g(x)}
h'(x)=f"(x) +[ € '(x)]
= 1'(x) 2'(x)
1.e. the derivative of difference of two functions is the difference of their derivatives.

This is called DIFFERENCE RULE.

Thus we have

Sum rule : i[f (x)+g(x)] -4 f(x)] ﬁi[g (X)]
: dX dX dX
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d d [g(x)]

Difference rule :%[f (x)-g (x)] =&[f (x)] -

ID el WAWE Find the derivative of each of the following functions :

Q) y=10t> 20¢t°
(i) y= 2x° 3x2

(iii) y=x % —1, x#0
X X

Solution :

@)  Wehave, y=10t* +20¢°
dy _ 2
=10 +20(3¢%)
=20t +60t>
(ii) y=2x> - 3x2

(ii) y=x3 +L—L x#0

dy a2 +(=2)x> = (-1)x?
dx

a2 2 1
=3x ——3+—2
X X

IDel N WARE Evaluate the derivative of each of the following functions at the indicated

value (s) :
@) s=4.9t> +24, t=1,t=5 ()  y=x>+3x>+4x+5 x=1

Solution : (i) We have s= 492 +24

ds
—=4.9(2t
" (2t)

=9.8t

ds
— =9.8(1) =9.8
o), =50

ds
— =9.8(5) =49
o), 080
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(i) Wehave y=x>+3x> +4x+5

ﬂ=i[x3 +3x% +4x+ 5J=3x2+6x+4
dx dx

ﬂ} =3(1 +6()+4 =13
dx x=1

Q
\Y_ 4 CHECK YOUR PROGRESS 21.3

1. Findy' when:
(a) y=12 (b) y=12x )y=12x+12

2. Find the derivatives of each of the following functions :

(a) f(x)=20x" +5x (b)  f(x)=-50x* —20x> +4

© =4 -9-6x (d) f(X)=§X9+3x

2 X xb Xt
f(x)=x>-3x>+3x-= f(x) = —Z_+2_ 2
© 1 20 o=t XaX
z 2 3 1
x3-x3 +F (h) f(x)=\/_——X

N

SRS

(& f(x)=

3. () Iff(x)=16x+2, find £'(0),(3),f(8)

3 2

®) I f(x)=X?— +x-16, find £'(-1), £(0), £ '(1)

x

2
4

(©) Iff(X)ZXT+%X7+2X—5’ﬁnd £1(=2)

. 4 dv
(d) Given that V =—mr®, find — and hence v
3 dr dr r=2

21.9 DERIVATIVE OF PRODUCT OF FUNCTIONS

You are all familiar with the four fundamental operations of Arithmetic : addition, subtraction,
multiplication and division. Having dealt with the sum and the difference rules, we now consider
the derivative of product of two functions.

Consider y=(x?+1)?

This is same as y=(x2 +D)(x% +1)

So we need now to derive the way to find the derivative in such situation.
We write y = +D)(x% +1)

Let §x be the increment in x and Jy the correrponding increment in y. Then

Notes
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y+ 8y =[(x +8x)? + 1][(x +8x)% +1)]
= 8y =[(x +8%)? + 1][(x +8x)? +1)] - (x2 +1)(x> +1)
=[x +8)? 4I[(x +x9% #+xZ+DI(x+3x)? +1]- (x> + x> +1)
=[x +8) 4][x +92 ¥ &> Bx D 142 1}

=[(x +8x)% +1][(x+8x)% —x2 ]+ (x> + D[(x + 8x)* —x?]

R 2 x+8x) —x2 5 x +8x )7 —x2
%z[(x+ﬁx) H]{%]-F(X +1){%]

= [(x + Sx)2 +1} : {%} + (x2 + 1){%}

=[(x +8x)% +1](2x + 8x) + (x* + 1)(2x + 8x)

lim ] = lim [(x +8x)% +1]-[2x + 8x] + hm (x +1)(2x + 8x)
3x—00X  8x—0

or j—z=(x2+1)(2x)+(x2 +1)-(2x)

= 4x(x2 +1)

Let us analyse : j—z=(x2 +1) (2x) +(x2 +1) (2x)

derivative derivative
of x2+1 of x2+1
Consider y=x-x
d
Is —y—x (2x)+x (3x2) 9
dx

Letus check X’ (2x)+x 2(3x2)

=ox* +3x*
We have y=x>-x?

dx

In general, if f (x) and g (x) are two functions of x then the derivative of their product is defined
by

MATHEMATICS



dx
. d . . d .
= Ist function | w (Secondfunction) | 4{Secondfunction | ™ (Istfunction)
which is read as derivative of product of two functions is equal to
= [Ist function] [Derivative of Second function] +

[Second function] [Derivative of Ist function]

This is called the PRODUCT RULE.

d
Example 21.9 [BSTH d—y if y =5x°(7x* +4x)
X

Method 1. Here y is a product of two functions.

ﬂ=(5x6 )-i(7x2 +4X)+(7X2 +4x)i(5x6)
dx dx dx

= (5x%) (14x +4) + (7x% + 4x) (30x°)
=70x” +20x® +210x” +120x°
=280x” +140x°

Method I y =5x°(7x% +4x)
=35x% +20x

dd_y=35 x8x7 20 Fx° 280x’  140x°
X

which is the same as in Method 1.
This rule can be extended to find the derivative of two or more than two functions.

Remark : If f (x), g (x) and h(x) are three given functions of x, then

4
dx

D€ IPARIE Find the derivative of [f(x)g(x)h(x)] if

f(x)=x,g(x)=(x-3), and h(x)=x*+x

£ (R ()] =F(x)e(x) o) we()h(x) 35 (x) B T(x) T2 ()

Solution : Lety =x(x —3)(x2 +x)

To find the derivative of y, we can combine any two functions, given on the R.H.S. and apply the
product rule or use result mentioned in the above remark.

In other words, we can write

y=[x(x—3)]( X +X)
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Let u(x)=f(x)g(x)
=x(x-3)
=x?-3x
Also h(x)=x"+x
y=u(x)>a(x)
Hence §—z=x(x—3)£(x2 #x)+(x2 +x)%(x2 ~3x)
= x(x=3)(2x+1)+(x” +x)(2x-3)
= x(x=3)(2x+ 1)+ (x7 +x)(x=3) +x(x* +x)
=[£(x )g (x)]-h (x)+[g(x) h(x)]F(x) +[h(x)f(x)].g'(x)
Hence g ()b (1= (6)e0)] <[

e ()01-E0] +h(OR0)<[e(x)]
Alternatively, we can directly find the derivative of product of the given three functions.

ﬂ:[x(x —3)](%((;8 ) f(x 32 *)]%(x) 2 x) x]-;;(x 3)

dx
=x(x =3)(2x + 1)+ (x =3)(x? +x) - 1+ (x2 +%)-x 1

= 4x° —6x% —6x

Q
\Y_J CHECK YOUR PROGRESS 21.4

1. Find the derivative of each of the following functions by product rule :

(a) f(x)=(3x+1)2x~-7) (b)  f(x)=(x+1)(=3x-2)
(©) f(x)=(x+1)(-2x-9) (d  y=Gx-DEx-2)

(e) y=x2(2x? +3x+38) (® y=(2x+3)(5x> =7x +1)
() u(x)=(x? —4x+5)(x> -2)

2. Find the derivative of each of the functions given below :
@  f@0)=1- D) ®)  f(x)=(x-Dx -2)(x-3)

(c) f(x)=(x2 +2)(x> =3x2 +4)(x* - 1)

(d) f(x) = (3x +7)(5x—1)(3x2 +9x+8)
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21.10 QUOTIENT RULE

You have learmnt sum Rule, Difference Rule and Product Rule to find derivative of a function
expressed respectively as either the sum or difference or product of two functions. Let us now
take a step further and learn the "Quotient Rule for finding derivative of a function which is the
quotient of two functions.

Notes

MODULE -V
Calculus

1
Let g(x) —@ , [r(x)#0]
Let us find the derivative of g (x) by first principles
1
g(x)= o
v
g'(X) = lim I'(X+ &) I'(X)
Sx—0| ox
i | T =1+ &) }
8x—0[ d(x)r(x)r(x+ &)
— lim [ r(x)—r(x + 6X):| lim 1
dx—0| dx 8x—0 r(X).r(x + 0x)
, 1 r'(x)
=-1'(x)- =
LRIk
Consider any two functions f (x) and g (x) such that ¢(x)= %, g (X ) #0
g(x

1

We can write ¢(x) =f (x)
g(x)

o(x) =f'(x)- !

g(x

SRl

d 1
) f(x)d_x{g@)}

g(x)

(%)
X)[[g(x)]2 }

_ g (x) - f(x)g'(x)

[e(x)]

(Denominator)(Derivative of Numerator) — (Numerator)(Derivative of Denominator)

(Denominator)2

Hence

dx | g(x)

This is called the quotient Rule.

d [f(x)}z £'()g(x) - f(x)g'(x)
[e())?

MATHEMATICS
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Calculus |RETTNIPAREE Find f'(x)if f(x)= 1~ # 5

Solution :

d d
2x-1)—@x+3)-(4x+3)—(2x -1)
f’(X): dx dx

Notes (2x - 1)2

_(2x-DA-(4x+3)2

2x-1)?
_ -10
2x -1y
Let us consider the following example:
1 1
f(x)= X#—
Let (x) D >

d d
d[ . }_(274—1)&(1)—1&(2)(—1)

dx| 2x -1 2x -1)2
_(2x-Dx0-2 Ld
(2x -1y [ dx(l)_o}
. i[ 1 }__ 2
L& dx|2x-1] (2X_1)2

e\
L@A‘ CHECK YOUR PROGRESS 21.5

1. Find the derivative of each of the following :

) el gye X2 _x2-1
@y 575 OV a T @Y=,
x* X —2x X
@)= ©f(x) == B(x)=—
X - X X +x+1
Jx
f =
® (=) x3+4
2. Find f'(x) if
_x(x2+3)
@ fo0=202, [x#2]
(x-1)(x-2)
b = 3 4
(b) f(x) ) , [x;t , X # ]
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21.11 CHAIN RULE

Earlier, we have come across functions of the type 1/x* +8x2 +1 . This function can not be

expressed as a sum, difference, product or a quotient of two functions. Therefore, the techniques
developed so far do not help us find the derivative of such a function. Thus, we need to develop
arule to find the derivative of such a function.

Letuswrite:  y=+x*+8x2+1 or y=+t  where {—y418x2 4]

That is, y is a function of t and t is a function of x. Thus y is a function of a function. We proceed
to find the derivative of a function of a function.

Let 5t be the increment in t and 8y , the corresponding increment in y.

Then 8y —0 as §t—0

dy .. Oy .
dt  &—0t O
Similarly t is a function of x.
: dt—0 as dx — 0
dt .ot
—=lim — i
dx  8x—00x )
Here y is a function of t and t is a function of x. Thereforedy — 0 as dx — 0
From (i) and (ii), we get
dy .. Oy | . Oyl ,. ot
dx  5x500x {&ino & || 500 8¢
o
dt dx
dy dy dt
Thus dx  dt dx
This is called the Chain Rule.
IDCN NI WABPA 1T v x4+ 8x2+1 ﬁndd—y
). P . y=VX"+X"+1, dx
Solution : We are given that
y =x*+8x2+1
which we may write as
y=\ﬁaWheret:x4+8x2+l (@)
< =—— and—=4x>+16
T \/T and i X~ +16x
dy dy dt 1 3
2oL o .(4x +16
Here axd i agr e e
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4x3+16x 2xP +8x

NN R

IRENVIIPIRKY Find the derivative of y=3x2 45x 7

Solution : We have

(Using (1))

y:\3/x2 +Hx
d\3/x2+5x 7= d t1/3 where t = x% + 5x -7 (1)

dx dx
_d s dt o chain 7l
&t i (Using chain rule)

723, (2x +5)

L P _;[x2 +5x =723 2x+5) [Using ()]
X
(OCIJIPIREY Find the derivative of the function y =———
(x*=3)
Solution : & {5( 2 3)_71
dx  dx
=5[(-T)(x*=3) ] ( 2-3) (Using chain Rule)

=-35(x2-3)%.(2x)

_ =70x
(x> -3)°
d 1 2
IR Find — where y=—v* and v=2x’+5
dx 4 3
. 1 4 2 3
Solution : We have ¥ ZZV and v= EX +5
Ly oo 2345 3 )
dv 4 3
dv 2 ..
and 3x2) = (1)
T 3( ) =2x>2
dy dy dv
Thus dx dv dx
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3
(%Q +5J (2x%) [Using (i) and (ii)]

e

We have seen in the previous examples that by using various rules of derivatives we can find
derivatives of algebraic functions.

Q
N 'A4 CHECK YOUR PROGRESS 21.6

1. Find the derivative of each of the following functions :

(a) f(x)=(5x-3)’ b)  f(x)=3x%-15%
5
©  fx)=01-x)"7 (d) f(x)=@
© - O y=Ye
X" +3x+1
| (1,1 1T
(2 y= o (h) Y—[6X X +16}
@ y=(2x*+5x-3)7 () y=x+yx2+8
dy
2. Find i if
3oy —at? =
@) y_2+v’v_1_x2 (b)y =at’.t 2a
21.12 DERIVATIVES OF A FUNCTION OF SECOND ORDER

gy

Second Order Derivative : Given y is a function of x, say f (x). If the derivative

derivable function of x, then the derivative of :—y is known as the second derivative of y = f (x)
X

: . d* o
with respect to x and is denoted by d_g . Other symbols used for the second derivative of y are
X

D2 ' y", y, etc.

CRemr

Thus the value of f " at x is given by
£(x+h) = '(h)
h

f "(X)= }122)
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The derivatives of third, fourth, ....

Differentiation

Q
‘
.

orders can be similarly defined.

Thus the second derivative, or second order derivative of y with respect to x is

d dy _dly
dx dx2

IR I EPAREY Find the second order derivative of

(i) x*

(i) 3 +1

. d
Solution : (i) Let y =x?2, then d_z =2x

and

(ii) Let

and

(iii) Let

and

(iv) Let

d? y d (2 )=2. d(x)

dx? dx
=21=2

2

Y _,

dx

y=x3+l,then

(ii)) (x> +1)(x—=1)

o x+1
(@v) 1

I 32 (by sum rule and derivative of a constant is zero)

ﬂ (3 2y=3.2x=6x
dx?

2

dy =6x

dx?

y=(x% +1)(x-1), then

dy _ 2, d 4.2
T = ()3 + D (6 4 )

=(x2 +1)- 1+ (x= 1)-2x

or

dy

2
ﬂzi(sxz—zxﬂ) —6x -2
dx?  dx
2
d—3,=6x—2
dx
+1
y=x—,then
x -1
dy _(x=D-1=(x+1).1__ =2
dx (x-1)° (x-1)

L =x?142x2-2x =3x2 - 2x +1
X

MATHEMATICS



Differentiation

and

d?y d| -2 1 4

T2 e 7| =2 2 3 3
dx~  dx (x—l) (x—l) (x—l)
dy__ 4

dx? (x—l)3

Q
A 'A4 CHECK YOUR PROGRESS 21.7

Find the derivatives of second order for each of the following functions :

@ X b x*+3x3 9x2 40x +
x2 +1
© (d) X241

@4l LET US SUM UP

The derivative of a function f (x) with respect to x is defined as
f(x+8x)—f(x)
ox

dc
The derivative of a constant is zero i.e., d_ =0, where c a is constant.
X

£i(x)= It

5x—0

,0x>0

Newton's Power Formula

dix (xn) =nx""!

d
Geometrically, the derivative ﬁ of the function y =f (x) atpoint P (x, y) is theslope

or gradient of the tangent on the curve represented by y =f (x) at the point P.

The derivative of y with respect to x is the instantaneous rate of change of y with respect
to X.
If f (x) is a derivable function and c is a constant, then

d
d—X[Cf (X)] =cf'(x), where f '(x) denotes the derivative of f (x).

'Sum or difference rule' of functions :

d [f(x)ig(x)jzdix[f(x)]

dx

d

£l ()]

dx

Derivative of the sum or difference of two functions is equal to the sum or diference of
their derivatives respectively.
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Product rule :
[P (0] = ()= (x) 4 (x)=F (x)

d d
= (Ist function) (d— IInd functionj+ (IIndfunction) (d— Ist function)
X X

f(x
Quotient rule : If ¢ (x) = ( ), g(x) #0, then

oy g(x)f(x)-f(x)g'(x)
0'(x)="% S
[e(x)]

= (Denominator ) (% (Numerator )| | —Numerato( k % (Denominatc)t) |

(Denorninator)2

Chain Rule: [ 1{2(0}]= 1 Te00)-[£(x)]

=derivative of f(x) w.r.t g (x)xderivative of g (x) w.r.t.x

o o d(dy)_dy
The derivative of second order of y w.r.t. tox is dx( i ) 2

e SUPPORTIVE WEB SITES

http://www.wikipedia.org
http://mathworld.wolfram.com

[ 2
q‘. TERMINAL EXERCISE

The distance s meters travelled in time t seconds by a car is given by the relation s = 2
Caclulate.

() the rate of change of distance with respect to time t.
(b) the speed of car at time t = 3 seconds.

1
Given f(t)=3-4t>. Use delta method to find f'(t),f(g).
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Differentiation

3. Find the derivative of f(x)=x* from the first principles. Hence find

f'(O),l{—%j

4.  Find the derivative of the function />x + 1 from the first principles.
5. Find the derivatives of each of the following functions by the first principles :

(a) ax + b, where a and b are constants (b) 2x% +5
(©) x> +3x2+5 (d)(x—1)?
6.  Find the derivative of each of the following functions :
(a) f(x)=px4+qx2+7x—11 (b) f(x)=x3—3x2+5x—8

2
Xx“-a

,a #2
2

(o) f(x)=x +§ d) f(x)=

a—

7. Find the derivative of each of the functions given below by two ways, first by product

rule, and then by expanding the product. Verify that the two answers are the same.

@ =31+ 1| o) y=x%(z+sx+%]

8. Find the derivative of the following functions :
O O3 31)2 +)l<_(3)
(©)f(x)= m +1X Y (d)f(x) =%
(e)f(")=3xz+¥ M (x)= Z;

3
@) f(x) = =D

9. Use chain rule, to find the derivative of each of the functions given below :

2
(a)[& +%] Ol © Y2 +3)

10.  Find the derivatives of second order for each of the following :

@ Jx+1 (®) xi/x-1
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Z‘F X + 1

CHECK YOUR PROGRESS 21.1

Differentiation

(b)x-vx~1

1. (@3 (b) 8 (c) 6 (d) 31
2. 3640m/s 3. 21 m/s
CHECK YOUR PROGRESS 21.2
1. (10 (b)2 (c) 6x (d) 2x+5 (e) 21x2
11 L —a _ad—bc_
2. (a) 2 (b) i (c) 2 (d) (ax+b)’ (e) (ex+d)
1
® (3x+5)°
1 —-a 1 l—l
3. (@) 2XJ; (b) 2(ax +b)(\/ax+b) ©) 2»\/; X

2
@ %)

3 3
4.  (a) ﬁ,m (b)2mr ; 4m

CHECK YOUR PROGRESS 21.3

1. (o0 (b 12
2. (@) 180x® +5 (®) —200x> - 40x

(d) 5x3 +3 (€)3x% —6x +3

3. (a) 16, 16, 16
(d) 41tr2,161t

(b)3,1,1

CHECK YOUR PROGRESS 214
(b)-6x -5

(e) 8x> +9x% +16x

L. (@)12x-19
(d)2x -3

(c) 2ne? ;367

(c) 12
(©)12x2 —12x
(f) x7 —X5 +X3

1

1
(h) me
(c) 186

3
2x 2

(¢) 4x 11

( 30x% +2x-19
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Differentiation

(@) 5x* —16x> +15x%> —4x +8
2. (a) -4ne +3(n-1)r? +2r (b)3x? —12x +11
(©) 9x8 —28x7 +14x° = 12x> —5x™* +44x> — 6x> + 4x

(d) (5x—1)(3x2 +9x +8).6x + 5(3x 2 +7)(3x2 + 9x + 8) +(3x% + 7)(5x— 1)(6x+ 9)

CHECK YOUR PROGRESS 21.5

-10 3x2 +4x—1 4x
L @ OG0y @241y
2% —12x° x4 12 1-x? 4-55°
(d) 2-3)? (e)x—7 (f)(xz+x+1)2 (2 W +4)
2% —6x% -6 —4x% +20x —22
2. (a) (X_2)2 (b) (X_3)2(X_4)2

CHECK YOUR PROGRESS 21.6

. (@)35(5x-6)° (b)210x(3x% ~15)*

(c)-34x(1-x 2)'° (d)%5(3—x)4

2
©-2x+3)2+3x+1)2 (D %(xz + 1)?

6 .4 14
(@)3x(7-3x2)3/? (h)S(x5+2x3)(%+"7+E]

X
2

D-4ex+5)2x>+5x-37 O 7T

=5(1+x 2) X
) (12x-x2) ®) o

CHECK YOUR PROGRESS 21.7

4 1
1. (a) 6x (b) 12x> +18x+18 @HQIB? (@a:;gai
TERMINAL EXERCISE
1. (a)2t (b) 6 seconds
MATHEMATICS

MODULE -V
Calculus

Notes

249



MODULE -V
Calculus

Notes

10.

g8
3
(a)a

(a) 4px> +2qx +7

(c) I_XLZ

1
(a) ok

~(x% +1)
a) -1

—4x3
(1+xH?

©

5
(e) 3+—2
X

(@) 3x°-2-—+ =

3
X X

(a)l—XL2

1
(@~ 3
4(x +1)2

-1 1
007 4 V2x+1
(b) 4x (¢) 3x% +6x (d)2(x-1)
(b) 3x2 —6x +5

2x
@ a-2
25 1
(b) 3«/;+7x«/;+ N
_6 _30
(b) x-1° x°
3 1 1
LMY
1 N 1
® 4& X4/X
1 3
b)) ———5 © 4"—+6X2
JI+x (F x)? 3()(4 +3x2)§
2
(b) 2+Xx —Xl
4(x —1)2

Differentiation
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DIFFERENTIATION OF TRIGONOMETRIC
FUNCTIONS

Trigonometry is the branch of Mathematics that has made itself indispensable for other branches
of higher Mathematics may it be calculus, vectors, three dimensional geometry, functions-harmonic
and simple and otherwise just cannot be processed without encountering trigonometric functions.
Further within the specific limit, trigonometric functions give us the inverses as well.

The question now arises : Are all the rules of finding the derivatives studied by us so far appliacable
to trigonometric functions ?

This is what we propose to explore in this lesson and in the process, develop the formulae or
results for finding the derivatives of trigonometric functions and their inverses . In all discussions
involving the trignometric functions and their inverses, radian measure is used, unless otherwise
specifically mentioned.

r
L® OBJECTIVES

After studying this lesson, you will be able to :

° find the derivative of trigonometric functions from first principle;
° find the derivative of inverse trigonometric functions from first principle;

° apply product, quotient and chain rule in finding derivatives of trigonometric and inverse
trigonometric functions; and

° find second order derivative of a function.

EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of trigonometric ratios as functions of angles.
° Standard limits of trigonometric functions namely.

tan
X_1

. .o Sinx e o
@) limsinx=0 (i) lim——=1 (i) limcosx=1 (iv) lim
x—0 x—=0 X x—0 x—=0 X

° Definition of derivative, and rules of finding derivatives of function.
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Mngu'-lE Rl22.1 DERIVATIVE OF TRIGONOMETRIC FUNCTIONS
alculus FROM FIRST PRINCIPLE

. (i) Let y =sin x
x:' For a small increment §x in X, let the corresponding increment in 'y be 8y .

y + dy =sin(x + dx)

Notes
and dy =sin(x + 6x) —sinx
) ) c+D . C-D
=2co0s X+—x sin—X sinC—sinD =2cos sin
2 2 2
siné\)—X
§=2005 X 48—)q| 2
dx 2) dx
) sindx
by S\ . Sn 5
lim == lim cos| x+— |- lim - lim =1
5x—0 00X 5x—0 5x—0 OX =cosx.l 5x—0 OX
2 2
Thus, ﬂ=cosx
X
1e., i(sinx):cosx
dx
(i) Let y =CO0S X

For a small increment §x in X, let the corresponding increment in y be dy .

y + 8y = cos(x + Ox)

and dy =cos(x + 0x)— cosx
, [ SXJ, dx
=-2sin| X +— [sin—
2 2
sina—X
g=—25in x+8—X ‘ 2
dx 2 dx

sin—
im & = lim sin(x+d—xj~ lim ——2

Sx—0 0X 3x—0 5x—0 6_X
2
=-sinx -1
d .
Thus, & — sinx
X
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Differentiation of Trigonometric Functions
MODULE -V

. d .
ie., —(cosx) =—sinx Calculus

dx
@)  Let y = tan x

For a small increament 8x in X, let the corresponding increament in y be Jy .

y+ § =tan(x +X)

and dy=tan(x + &) -tanx

Notes

_ sin(x+0x) _sinx

cos(x+0x) cosx

_ sin(x +0x) - cosx —sinx.cos(x + 6x)

cos(x +0x)cosx

_ sin[(x + dx)—x]
cos(x +0x)cosx

B sin x
cos(x+0x)- cosx

dy _ sindx 1
dx  Ox  cos(x+ &x)cosx
or tim & = gim X iy :
x—00x 8x—>0 OXx x> 0cos(x+ &x)cosx
. sind
=1 12 [ lim o le}
cos” x dx—0 Ox
=sec? x
Thus, ﬂ=seczx
dx
Le. i(tanx) =sec? x
dx

(iv)Let y=secx

For a small increament §x in x, let the corresponding increament in y be dy .
y + 8y =sec(x + dx)

and dy =sec(x + 8x) —secx

1 1

~cos(x +8x)  cosx

_ cosx —cos(x + 0x)

cos(x + 0x)cosx
. [ SX}. ox
2sin| X +— [sin—
2 2

cos(x +0x)cosx
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. 6X . Sx
Sy Sm ( X+ 7\) Sln7

x>0 8% 5x-0cos(x + &)cosx OX

dy

\) 2
sin(x+6—x] i OX
2 i

Sy sm?
Notes lim X = im lim
3x—0 80X 8x—0 cos(X +8x)cosxdx—0 OX
2
sinx
= .1
2
cos” X
sinx 1
=——-———=tanx.secx
COSX COSX
d
Thus, &~ secx.tanx
dx
. d
ie. —(secx)=secx -tanx
dx

Similarly, we can show that
i(cotx) =—cosec’x
dx

d
and d—(cosecx) =—cosec x-cot X
X

IDe) i CWPAN Find the derivative of ¢ otx’ from first principle.

Solution : y=cotx?

For a small increament §x in x, let the corresponding increament in y be dy .
y + 8y = cot(x +8x)?

and Sy = cot(x +8x)* —cotx’

2

_ cos(x+ Sx)2 _cosx

sin(x + Sx)2 sinx’

_ cos(x+ 6x)2 sinx? — cosx > sin(x + Eix)2
B 2

sin(x + 6X)2 sinx

B sin[x2 -(x+ 6x)2]
- 2

sin(x + Sx)2 sinx

_ sin[-2x8x— (0x)]
- 2

sin(x + SX)2 sinx
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_ —sin[(2x + 3x)dx]

sin(x + Sx)2 sinx®

8y __ —sin[(2x +8x)0x]

dx  §xsin(x +8x)2 sinx®
and lim dy _ lim sin[(2x + &)&] lim 2X + 2& .
3x—00x x>0 Ox(2x+ &) 8x>0sin(x + &) sinx
dy 2x . osin[(2x+ &) &x]
or —=-]l— o lim —————2 ==
dx sinx’.sinx’ x—0  Ox(2x+ &)
=X =2x
(sinxz)2 sin” x*
= -2x.cosec” x°
Hence di(cotxz) =-2x - cosec? x2
X

| [WPW] Find the derivative of 4/cosecx from first principle.

Solution : Let y =,/cosecx
and y +3y=4/cosec(x + 8x)

by = [\/cosec(x + &) —\/cosech[\/cosec(x + &) +/cosec X:|

Jcosec(x + &) +Jcosecx

_cosec(x + &) —cosecx
Jcosec(x+ &) +\/cosecx

1 1
B sin(x + &) sinx
Jcosec(x+ &) +\/cosecx

sinx —sin(x+ &)

[\/cosec(x + &) ﬂ/cosecx}[sin (x +®)sinx]

2cos(x +8—X\| sins—X
2 2

)
(Jcosec(x + &) +\/cosecx )[sin(x + ®)sinx]

cos(x+8—x) sindx/2
Oy 2 dx/2

lim =— lim - -
3x—00x  3x—0 \/cosec(x +0x) + \/cosecx] [sin(x + 0x).sinx]

dy —COSX

or dx  (2f(cosecx)(sinx)’
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MODULE -V
Calculus

S

Notes

= —%(cosecx) 2(cosecxcotx)

1
Thus, di(ﬂlcosecx)z —-;—(cosecx)—z(cosecxcotx)

X

IDel ) PRE Find the derivative of sec” x from first principle.

Solution : Let y=sec? x

and y + 8y =sec? (x +8x)
then, 8y = sec?(x +8x)— sec” x
_ cos® x—cos (x +5x)

cosz(x + 6x)0052 X

_ sinf(x +0x + x]sin[(x + 0x — x)]

cos’ (x+ SX)cos2 X

_ sin(2x + dx)sin 8x

cosz(x+ Sx)cos2 X

dy __ sin(2x+ dx)sin dx
ox cosz(x +8x)cos2 X.0x

sin(2x + 8x)sindx

lim ﬂ = lim
Now, x50 8% 8x-0 cos?(x + 8x)cos x.0x
ﬂ B sin2x
dx cos2 xcos2 X

_ 2sinxcosx

2 2
COS XCOS X

= 2tanx.sec2 X

= 2secx(sec X.tanx)

=2sec X (sec X tan x)

Q
G 'A4 CHECK YOUR PROGRESS 22.1

1. Find the derivative from first principle of the following functions with respect to x :

(a) cosec x (b) cotx (c)cos2x
(d) cot2x () cosecx’ () {fsinx

2. Find the derivative of each of the following functions :

(a) 2sin’x (®) cosec’x (©) tan® x
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22.2 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

You have learnt how we can find the derivative of a trigonometric function from first principle
and also how to deal with these functions as a function of a function as shown in the alternative
method. Now we consider some more examples of these derivatives.

IBel PR Find the derivative of each of the following functions :

(i) sin 2 x (i) tanv/x (i) cosec(5x3)
Solution : (i) Let y=sin2x,
=sgint, where t=2x
dy dt
— =cost —=2
dt and dx
. dy dy dt
By chain Rule, xd dx’ we have
&_ t(2)=2 t=2 2
o cos (2)=2.cos cos 2 x
d .
Hence, —(sin2x) = 2c0s2x
dx
(if) Let y =tanv/x
=tant  where {=./x
y 2 dt _ 1
[ t —
sec and ix 2\/;
. dy dy dt
By chain rule, x dt dx we have
2
dy _oo2¢. L _sec’Vx

Hence,

d sec2 X
(tan/x) = :

dx

Alternatively : Let y= tan\/;

2
g:secle;i«/; _ X Jx
dx dx 2\/;

(iii) Let y = cosec(5x°)

dy_ —cosec(5x>)cot(5x>) ‘1[5"3]
dx dx

=-15x2 cosec(Sx3 )cot(Sx3 )

or you may solve it by substituting  — 543
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Notes

IDel ) WPAE Find the derivative of each of the following functions :

. . . sinx
(1) y =x"sin2x (i) y_1+cosx
Solution : y =x*sin2x
) dy 4d . . d , 4 .
i — =x"—(sin2x)+sin2x —(x sing product rule
(@) 0 C g S &) (Using p )
= x*(2c0s2x) +sin2x(4x%)
=2x* cos2x + 4x> sin2x
= 2X3[x0052x+2sin2x]
.. _sinx
(i) Y 1+cosx

25in£cosi
2 2

2c0s2£
2
X
=tan—
W _e2X d(x) 1 2%
dx 2 dx| 2 2 2

Alternatively : You may find the derivative by using quotient rule

sin X

Let _l+cos X

dy 1+ cosx)%(sinx) —sin xi(l +c0s X)

dx (1+cosx)?

_ (I+cosx)(cosx) —sin x(~sin x)

(1+cosx)2

cosx +cos® x+sin? x

(1+cos x)2

_cosx+l1
(1+cosx)2

1
- (I+cosx)
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Ih'e1n)) (WYX Find the derivative of each of the following functions w.r.t. x :
() cos? x (i) y/sin> x

Solution : (i) Let y =cos? x

=2 where t = cos x
dy dt .
—=2t —=-sin X
at and dx
Using chain rule
d_dy &
dx dt dxo e

d
A 2 cos X. (—sinx)
dx

=-2c¢o0sxsinx = —sin2x

(]l) Let y =\'Sin3 X

dy 1 .3 .92 d .3
— =_(sin” x -—(sin” x
dx 2( ) dx( )
= ! -3sin°X -COSX
24/sin” X

:%Jsin X COS X
Thus, i(\lsin3 X )=%\/sin X €OS X

dx

d
Example 22.7 @3t d—y , when
X

) 1—-sin x -
@) Y= T5en x (i) y =a(l—cost),x = a(t +sint)

Solution : We have,
. _[I-sin x
O Y Trsinx

1
dy 1|1-sinx _2'1 1-sinx
dx 2| I+sinx dx| I+sinx
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_1 Il+ sin X (—cosx)(1+sinx) —(1—sinx)(cosx)

_ZVl—sinx (1+sinx)2

_l 1+sin x —-2c0s8X
2V1—sinx (1+sinx)?

A1+ sinx . \ll—sin2 X
Jl-sinx (1+ sinx)2

A1+ sinx+/1+sinx -1

(1 +sinx)? 1+sinx

Thus, dy/dx =-

1+sinx

Alternatively, it is more convenient to find the derivative of such square root function by
rationalising the denominator.

_\ll—sinxx«ll—sinx
Y Jl+sinx  +/1-sinx

1-sinx
w/l - sin2 X

_1-sinx

COS X
=secx —tanx
dy 2 sin X 1

——=gsecxtanx—sec X =
X 2 2
COS" X COs X

_sinx-1 _ 1

l-sin?x  l+sinx

(i) x =a(t+sint), y=a(l-cost)
dx dy .
—=a(l+cost), —=a(sint
m ( ) m (sint)
Gingcane, &AL
sing chain rule, x dt dx , we have
dy _a(sint)

dx a(l+cost)

2sin t cosi
2 2
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IDel PR Find the derivative of each of the following functions at the indicated points : MODULE - V
i Calculus
@ y =sin2x+(2x - 5)° at x =5
(i1) y =cotx +sec’ x+5 at x=m/6
Solution : Notes
@ y=sin2x+(2x—5)2
gy =c0s2X i(2x) +2(2x - 5)i (2x-5)
dx dx dx
=2co0s2x+4(2x-5)
i dy
At X=—, —=2cosm+4(n—5)
2 dx
=-2+4n-20
=4n-22
(i) y =cotx +sec’ x +5
gy =—cosec’x + 2secx(secxtanx)
X
= —cosec’x +2sec’® xtanx
At xzz, d—y=—cosec2£+2sec2£tanE
6 dx 6 6 6
343
8
=4 +—F=
33
D el PPN [f sin y = x sin (aty), prove that
dy sin’ (a+y)
dx sina
Solution : It is given that
: . x=Sny
sin y =X sin (aty) or sn@+y) (1
Differentiating w.r.t. x on both sides of (1) we get
1= sin(a+y)cosy—sinycos(a+y) |dy
sin?(a+7y) dx
1= sin(a+y —y) |dy
or sin’ (a+y) |dx
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Notes

ﬂ: sin’ (a +y)

or .
dx sina
Example 22.10 RilNES \/sinx + \/sinx +....to infinity ,
dy _ cosx
prove that dx  2y-1

Solution : We are given that

y= \/sinx + \/sinx +...toinfinity

or y:,/sin X+y or y2=sinx+y

Differentiating with respect to x , we get

dy dy dy
2y—= +— 2y—-1)—==
ydx cosX i or (2y )dx cosX
ﬂ: cosx
Thus, dx 2y-1
Q
A 'A4 CHECK YOUR PROGRESS 22.2
1. Find the derivative of each of the following functions w.r.t x :
(a) y =3sindx (b) y =cos5x (©) y = tan~/x
(d) y=sin\/; (e) y=sinx2 ® y:ﬁtan2x
(g) y=mcot3x (h) y=secl0Ox (i) y=cosec2x

2. Find the derivative of each of the following functions :

secx—1 sinx+cosx .
(a) f(x) = (b) f(x) =——— (c) f(x)=x sinx
secx +1 SinXx —cosXx
(d) f(x) =(1+ xz)cosx (e) f(x)=x cosecx (f f(x)=sin2xcos3x
(g) f(x) =4/sin3x
3. Find the derivative of each of the following functions :
(@ y=si’x (b))  y=cos’x (©  y=tan*x
@  y=cot*x (o) y =sec” x ® y = cosec x

( ) 3 \/_ (h) _ ’secx +tanx
& y = seevx y secx —tanx
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4. Find the derivative of the following functions at the indicated points : MODULE -V

- Calculus
(a) y=cos(2x + %2),x L (b) y:1+51nx,X T
3 CcOSX 4
5. Ifyz\/tanx+\/tanx+ Jtanx+..., to infinity
2 Notes

d
Show that (2y—1)—y =sec” X,
dx

6. If cosy = xcos(a+y),

2
prove that (4 = cos @ty .

dx sina

2.3 DERIVATIVES OF INVERSE TRIGONOMETRIC
FUNCTIONS FROM FIRST PRINCIPLE

We now find derivatives of standard inverse trignometric functions sin”! X, cos ! X, tan ! X, by
first principle.

(i) We will show that by first principle the derivative of sin" ! x wrt xis given by
9 sin Ty =——L
dx (1 _ xz )

Let y=sin"! x . Then x = sin y and so x +8x =sin(y +Jy)

Asdx — 0, 0y = 0.

Now, dx =sin(y +dy) —sin y

|= sin(y +0y) —siny

[On dividing both sides by §x ]

Ox
or = sin(y +dy) —sin'y 5_y
dy ox
. Sin(y+8y)—siny ) Sy
1= lim . lim =+ -
dy—0 dy dx—0 0x [y — 0 when dx — 0]
1 (1
2cos| y+—=29y [sin| =Jy
i 2 2 dy
=| lim =
8y—0 dy dx
dy
=(cosy) —=
( y) dx
dy__1 1 1

o eosy [y) i)
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Notes

d (sin~" %) 1
—sin” " x/=
dx (1 _x2 )
—(cos_1 x)z _r
(ii) dx (1 _ Xz)
For proof proceed exactly as in the case of sin"!x |
@)  Now we show that,
4 (tan_1 x) = L
dx 1+x2
Let y=tan~'x .Then x =tany and so x+&x = tan(y + dy)
Asdx — 0, alsody—0
Now, dx = tan(y + dy) —tany

_ tan(y +8y) —tany 3y
dy x

1

= lim tan(y +dy) — tany lim dy
Sy 8x—0 Ox

| 1im sin(y +9dy) _siny Sy dy
Sy—0 | cos(y+9dy) cosy dx

Sy—0 [+ 8y — 0 when 8x — 0]

Yy SN +J8y)cosy —cos(y +0y)siny
dx 8y—0 dy.cos(y +dy)cosy
Yy lim sin(y +3y —y)

dx dy—0 dy.cos(y + dy)cosy

_dy fim sindy 1
dx 8y—0| Oy cos(y+dy)cosy
oo o

_dX coszy dx

dy 1 1 1
dx  sec? y 1 +tan’ y 1 +x2
i (tan_1 x) = !
dx 1+ x>
d ( -1 ) 1
; —(cot " x|=
(IV) dx 1+X2

For proof proceed exactly as in the case of tan"' x.
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N

Let y=sec™'x . Then x =sec y and so x + 8x = sec(y + dy).

d _
v) We have by first principle i (sec 1 X) =
X

As dx — 0,also dy — 0.
Now dx =sec(y +dy) — secy.

1= sec(y +8y) —secy dy

= im sec(y +dy) —secy lim 3y
Sy—0 dy dx—0 Ox
dy

2sin(y +18yjsin(18y}
. 2 2
=—- lim

dx 8y—0 Jy.cosycos(y+dy)

sin(y+% 6})|) Siﬁ l}y}

[+ 8y — 0 when 8x — 0]

d
=& im |2

dx 8y—0| cosycos(y+ &) l?)y

2
:g.&zd_y.secytany

dx cosycosy
dy _ 1 3 1 B 1
dx secytany secy\/(sec2 y—l) x\/( x2—1)
i=(sec_1x) _—
dx X'\/Xz—l

NeE}

For proof proceed as in the case of o7 x.

1’10} (WPRBY Find derivative of sin”! (x2 ) from first principle.

(Vi) dix(cosec_lx)=

Solution : Let y=sin"!x?
x? = siny
Now, (x+ 8x)2 =sin(y +08y)

(x+6x)2 —x? _sin(y+38y) —siny
dx dx
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dy dy
(x+6x)2—x2 200s(y+ > ]sm 2 3
= <= lim
x—=0 (X+3X)—X  dy«0 2 @ 3x—0 Ox
2
dy
2x =cosy-—
= y I
dy 2x 2x 2x

N &
dx  cosy \/1 sin® y \/1 x?

Ih'el ) (PPAP] Find derivative of sin” /X wirt. x by delta method.

Solution : Let y=sin"14/x
= siny=+/x (1)

Also sin(y + 8y) = vk +0x .(2)
From (1) and (2), we get

sin(y + 8y) —siny = y/x + 8x -Jx
Sy («/x+8x—«/_)(\/x+8x+\/;)
2cos(y+ jsm( j «/x+8x+«/_
dx

:«/x+6x+«/;

or

2cos(y+ \| s&L Y|

2 1

dx \/x+ & +/x

sin(ﬁ)

dy dy 2 1

or —-cos| y+— | =

X (y 2 ) 6_}’ Jx+8x +4/x
2

lim 5_y lim cos y+8—y - lim
dx—0 90X dy—0 2 | §y—0 Q

1

lim ——— ..
5X—>0~/x+6x+J_ (v dy—> 0 as dx— 0)

dy dy 1 1

1
or —cosy— or _ _ _
\/_ dx 2«/;cosy 2\/;\/1—sin2y 2\/;'\/1—X

dy 1

dx  2Wx fl—x

MATHEMATICS



ra\
Le # CHECK YOUR PROGRESS 22.3

1. Find by first principle that derivative of each of the following :

cos 'x

() cos™! x? (i)

(i) cos ' fx

(V) tan~' x? )

(VD) fan 7' fx

22.4 DERIVATIVES OFINVERSE TRIGONOMETRIC FUNCTIONS

In the previous section, we have learnt to find derivatives of inverse trignometric functions by
first principle. Now we learn to find derivatives of inverse trigonometric functions by alternative

methods. We start with standard inverse trignometric functions sin™' x,cos " x,....
(i) Derivative of sin”" x

Solution : Let y=sin~'x

X=siny ()
Differentiating w.r.t. y
—=cosy
y
dx_ l—sinZy [Using (i) ]
dy g
11
or & yll—sin2y
dy
d 1
dy__ 1 "'£=a
dx \/l—sinzy Jl_xz @
d_ . 1
Hence, S sin X]=
dx 1-x2

Similarly we can show that
d -1, -1
” [cos " x]=

l—x2

(ii) Derivative of tan"' x
Solution : Let tan~'x=y
X =tany

: - dx _ 2
Differentiating w.r.t. y, by secy

MODULE -V
Calculus

Notes
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dy 1
and dx  sec’y
— 1 . .
- 2 [ We have written tan y in terms of x]
I+tan”y
1
1+x2
d -1 1
Hence, —(tan "X )=
dx ( ) 1+ x2
Similarl L eor )=
v dx 1+x2
(iii) Derivative of sec™! x
Solution : Let sec™'x =y
_ dx
x=secy and — =secytany
dy
dy_ 1

dx secytany
1

secy [t sec? y—1]

1

tsecy sec? y—1

1

[x | sec’ y—1
. . . b
Note : (i) When x >1, sec y is + ve and tan y is + ve, Y € (05\)
oo . . T \
(i) When x < -1, sec y is —ve and tan y is —ve, Y€ [E,n)

i(sec_1 X)=

1
Hence, dx x| /_X2 1

d 1on -1
Similarly d—X(COSGC X)—m

ID eI EPPARE Find the derivative of each of the following :

(i)sin'Vx (ii) cos! x (iii) (cosec™'x)?
Solution :
(i) Let y=sin"y/x
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2/x41-x

isin_lx—;
dx 24/x/1=x
(ii) Let y =cos ' x>
ﬂ__—l.i(xz)
dx /1_(x2)2 dx
B -(2x)
1-x*
i(cos_1 x2) S
dX 1—X4

(iii) Let y = (cosec™'x)?

%y = 2(cosec_1x) -i(cosec_lx)
dx dx

-1
= 2(cosec_1x) —
|x|'\/X2 -1

-1
_ —2cosec X

) \x|\/x2—1

-1
i(cosec_lx)z :—ZCosec X

dx |x [Vx2 -1

ID e IPPAEN Find the derivative of each of the following :

] _1 COSX ..
() tan lm (i) sin(2sin_1 X)
Solution :
. _] CosX
Let (1 =tan ———
@ Y 1+sinx
(m \1
sin E_X
=tan~!
1+ cos| = —)J|
2 )
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_ll: m X :|
=tan |tan| ———
4 2
_Tm X
4 2
ﬂ:—l/Z
dx
(i) y =sin(2sin " x)
Let y =sin(2sin "' x)
dy . ] d . |
—=cos(2sin” x)-—(2sin" X
" ( )dx( )
ﬂ=cos(2sin_1x)- 2
dx 1-x?

200s(2sin_1 X)

- \]l—xz
L -1_2x > S
D€ PPRER Show that the derivative of tan 2 w.rt sin ol 1.
—X X

Solution : Let y= tan~! ==X sand z= sin”! 5
I-x 1+x
Let x =tan0
. -1 2tan® . -1 2tan6
y =tan >~ and z=sin —
I-tan“ 6 I+tan” 0

=tan”~! (tan20) and z = sin_l(sin29)

=79 and z=20
dy
_:2 —_—
0 and o
dy dy do _ 1
Y8 (By chain rule)

£\
L@ J CHECK YOUR PROGRESS 22.4

Find the derivative of each of the following functions w.r.t. x and express the result
in the simplest form (1-3) :

X 1
I (@)~ <2 (b)cos 1z (c)cos -
7 X

L . S sinx

2. (a) tan™'(cosecx — cotx) (b)cot™ (secx +tanx) (¢) cosX+sinx
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3. (a) sin(cosf1 X) (b) sec(tanf1 X) (©) sinfl(l —2x2) Caleul
alCulus

(d)cos_1(4x3 -3x) (e)cot_l(\/1+x2 +x)

4, Find the derivative of :

-1
tan X _ Not:
— - Wrt tan 'x. otes

l+tan x

22.5 SECOND ORDER DERIVATIVES

We know that the second order derivative of a function is the derivative of the first derivative of
that function. In this section, we shall find the second order derivatives of trigonometric and
inverse trigonometric functions. In the process, we shall be using product rule, quotient rule and
chain rule.

Let us take some examples.

I%¢) 1) PPALY Find the second order derivative of

() sinx (i) xcosx (i) o5 " x
Solution : (i) Let y = sin x

Differentiating w.r.t. X both sides, we get

G _ cosX
dx
Differentiating w.r.t x both sides again, we get
2
d—z =—_(cosx) =—sinx
dx~ dx
i =-sinx
dx?

(i) Let y =x cos X
Differentiating w.r.t. X both sides, we get

g =Xx(-sinx)+ cosx.1
dx

ﬂ =—XSinx+ cosx
dx

Differentiating w.r.t. x both sides again, we get

2
d_;/ =%(—xsinx +Cosx)
dx

= —(x.cosx +sinx) —sinx

= —X.CcOSX — 28inx

2

y :
7 =—(x.cosx + 2sinx)
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Differentiating w.r.t. x both sides, we get

1
dy -1 1 ~
\) iz l—xzz(l—xz)l/zz_(l_XZ) 2

MODULE -V |(iii) Let y = cos™ x
Calculus

Notes Differentiating w.r.t. X both sides, we get

ﬁ:{‘_l.(l_g)_”z.(_zx)}

dx? 2

_ X

B (1_X2)3/2
d2y_ -X
dXz N (1—)(2)3/2

Example 22.17 JISVEISTBEN VRIS (1 - Xz)Yz —xy; =0, where y, and y, respectively

denote the second and first, order derivatives of y w.r.t. x.

Solution : We have, y=sin"'x

Differentiating w.r.t. X both sides, we get

dy__ 1
dx 1-x2
2
dy 1 . .
or (&) = T (squaring both sides)
or (1 -x )Y12 =0

Differentiating w.r.t. x both sides, we get
d
(l—xz) -2y1d—(y1) +(—2x)- y% =0
X
or (1—X2)'2Y1Y2 ~2xyf =0

or (l—xz)yz—xy1=0

Q
A :‘ CHECK YOUR PROGRESS 22.5

1. Find the second order derivative of each of the following :
(a)sin(cosx) () x%tan"'x
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Differentiation of Trigona

oy o N MODULE -V
2 1 y=5{sinx)", showthat (1= x> =x =1, Calculus
2
3. If y=sin(sinx), prove that jx—z+ tanxg—z+ yeos*x =0
2
4. If y=x +tanx, show that cos’ xjx—)zl— 2y +2x =0 Notes
@4l LET US SUM UP
. d, . .. d .
o @) d—x(smx):cosx (ii) d—x(cosx):—smx
(i) di(tanx) =sec? x (iv) di(cotx) =—cosec’x
X X
d ) d
) a(secx) =secxtanx (vi) &(cosecx) =—C0Ssecxcotx
o If u is a derivabale function of x, then
. d . du .. d . du
—(sinu)=cosu— —(cosu) = —sinu—
(i) dX( ) = (ii) dx( ) ™
d 2 du . d 2 du
—(tanu) =sec” u— —(cotu) = —cosec’u—
@ gl dx ) gleom) dx
d du d du
—(secu)=secutanu— i —(coseu)= —cosecucotu—
® gl w0 gleosew dx
d . - 1 d - -1
e VTS @ e
X I-x X I-x
d -1 1 d -1 -1
(i) o (tan ~ x) i ™ 5 (cot " x) 2
i(sec_lx)z; . i(cosec_lx) =_—1
(V) dx |X| ,X2—1 (Vl) dx |X|’*,X2—1
o If u is a derivable function of x, then
d gty Q4 o1 d
Q) ™ (sin "u)= — o (ii) i (cos u)= — i
d 1 1 du d -1 -1 du
—(t — — . - t — —
(i) dx( an ") 1+u? dx ™ i (cot ") 1+u? dx
i(sec_lu)z;.d_u . i(cosec_lu)z_—l.d_u
V) dx lul /uz 1 d&x (vi) dx lu|yu? -1 dx
The second order derivative of a trignometric function is the derivative of their first order
derivatives.
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SUPPORTIVE WEB SITES

Notes

[ 274 ]

http://www.wikipedia.org

http://mathworld wolfram.com

[
q'l TERMINAL EXERCISE

1.

10.

dy
Ify= x3 tan2 X —_
Y 5 find 40

d [ n
Evaluate, — Vsin* x +cos*x at x== and 0.
dx 2

5x

Ify=
Ja-x7

If y=sec_1 Vx+1 +sin_1£
Jx-1 Jx+1

2
d
If x =acos’ 0,y =asin> 0, then find J“‘(&y) .

d
If y =[x +4/x+~/x+ ..., find i

Find the derivative of sin™' x w.r.t.cos™

+ cos? 2x+1) _find d_y .
’ dx

1 2

1-x
If y =cos(cosx), prove that

&y
dx?

—cotx-ﬂ+ y.sin2x= 0.
dx

If y=tan~'x show that
(1+x)2y2 +2xy; =0.

If y = (cos ' x)? , show that

(1-x%)y; —xy; =2=0.

d
, then show that b A 0
dx
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AN
)

CHECK YOUR PROGRESS 22.1

MODULE -V

ANSWERS Calculus

(I)  (a)-cosecxcotx (b) —cosec?x (c)-2sin2x

Notes
(d)—2cosec22x (e)-2xcosecx? cotx? (ﬂﬂ
2+/sinx
2. (@)2sin2x (b)—2cosec®xcotx  (c)2tanxsec? x

CHECK YOUR PROGRESS 22.2

2
1. (a)12cos4x (b)-5sin5x (©) Se;/_;/; (d) C(:/\?

(e)2xcosx? ()24/2 sec” 2x (®)-3ncosec?3x
(h)10secl0xtan10x  (i)—2cosec2xcot2x

2secxtanx -2

2 (@) (secx + 1)2 (®) (sinx —cosx)2

(c) xcosx+ sinx

(d)2xcosx —(1+x 2)sinx

) . 3cos3x
(e)cosecx(1—xcotx) (f)2cos2xcos3x—3sin2xsin3x (g)—zm

3. (a) 3sin? xcosx (b) —sin2x () 4tan® xsec? x (d) ~4cot® xcosec?x

(e) Ssec’ xtanx (f) -3cosec’x cotx  (g) seca/x tana/x

24x
(h) secx(secx +tanx)

4. (a)1 (b)\2 +2
CHECK YOUR PROGRESS 22.3

-1
. —2x —Ccos X -1
L0

-1
2 e () p——
1-x X“/l_x ZXE\/(I__X)

2x 1 3 tan~! x ) 1
Y ) X2 (Vi)

(iv)

1+x4

o=

2X

(1+x)

CHECK YOUR PROGRESS 22.4
2x 1

-1
1. (2) —m (b) m (c) w1
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MODULE -V 1

Calculus |> @3 () _% ©-1
D\\) 3 @ ——COS(fi_zl ) (b) —seeltan™!s)
Notes (C)—_22 (d) Jiz (e) - 2
1-x 1-x 2A1+x2)
1
4. (1+tan_1 x)2

CHECK YOUR PROGRESS 22.5

1. (a) —cosxcos(cosx) —sin” xsin(cosx)
2x(2+x%) 4
—————+2tan " x
(b) (14x2)2
TERMINAL EXERCISE
1. 3 tan 2sec? X +3x2 tan? X 2. 0,0
2 2
3. 5(3_"2 —2sin(4x +2) 5. |secO|
3(1-x)}
1 1
6. 2y-1 7 W1-x2
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DIFFERENTIATION OF EXPONENTIAL
AND LOGARITHMIC FUNCTIONS

We are aware that population generally grows but in some cases decay also. There are many
other areas where growth and decay are continuous in nature. Examples from the fields of
Economics, Agriculture and Business can be cited, where growth and decay are continuous.
Let us consider an example of bacteria growth. If there are 10,00,000 bacteria at present and
say they are doubled in number after 10 hours, we are interested in knowing as to after how
much time these bacteria will be 30,00,000 in number and so on.

Answers to the growth problem does not come from addition (repeated or otherwise), or
multiplication by a fixed number. In fact Mathematics has a tool known as exponential function
that helps us to find growth and decay in such cases. Exponential function is inverse of logarithmic
function.

In this lesson, we propose to work with this tool and find the rules governing their derivatives.
©

& OBJECTIVES

After studying this lesson, you will be able to :
. define and find the derivatives of exponential and logarithmic functions;

. find the derivatives of functions expressed as a combination of algebraic, trigonometric,
exponential and logarithmic functions; and

. find second order derivative of a function.

EXPECTED BACKGROUND KNOWLEDGE

° Application of the following standard limits :

1

. . 1) i} o
() r}‘_‘&[l‘FHj =¢ (ii) lim (1+n)rl =e
n—oo

X1 . X

(i) lim ———=1 i)  lim ——=log.a
X—e X X—o X

v) lim (e 1) =1
h—0 h

° Definition of derivative and rules for finding derivatives of functions.
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23.1 DERIVATIVE OF EXPONENTIAL FUNCTIONS

Lety=e* be an exponential functon. (1)

y+ 08y =e**) (Corresponding small increments) ... (ii)
From (i) and (ii), we have
X+0X _ X

dy=e e
Dividing both sides by 8x and taking the limit as 6x — 0

dx
fim Y i o e
3x—00X  8x—0 dx
- ﬂzex.l =X
dx

d
Thus, we have —(ex ) =e".
dx

. d(x\_ X, d _ X
Working rule : a(e )—e &(x)—e
Next, let y = e®*b,

Then y+ 8] =ea(x+ &)+b

[ 8x and 8y are corresponding small increments]

5y= ea()H— &) b _edX b

_ eax+b [ea& _1:|

adx _
6_y= eax+b [e 1:|
dx dx
b eaSX -1
=a ™I —— [Multiply and divide by a]
adx
Taking limit as §x — 0, we have
adx _
lim 8—yza-ea”b- lim < !
§x—0 OX Sx—0 a Ox
X f—
or g:a.ea)ﬁ—b.l |:11Hle 1:1}
dx x=0 X
_ aeax+b
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Differentiation of Exponential and Loga

Working rule :
i (eax+b ) R +b i(ax+ b)= 3% b a
dx dx
i (eax+b) — ae®X+h
dx
IDeli) ) PRAM Find the derivative of each of the follwoing functions :
3x
(™ (i e™ (ii) ¢ 2

Soution : (i) Let y =¢>*.

Then y=c' where 5x =t
dy _ dt
— = 5 = —
dt and dx
We know that, dy _dy dt —ol.5=55%
dx dt dx
Alternatively i(eSX)ZGSX -i(Sx):eSX .5 =565
dx
(11) Let y= eX.
Then y=e' when t=ax
dy t dt
—=e —=a
a ¢ M
dy dy_dt
— = X—=¢ -a
We know that, o
’Ihus’ g = a . eax
dx
-3x
(iii) Let y= 02
dt dx{ 2 )
d 3 =3x
Thus, Y_e2
ddt 2
IDeli ) (WRWA Find the derivative of each of the following :
2 . 5
@ y=e* +2cosx (i) y =¢* +2smx—§eX +2e
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Solution : (i) y=¢e* +2cosx

d d d
—y:—(ex)+2—(c0sx) =e*-2sinx
dx dx dx
2 5
(ii) y=¢* +2sinx—§ex+2e
d 2.d 5
d—y:eX d—(xz)+2COSX EGX H [Since e is constant]
X X

2
=2xe* +2cosx —%ex

d
Example 23.3 @antl %, when

1-x
1 —_—
(1) y= eXcosx (11) y= ;eX (]]1) y=¢e I+x
Solution : (i) y =¢eXeosX
d—yzexcosxi(xcosx)
dx dx
d d d
—yzexcoSX X—cosx+cosx —(x)
dx dx dx
= e O [—xsinx +cosx]
.. 1 «
=—c
@ y=—
dy xd(1) 1d/y )
d_xze d_x(;}-;d_x(e ) [Using product rule]
il PSR R
—Xze +Xe
e® e®
= [-1+x] == [x-1]
X X
1-x
(i g
1-
dy_emd 1-x
dx dx| 1+ x

_ e:—’;[—l.(n x)—(l—x).l}

(1+x)

= =
= el+x —2 = —2 eltx
a+x)? | 1+x)°
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Differentiation of Exponential and Logarithmic
IDel ) PREW Find the derivative of each of the following functions :

@ e®"™ .sine® (i) * . cos(bx+c¢)
Solution : y =" .gine*
d i d/. . d
& gsinx -—(smex) +sine® —e8"%
dx dx dx
sinx X d X s X | a8inx d /.
=M™ cose*-—(e* | +sine* - 8™ —(sinx)
dx dx
=¢"™ cose™-e* +sine* e cosx
=¥ [e* - cose *+ sine*- cosx]
(i1) y =™ cos(bx + ¢)
d d d
D e -—cos(bx +c¢)+cos(bx +¢c)—e**
dx dx dx

. d d
=™ .[—sin(bx + ¢)]— (bx + ¢)+ cos(bx + c)e®™* — (ax
[—sin( )]dx( ) ( ) dx( )

= —e®™ sin(bx +¢)- b+ cos(bx +c)e®™*.a

= ™ [-bsin(bx + ¢) +acos(bx +¢)]

ax

.o dy . __ ¢
REIERRY Find - if Y=

. d d .
sin(bx +¢)—e** — e®* —[sin(bx + ¢)]
Solution : Y dx dx

dx sin” (bx + ¢)

_sin(bx +¢).e™.a—e" cos(bx +¢).b

sin2(bx +¢)

¢**[asin(bx +¢) —bcos(bx + ¢)]

sin’ (bx+c¢)

Q
A\ Y f CHECK YOUR PROGRESS 23.1

1. Find the derivative of each of the following functions :
7

(a) eSX (b) e7X+4 (C) e\/EX (d) CTX (e) ex2+2X
2. Find & ,if
dx
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Calculus (a)y=%ex—56 (b)y =tanx +2sinx +3cosx—%eX
(c)y =5sinx —2¢* (dy=e*+e™
3. Find the derivative of each of the following functions :
— \/m b _ Jcotx
oo (@f(x)=e b)f(x)=e
(©)f(x) = e¥in’x (@) £(x) = 56>
4. Find the derivative of each of the following functions :
(@) f(x)=(x-1)* (b)f(x) = e**sin’ x
d
5. Find -, if
dx
2X
e 2x,
(@) Y=T5 (b) y="r2%
x“+1 X sin X

23.2 DERIVATIVE OF LOGARITHMIC FUNCTIONS

We first consider logarithmic function
Let y=logx . (1)
y+dy=log(x+dx) (ii)

(8x and dy are corresponding small increments in x and y)
From (i) and (ii), we get

dy=log(x +8&) dogx
X + &

=log

I x dx
=— —log|k — [Multiply and divide by x]
1 dx [5x
=—log|1 +—
X X

Taking limits of both sides, as §x — 0, we get

X
lim 2oL fim log[l &}5"
x>0 O0X X 8x—0 X
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X

dy 1 dx \ox
Y__. log { lim [1+—X)6X

dx x dx—0 X

X
| x
=—loge [ lim (1+8—X\| o =e]
X

X 8x—0

!
X
d 1
Thus, —(logx) =—
dx X
Next, we consider logarithmic function
y =log(ax +b) ()
y + Oy =log[a(x + 0x) + b] ..(i1)
[8x and &y are corresponding small increments]
From (i) and (ii), we get
dy =log[a(x + 8x) +b]—log(ax +b)
_ loga(x +0x)+b
ax+b

_ lOg(ax+b)+ adx
ax +b

adx
= log{1+ }
ax+b

i :ilog[l + adx

a ax+b adx . . a
~x7b aoe log{l + - } [Multlply and divide by ax+b}

ax+b
a adx [ adx
= log|1+
ax +b ax+b

Taking limits on both sides as §x — 0

ax+b
adx | adx

ax+b

lim & = lim log|1+
3x—00x  ax+ bd&x—0

1
dy a <
or —= loge [ lim (1+x)" =e}

dx ax+b x50

dy a

d_x_ax+b

or,
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ation of Exponential and Logarithmic Functions

MODULE - V Working rule :

Calculus 4 pogax +b)=—1 4 (ax +b)
dx ax+b dx
1 _a
ax+b ax +b
Notes | IRSAMUGRREY Find the derivative of each of the functions given below :
() y=logx’ (i) y =log/x (i) y = (logx)

Solution : () y=1logx’=5 logx

dy_s1_53
dx X X
. 1 _11
(i) y=loga/x =logx? Of y=7logx
dy 11 1
dx 2 x 2x
(i y=(logx)’
y=t3, when t=logx
dy 2 a1
23t =
= dt d dx x
dy dy dt s 1
h —_ =3t —
We know that, X At & "

gy = 3(10gx)2 1
dx X

g:i(logx)z
dx x
. ody |
ID e IR Find, — if
dx
() y:x3logx (i) y=e*logx
Solution :
(¥ y=x3logx
dy d 3 3 d .
—=logx—(x’)+x” —(logx
o og dx( ) dx( gx) [Using Product rule]
=3X210gx+ X3 A
X
2
=x"(3logx+1)
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(i) y=¢e¢*logx

dy  x d d
— =¢" —(logx) +logx -—e
dx dx( gv) g dx

=¢e* ~l+eX logx
X

1
=e" {—+logx}
X

Inel ) WRRA Find the derivative of each of the following functions :

() log tan x (i) log [cos (log x )]

Solution : (i) Let y = log tan x
ﬂz ! i(tanx)
dx tanx dx
_ 1 -sec? x
tanx
_cosx 1

sinx (:()s2 X
= C0secC X.secC X

(i) Let y = log [cos (log x)]

—= —~i[cos(logx)]

1

_ —) {— Sinlogxdi(Ing):|

~ cos(logx X

_ —sin(logx) R

cos(logx) x

= —ltan(logx)
X
.o dy |
Example 23.9 BIntl d—X,lfy=10g(secx+tanx)
Solution : y =log (sec x +tax x )
1
gz—-—(secx#{anx)
dx secx+tanx dx
1 2
=—-[secxtanx+sec x}
secx+tanx
=—— secx [sec x+ tanx]
secx+tanx

MATHEMATICS

MODULE -V
Calculus

Notes




ation of Exponential and Logarithmic Functions

MODULE -V
Calculus

Notes

_ secx(tanx +secx)

secx+tanx
=sec X

d
Example 23.10 Findd—y, if
X
1

4x2 — 11 +x 2)2

y:—3

3 4
x“(x=7)

Solution : Although, you can find the derivative directly using quotient rule (and product rule)
but if you take logarithm on both sides, the product changes to addition and division changes to
subtraction. This simplifies the process:

1

(4x% = 1)1 +x )2

y=———5—

3y 74
x"(x=7)

Taking logarithm on both sides, we get

(4x2 —1)(1+ x2)2

logy =log 3
x> (x-7)4
or logy = log(4x2 - 1)+%10g(1+ x2) -3logx —zlog(x— 7

[ Using log properties]
Now, taking derivative on both sides, we get

1 1 3 03( 1
—(logy)= -8x+ '2x————'( )
dx 4x* -1 2(1+x %) x 4 (x-7
1 dy 8x L X 3_ 3
= y dx 4x’-1 1+x> x 4(x-7)

dy _ 8x L_X 3 3
a4 o1 14x2 X 4x-T)
_(4x2—1)\/1+x2[ 8x  x 3 3 }

N 3 |_4x2—1 |1+x2 x 4(x-7)
X’ (x=7)*
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N
L@ J CHECK YOUR PROGRESS 23.2
1.

Find the derivative of each the functions given below:

@ £ 9 =5sinakl 2 log x (b) f (x) = log cos x

‘

2 Find i
dx
2 x?
a) y=e* b) y=2
@)y logx (b) y omn
3. Find the derivative of each of the following functions :
i T X
(a)y = log (sin log x ) (b)y = log tan (TE)
a+btanx
:1 N —
(©y Og[a—btanx} (d)y=1log (logx)
d
4. Find =, if
dx

3

Jx(1-2x)2
3 L
(3+4x)4 (3 —7x %)

23.3 DERIVATIVE OF LOGARITHMIC FUNCTION (CONTINUED

We know that derivative of the function x" w.r.t. x is nx"™", where n is a constant. This rule is
not applicable, when exponent is a variable. In such cases we take logarithm of the function and
then find its derivative.

1 2 1

3
@) y=01 %22 %3x2 )(x 9 2

(b)Y~

Therefore, this process is useful, when the given function is of the type [ (x )]g(") . For example,
a®,x* etc.
Note : Here f(x) may be constant.

Derivative of a* w.r.t. x

Let y=a¥%, a>0

Taking log on both sides, we get

logy =loga™ =xloga [ logm™ =nlogm]

d 1 dy d
it —-—= Jogax —(x)
(logy) y dx 8 dx

d
=—(xloga
. dx( ga)  or

d
or Y- yloga
dx
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=a*loga
d X X
Thus, —a =a" loga, a>0
dx
|11 (WRRE| Find the derivative of each of the following functions :
)y =x" () y = 1"

Solution : (i) y=x*

Taking logrithms on both sides, we get
logy =xlogx

Taking derivative on both sides, we get

dy d d
T logxd_x(x) + xd—X(logX) [Using product rule]

_.ﬂzl.logxﬁ-x.l

y dx X
=logx+1
Yy =y[logx +1]
dx
Thus, gy _ x*(logx +1)
dx
(ﬁ) y= Xsinx

Taking logarithm on both sides, we get

log y = sin x log x

é'j—z=dix(sinxlogx)
1 dy 1
or —-—=cosx.logx +sinx-—
y ax X
dy sinx
or —=y|cosxlogx+
dx X
d . .
Thus . xsmx[cosxlogx+smx}
’ dx <

ID'el ) PRAP] Find the derivative, if
y=(logx)" ﬂ-(sin_1 X)

Solution : Here taking logarithm on both sides will not help us as we cannot put

sinx
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(logx)* + (sin”! x)*"X in simpler form. So we put

u = (logx)* and  v=(sin”!x)*i"x
Then, y=u+v
& _du, dv
dx dx dx
Now u = (logx)*

Taking log on both sides, we have
logu =log(logx)*

logu = xlog(logx)
Now, finding the derivative on both sides, we get

l~d—u=1-10g(10gx)+x
u dx

[ log m" =n10gm}

logx x

du 1
Thus — =u| log(logx) +——
’ dx logx
du 1
Thus, —=(logx)" [log(logx)+——| (ii)
dx logx
Also, v=(sin~ x)*inx
o logv =sinxlog(sin_1 X)
Taking derivative on both sides, we have
i(logv) = i[sinxlog(sin_1 X)]
dx dx
lQ:sinx- ! ! +cosx-log(sin_1x)
v sin” X Af1—x2
ﬂ =V Si$+ cosx -logsin_l X
on dx sin™! xy/1- x?
| )Sinx sinx .
= (sm X _— +cosx10g(sm x) ....(111)
sin~'xy/1- x?

From (i), (ii) and (iii), we have

dl:(logx)x{log(logx)+ ! }+(sin_1 x)smx _Smx
dx logx sin”x/1-x2
IDEN I PRRRE [f x¥ =¢*Y prove that

dy  logx

dx (l+logx)2

+ cosxlogsin_1 x}
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Solution : It is given that Y =XV (1)

Taking logarithm on both sides, we get
ylogx =(x —y)loge

=(x-y)
or y(l+logx)=x [+ loge=1]

= x .o
or Y 1+logx (i)

Taking derivative with respect to x on both sides of (ii), we get

(1+logx) + X(QU

dy

dx (1+1ogx)2

_I+logx -1 logx

(1 +10gx)2 (1 +logx)2

d
Example 23.14 |3 PRy
dx
1

e*logy=sin"'x #sin”'y
Solution : We are given that
e*logy=sin"'x #sin"'y

Taking derivative with respect to x of both sides, we get

e” 1dy +e*logy= ! + &y
ydx \/l—x2 \/l—y2 dx
X
Y oi-y? X 1-x2

dy _y 1-y? [l—ex*\/l—leogy]

o dy . (COSX)(cosx] ...... oo
Example 23.15 gahiGl ax iy = (cosx)

Solution : We are given that

Taking logarithm on both sides, we get

MATHEMATICS
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logy=ylogcosx
Differentiating (i) w.r.t.x, we get

ldy_ ! (- sinx ) 1og(cosx)-¥
X

y dx ycosx

or {l—log(cosx)}ﬂz ~ytanx
y dx
or [l—ylog(cosx)Jd—yz —y2tanx
dx
dy —y2 tanx
or -

dx 1-ylog(cosx)

e
Le';l CHECK YOUR PROGRESS 23.3

1. Find the derivative with respect to x of each the following functions :

(a) y=5% (b)y=3* +4% (c)y =sin(5*)
.o dy .
2. Find d_x , if
(@) y=x* (b)y=(cosx)°®*  (c) y=(logx)""™*
(d)y = (tanx)* ©y=+x)* (O y=xo7win0

3. Find the derivative of each of the functions given below :

(@) y=(tanx)*°™ + (cotx)* (b) y= xlogx (sinx)sm_l X

() y =x""™ +(sinx) ™ (dy= (X)X2 + (logx)'gx

4. If y=(sinx)

dy _ y2 cot X
dx l—ylog(sinx)

5. If Y=\/10gx +\/10gx -k/logx 4.... < show that

ﬂ_ |
dx _x(2x—1)
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23.4 SECOND ORDER DERIVATIVES

In the previous lesson we found the derivatives of second order of trigonometric and inverse
trigonometric functions by using the formulae for the derivatives of trigonometric and inverse
trigonometric functions, various laws of derivatives, including chain rule, and power rule discussed
earlier in lesson 21. In a similar manner, we will discuss second order derivative of exponential
and logarithmic functions :

Ih'e1 ) PRBLY Find the second order derivative of each of the following :

(i)™ (it) cos (logx) (iif) x*

Solution : (i) Let y=¢*

d
Taking derivative w.r.t. X on both sides, we get d_z =e*

2
o . d d
Taking derivative w.r.t. X on both sides, we get _d z =&(ex) =e"
X

(i) Let y = cos (log x)
Taking derivative w.r.t x on both sides, we get

ﬂz —sin(logx) l: ——sm(logx)
dx X

Taking derivative w.r.t. X on both sides, we get

d’y d { sin(logx)}

dx? dx X
x-cos(logx-)—1 sin (logx)
or = X
X2

d2y _sin (logx)—cos (logx)
dx? x?

(iii) Let y = x*
Taking logarithm on both sides, we get

log y =x log x ()
Taking derivative w.r.t. x of both sides, we get
l-g=x ~l+10gx =1+logx
y dx X
dy ..
—L =y(1+logx
or " y(1+1logx) (i)

Taking derivative w.r.t. X on both sides we get
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dy

—5 = [y(l+logx)]
dx?

ng

1 dy
=y —+(1+1 —
Yy ( ogX)dX
- H1 4ogx)y(l logx)
X
=1+(1 -ﬂogx)zy
X

= y[l+(l+logx)2}
X

2
4y x* {l +1 -logx)z}
X

dx

Example 23.17 If dcos Ix , show that

(1— )% x% a2y=0-

-1
acos X

Solution : We have, y =¢

ﬂzeacos_lx —a
dx 1-x2

-5

dXU 1-x2

dx

(@; (1— x2 )— azy2 =0

Taking derivative of both sides of (ii), we get

X

or

2 2
dy 2\, dy d%y
2| (=2x)+2(1- 2.
(d J ( X)+ ( ) )XdX dx2

a2~

(i)

(Using (ii))

Using (i)

by

=0
Y dx

. dy
[Dividing through out by2 'd—]
X
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N\
‘@ J CHECK YOUR PROGRESS 23.4

1. Find the second order derivative of each of the following :
1
(a) x*e> (b) tan () () =%
X

2. If y=acos(logx)+bsin(logx), show that

2
x2ﬂ+xg +y

dx?2 dx
-1
3. If y=e™" * prove that
2

(1+x2)d_§ +(2x 4)? 0
dx X

dl LET US SUM UP

d d
° (i) d—x(e")=eX (ii) d—X(a")=aX loga ; a>0

° If U is a derivable function of x, then

. d du . d du
ety =t 22 —(@"y=a"" loga-— ;a>0
) dx( ) " (i) dx( ) ga
(111) di(eax+b) — eax+b q= aeax+b
X
. d 1. d _1ldp . )
° ) d_X(1ogx)= - (ii) d—x(log w) _Ed_x’ if Wis a derivable function of x.

a
a=
ax +b ax+b

° (ii) (;ixlog(ax +b)=

e SUPPORTIVE WEB SITES

° http://www.wikipedia.org
° http://mathworld.wolfram.com

MATHEMATICS



[
Q'I TERMINAL EXERCISE

1. Find the derivative of each of the following functions :

(@) (x*)* (b) x(
_dy
2. Find i ,if
(a)yzaxlogsinx (b) y=(sinx)cos_lx
2 3
(C)Y=(1+i) (d)y=log|e" (%ﬁ 4

3. Find the derivative of each of the functions given below :
2 - i
@f(x)=cosxlog(x)e* x* () f(x) = (sin ! x)? -x$10X . 2

4.  Find the derivative of each of the following functions :

(@) y=(tanx)!°% +(cosx)*"* (b)y =x"*"* +(sinx)°O%*
5. Find d_y’ if
dx
Ify_x4xlx+6 b Fy= e +et
(a) (3X+ 5)2 ( ) (ex _e—x)
6. Find d—y,if
dx
(a) Ify =2 x? ) 7x2 +2x

7. Find the derivative of each of the following functions :

X
@)y = x%?* cos3x (b) y= 2 colx
Jx
XX ....... 00 dy y2
= XX s X —=
8 Ify prove that dx 1-ylogx
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CHECK YOUR PROGRESS 23.1

7
7 X 2
L (@) se™ () 7e7%H (@) J2e?x  (d-Le 2 (@) 2(xH)eX
Notes 2
1 X 2 . 1 X
2. (a)ge (b)sec x+2cosx—3smx—5e

(©)5c0sx —2¢* (D)X —¢™*

e“/m
3. (3 rWxil (b)

e,/cotx —cosec?x
24/cotx

)
(c)e™*'™ *[sinx+2xcosx]sinx

2
(d)e™ec * [5602 x+2xsec’ xtanx]

4. () ge* (b)2¢* sinx(sinx + cosx)
s ) 22 -x+2 o ) e2X[(2x —1)cotx — xcosec x|
. a
(X2+1)3/2 XZ

CHECK YOUR PROGRESS 23.2

1. (a)SCosx—z (b) —tanx
X

2
2 2x“logx —1 2
2. (a)e* [2x10gx+i} e’
X

x(logx)?
3. (a)M (b) secx
2absec” x
(C)az—bztanzx (d)xlogx
1 2 1 —ix 1 B 2 N 2X B 3
Y @22 036 ) (x 9) 2 | 2(14x) 32-%) 7(x2-5) 2(x+9)

3
o Jx(1-2x)2 {1 3 5, I }
5 1 | R~ -
3 112k T1-2x 3+4 72
(G+4x)3(3 x4 LT * * 2679
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2.

CHECK YOUR PROGRESS 23.3
1.

(a) 5*log5s (b)3* log3+4* log4 (¢)cos5*5*log5

0gcosx

ogx | 1
() 2x > (1+1ogx) (b) (cosx)'°8 { —tanxlogx}

(c)(logx)Sinx{cosxlog(logx)+ SInx }
xlogx

(d) (tanx)" [logtanx+;}

SINXCOSX

2 x3
() (1+x)* {2xlog(1+x2 2 2}
1+x

2. 2 4si
(f) X(x +sinx) |:w +(2x+cosx)10gX1
X

() coseczx(l—logtanx)(tanx)cotx + (10gc0tx —xcoseczxtanx)(cotx)X

-1 .
(0) 2x(1°5 D 1ogx + (sinx)™ ¥ {cotxsin_lx +—10gsmx}

\fl—x2

t . . .
(c) x"*™ (ﬂ+sec2 xlog)g| Hsinx)“** [cosxcotx -sinxlogsinx]
X

)

(d) X x (@ 2logx ) (logx) % [M}

X

CHECK YOUR PROGRESS 23.4

. ()" (25x4+40x3 +12X2) (b) 25¢™ sec? (eSX){1+2eSX tanesx}
2logx -3
© 3
TERMINAL EXERCISE
L (a) (x*)*[x +2xlogx] (b) X(X)X[Xx_l +logx(logx +1)x*]
2. (a) a*logsinX[Jogginx + xcotx]loga

cos I x 1 logsinx

CcOS  XCotx—
\ll—xz

(b) (Sinx)
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(c)(1+—] 2x10g(x+—)—— 43 3
X x) 41 4(x—-4) 4x+4)
X
2 0 1
3. (@cosxlog(x)e* -x* tany —+ 2x+1+logx}
Notes L xlogx

(b) sin~! )2 x| 2 S 2]
X

+cosxlogx +
_Vl—xzsin_lx

1
4. (@) (tanx)l(’gx{2cosec2xlogx+—logtanx}
X

+(cosx)* ™ [—sinxtanx +cosxlog(cosx)]

tanx . . .
(b) x'nx {— +sec? Xlogx} +(sinx)“***[cotxcosx —sinxlogsinx)]
X

x* & +6 F L L6 } —4e*
> @ Bx+5)7° [x 2(x+6) (3x+5) ®) (X 1)
6. (a)a*x*[a +xlog,a] (b) 7"2Jr2x (2x+2)log, 7

2
7. () x%e?* cos3x {— +2 —3tan3x}
X

2% cotx [

O =5

log2 —2cosec2x — i}
2X
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TANGENTS AND NORMALS

In the previous lesson, you have learnt that the slope of a line is the tangent of the angle which
this line makes with the positive direction of x-axis. It is denoted by the letter 'm'. Thus, if 6 is
the angle which a line makes with the positive direction of x-axis, then m is given by tan 9.

You have also leamnt that the slope m of a line, passing through two points (x;, y 1 ) and (x2 , Y2 ) 5

givenby m = 270
X2 X1

In this lesson, we shall find the equations of tangents and normals to different curves, using the
knowledge of differential calculus. We shall also study about Rolle's Theorem and Mean Value
Theorems and their applications.

r
L® OBJECTIVES

After studying this lesson, you will be able to :

o define tangent and normal to a curve (graph of a function) at a point;
o find equations of tangents and normals to a curve under given conditions;
o state Rolle's Theorem and Lagrange's Mean Value Theorem; and

o test the validity of the above theorems and apply them to solve problems.

EXPECTED BACKGROUND KNOWLEDGE

o  Knowledge of coordinate Geometry
o  Concept of tangent and normal to a curve
o Concept of diferential coefficient of various functions

o  Geometrical meaning of derivative of a function at a point
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24.1 SLOPE OF TANGENT AND NORMAL

Let y=f (x) be a continuous curve and let y— 1 ()

P (xy, y;) be a point on it then the slope PT at
P (xy, y;)is given by

Notes

Normal

d
(d_i]) at (X1, }’1) (1)

and (i) is equal to tan@

. . . T
We know that a normal to a curve is a line Fig. 24.1 \
perpendicular to the tangent at the point of contact

b1
We know that 0L=5+9 (From Fig. 24.1)
T
- tana=tan(5+6j=—cot6
_ 1

tan 0

1 -1 dx
. Slope of normal =——= at (xy, or —| — |at (X,

P m [dy (1Y1) (dyj (1Y1)
dx

o

1.  The tangent to a curve at any point will be parallel to x-axis if § = (), 1., the derivative
at the point will be zero.

dx
ie. [d_y) at (x},y7)=0
2. The tangent at a point to the curve y = f (x) will be parallel to y-axis if % = () at that
point.
Let us consider some examples :
Find the slope of tangent and normal to the curve
X2 +x° +3xy+y2 =5at(l, 1)
Solution : The equation of the curve is
X2+X3+3xy+y2=5 ..... (1)

Differentialing (i),w.r.t. x, we get
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2x+30 43| xSyl +2y2=0 iy| Calculus
dx dx

Substituting x =1, y=1, in (ii), we get

d d
2x1+3x1+3[—y+1}+2—y=0
X X Notes

dy 8

dy _ g dy
dx = dx 5

or
.8
. The slope of tangent to the curve at (1, 1) is — 3

5
. The slope of normal to the curve at (1, 1) is 3

s 503 o]
|5 EPLZWA Show that the tangents to the curve y = 5 3x” +2x° -3x |

at the points x = £3 are parallel.

5 3
Solution : The equation of the curve is y = W ..... (1)

Differentiating (i) w.r.t. X, we get

gy (15 +6x*=3)

dx 6
(ﬂ] . _[15(3)4+6(3)2— JT
dx |x=3 6

=%[15><9><9+54—3]

=§[405+17]=211

(@)}

(?]m =-3:%[15 (-3 +6(-3)°-3]=211

X

. The tangents to the curve at x = +3 are parallel as the slopes at x = +3 are equal.

1
NI IWZRE The slope of the curve 6y° = px? +q at (2,-2) is <

Find the values of p and q.
Solution : The equation of the curve is

6y3 = px2 +q e (1)
MATHEMATICS 301
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Differentiating (i) w.r.t. X, we get
1 8y2 (4 =2px
dx
Putting x =2,y =2, we get

18(—2)23—y =2p 2=4p

X
dy_»p
dx 18
It is given equal tog
1_p
_=— :3
6 18 P

. The equation of curve becomes

6y3 =3x° +q

Also, the point (2, —2) lies on the curve
3 2

6(-2) 3(2) 4

= -48-12=q or q=-60
-. The value of p=3, q=-60

CHECK YOUR PROGRESS 24.1

Find the slopes of tangents and normals to each of the curves at the given points :

() y=x>-2x at x=2 (i) x> +3y+y>=5at(1,1)

(i) x=a (0-5in0), y=a(1-cos0) at 0=

2. Find the values of p and q if the slope of the tangent to the curve xy+px+qy =2 at

(1, 1)is 2.

3. Find the points on the curve xZ + y2 =18 at which the tangents are parallel to the line

xty =3.

4. At what points on the curve y= x%—4x+ 5 is the tangent perpendiculat to the line

2y +x-7 =0.

24.2 EQUATIONS OF TANGENT AND NORMAL TO A CURVE

We know that the equation of a line passing through a point (x;, y 1) and with slope m is

MATHEMATICS



y=y =m(x =)

As discussed in the section before, the slope of tangent to the curve y = (x) at (xl, y 1) is given

dy dx
by x| & (1, y1) and that of normal is _d_y at(xy, 1)

.. Equation of tangent to the curve y = f (x) at the point (xl, yl) is

dy

y—ylz(aj(xryl)[x =1

And, the equation of normal to the curve y = f(x) at the point (Xb y 1) is

dy

(i) The equation of tangent to a curve is parallel to x-axis if (—) =0. In that case
R

the equation of tangent is y =y .

@) In case (ﬂj — «, the tangent at (Xl,y1 ) is parallel to y—axis and its
1 ’yl)

X
equation is X = x;
Let us take some examples and illustrate

1Dl [PERY Find the equation of the tangent and normal to the circle x>+ y2 =25 atthe

point (4, 3)
Solution : The equation of circle is
xz+y2 =25 ...()
Differentialing (1), w.r.t. x, we get
2x+2y dy =0

dx

dy _=x
= dx vy

dy) e =2
dx J(43 3
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.. Equation of tangent to the circle at (4, 3) is
4
-3=-—(x-4
y ;(x-4)
or 4(x—4)+3(y—3):0 of, 4x+3y=125
Also, slope of the normal - -1 3

G
dX (4,3)

.. Equation of the normal to the circle at (4,3) is

3
-3 =—(x 4
y=3 = (x4
or 4y—-12=3x-12
= 3x =4y

.. Equation of the tangent to the circle at (4,3) is 4x+3y =25

Equation of the normal to the circle at (4,3) is 3x =4y

| )'e1011) (P2 %W Find the equation of the tangent and normal to the curve | 6x2% + 9y2 =144at

the point (xy, y;) where y; >0 and x; =2
Solution : The equation of curve is

l6x>+9y> =144 L. (i)
Differentiating (i), w.r.t. x we get

32x +18yﬂ=0
X

dy __16x

or I 9y

As x; =2 and (xy,y;) lies on the curve

16(2)*+9(y?) =144

80 4
= y'=— o y=t-45
9 3
4
As y1>O:>y=§\/g

4
. Equation of the tangent to the curve at (2, 3 ¥5 ) is

MATHEMATICS



Tangents and Normals

4 16x

5 { Ty]a{z,@ .
or y—%ﬁ = 1_96 ixT:(X 2) or Y—é\/g "3_\8/5(’( 2) 9

or

3\/§y—%\/§-3\/§+8(x—2)=0

35y -20+8x-16=0  or 3.5y+8x=36

4
Also, equation of the normal to the curve at (2’ 3 V5 ) is

4 9
y-25 =(%l{2’i/§) x-2]
3
4 9 25
AT R
_§ zﬁ( ~2)

3x8(y)~324/5 =05 (x -2)
24y-325 95 x 485

2 2

ID'e))EPZARY  Find the points on the curve %— i/_6 =1 at which the tangents are parallel

to X-axis.

95x — 24y +144/5 =0

or

Solution : The equation of the curve is

()

Differentiating (i) w.r.t. x we get
x_2y dy_
9 16 dx
dy_l6x

o dx 9y

. dy
For tangent to be parallel to x-axis, Ix =0
X
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Calculus 9y
Putting x = 0 in (i), we get y? = 16 y=14i
X2 y2
This implies that there are no real points at which the tangent to ——=—=1 is parallel to x-
Notes 9 16
axis.
Il (2 WA Find the equation of all lines having slope — 4 that are tangents to the curve
y= 1
x-1
1 .
Solution : y=s—- (1)
x—1
dy 1
dx  (x-1)?
It is given equal to — 4
-1
7 =4
(x=1)
N (x-1) =1
4
| 31
x=lt—=x=—,—
- 2 272
Substituting x = — in (i), we get
1 1
y=7—"=—""7= -2
1, 1
2 2
3
When x=—, y=2
2
i . 2 : 2
.~ The points are Ak
.. The equations of tangents are
3
(a) y—2=—4(X —E)
= y—2=-4x+6 or 4x+y=38
+2=-4 :
=— X——
(b) y .
= y+2=-4x+2 or 4x+y=0
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[Del 2R Find the equation of the normal to the curve y = xJat(2,8)

Solution : y=x> LAy 50

.. Slope of the normal = — D

.. Equation of the normal is

1
—8=——(x-2
y 12(X )

or  12(y-8)+(x-2)=0 or x+12y=98

Q
& | CHECK YOUR PROGRESS 24.2

1. Find the equation of the tangent and normal at the indicated points :

() y=x*-6x> +13x*> -10x+5 at (0, 5)
(i) y =x2at (1, 1)

(iii) y = X —3x + 2 at the point whose x—coordinate is 3

2 2
2. Find the equation of the targent to the ellipse X_2 + y_2 =1 at (x, y1)
a” b

3. Find the equation of the tangent to the hyperbola

X2 2

32 =1 at (X(), yO)

%

4. Find the equation of normals to the curve

y =x° +2x +6 which are parallel to the line x +14y+ 4=0

5. Prove that the curves x = y* and xy=k cut at right angles if gi2 =1

24.3 ROLLE'S THEOREM

Let us now study an important theorem which reveals that between two points a and b on the
graph of y = f ( x) with equal ordinates f (a) and f (b), there exists at least one point ¢ such that

the tangent at [c,f(c)] is parallel to x-axis. (see Fig. 24.2).
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LRI

ta) ()

Fig. 24.2

24.3.1 Mathematical formulation of Rolle's Theorem
Let f be a real function defined in the closed interval [a, b] such that
(1)  fis continuous in the closed interval [ a, b ]

(i)  fis differentiable in the open inteval (a, b )
(i) f(a)=f(b)

Then there is at least one point ¢ in the open inteval (a, b) such that f '(¢c)= 0

=)

(1) The remarks "at least one point" says that there can be more than one point ¢ € (a , b) such
(i) The condition of continuity of fon [a, b] is essential and can not be relaxed

(i) The condition of differentiability of f on ( a,b ) is also essential and can not be relaxed.

For example f(x)=|x|,x €[—1,1] is continuous on [-1,1] and differentiable on (-1, 1) and
Rolle's Theorem is valid for this

Let us take some examples
Verify Rolle's for the function

f(x)=x(x-1)(x-2),xe€[0,2]
Solution : f(x)=x(x-1)(x-2)

=x3-3x% +2x

(i)  f(x)is a polynomial function and hence continuous in [0, 2]
(i) f(x)is differentiable on (0,2)
(i) Alsof(0)=0andf(2)=0

MATHEMATICS
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f(0) =1£(2)
.. All the conditions of Rolle's theorem are satisfied.
Ao, £1(x)= 37 -6x+2
Af1(0)=0 gives 32 —6c+2=0 = =0%V36-24 V36-24
6
1

c=1+—

- g

We see that both the values of ¢ lie in (0, 2)

IR el I ERZRLI Discuss the applicability of Rolle's Theorem for

f(x)=sinx-sin2x, xe [0, ]
() is a sine function. It is continuous and differentiable on (0, TE)

Again, we have, f (0) =0and f (n) =0

N £(m)=£(0)=0
. All the conditions of Rolle's theorem are satisfied
Now f'(c)=2[2cos2 c—l}—cosczO
or 4cos? c—cosc—2=0
1+/1+32
cosc=———
8
1433
8
As 33 <6

cosc <%= 0.875

which shows that ¢ lies between 0 and 71t

Q
A 'A4 CHECK YOUR PROGRESS 24.3

Verify Rolle's Theorem for each of the following functions :

3 2
) f(x):x?—% 2x, xe[0,3] @ f(x)=x*-1on[-1,1]

(i) f(x)=sinx +cosx —I on [O,g] (iv) f(x):(x2 —1)(x 2) on [ £2]

()
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O bIVEEA] 74 4 LANGRANGE'S MEAN VALUE THEOREM

Calculus This theorem improves the result of Rolle's Theorem saying that it is not necessary that tangent
may be parallel to x-axis. This theorem says that the tangent is parallel to the line joining the end
points of the curve. In other words, this theorem says that there always exists a point on the
graph, where the tangent is parallel to the line joining the end-points of the graph.

Notes | 24.4.1 Mathematical Formulation of the Theorem

Let f'be a real valued function defined on the closed interval [a, b] such that
(a) fis continuous on [a, b], and

(b) fis differentiable in (a, b)

© fb) =f(@

then there exists a point ¢ in the open interval (a, b) such that

f(b)-1f(a)

Fie)= b-a

When f (b) = f (a), f'(c) = 0 and the theorem reduces to Rolle's Theorem

Let us consider some examples

IBe) 1) PXREL Verify Langrange's Mean value theorem for

f(x)=(x-3)(x 6)(x 9)on]3,5]

Solution : f(x)=(x-3)x 6)(x 9)
= (x=3)(x> =15x+54)

or f(x)=x> -18x> 499x 462 (i)
(i)  isa polynomial function and hence continuous and differentiable in the given interval
Here, (3)=0, f(5)= (2)(-1)(-4)=8

f(3) #f(5)
.. All the conditions of Mean value Theorem are satisfied

f(5)-f3) 80 _,
5-3 2

Now f(x)=3x>—36x+99

f'(c)=

3¢2-36c+99=4 O 3c¢2_36c+95=0

. 361+/1296-1140 _36%12.5
6 6
=8.080r3.9

c=3.9€(3,5)

.. Langranges mean value theorem is verified

MATHEMATICS
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€)1 (PZAPY Find a point on the parabola y = (x - 4)2 where the tangent is parallel to the

chord joining (4,0)and (5,1)
Solution : Slope of the tangent to the given curve at any point is given by(f '(x)) at that point.
f'(x)= 2(x—4)

Slope of the chord joining (4,0)and (5,1) is

9]

-0 _, {_.,mZYZ_YI}
-4 Xy =X

.. According to mean value theorem

1
2(x—4) =l or (x-4) =
X=—
= 2
which lies between 4 and 5
2
Now y=(x-4)
2
9 9 1
Wh =—, =| — —4 =
en =y (2 ) 4

9 1
.. The required point is (E’ Z)

Q
\Y_ JCHECK YOUR PROGRESS 24.4

1. Check the applicability of Mean Value Theorem for each of the following functions :
@) f(x)=3x% -4 on [2,3] @  f(x)=logx on[l.2]

(iii) f(x)=x +ion [1,3] )  f(x)=x>-2x> x 3 on[0,1]

2. Find a point on the parabola y = ( X +3)2 , Where the tangent is parallel to the chord

joining (3,0) and (-4,1)
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4l 1.ET US SUM UP

o The equation of tangent at (x;, yl) to the curve y = f(x) is given by

Y= ALy, ) 1% 1)

o The equation of normal at (xl, y 1) to the curve y =f(x) is given by

-1 ]
Y=y {f'(X)J(XI,yl)(X %(1)

o The equation of tangent to a curve y=f(x)at (x;,y;) and parallel to x-axis is

given by y =y, and parallel to y-axis is given by x = x;
° Rolle's Theorem states : If f (x) is a function which is

() continuous in the closed interval [a,b]

(i) differentiable in the open interval (a,b)

(i) f(a) =1(b)

then there exists a point ¢ in (a,b) such that f'(c)=0
o Lagranges Mean Value Theorem states that if f (x) is a function which is

@) continuous in the closed interval [a,b]

(i) differentiable in the open interval (a,b)

(iif) f(b) # f(a)

then there exists a point ¢ in (a,b) such that

_f(b)-1f(a)

f'(c) -

e SUPPORTIVE WEB SITES

° http://www.wikipedia.org
° http://mathworld. wolfram.com

[
MRl TERMINAL EXERCISE |

1. Find the slopes of tangents and normals to each of the following curves at the indicated
points :
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10.

@) y=+/x atx=9 (i) y=x>+xatx=2
(i) x =a(0—sin 0),y =a(l +cos 6) at ezg
(iv) y=2x>+cosx atx=0  (v) xy=6 at(1,6)
Find the equations of tangent and normal to the curve
x=acos’ 0, y=asin’ 0 at 9=§

2 2

Find the point on the curve X? - i]_6 =1 at which the tangents are parallel to y-axis.

Find the equation of the tangents to the curve

y= x% —2x 45, (i) which is parallel to the line 2x + y + 7 = 0(ii) which is perpendicular
to the line 5(y —3x) =12

Show that the tangents to the curve y = 7x3 +11 at the points x =2 and x =7 are
parallel

Find the equation of normal at the point
(amz,am3) to the curve ay2 =x3

Verify Rolle's Theorem for each of the following functions:

O fx)=(x)x-2om[-12] @ f(x)= X12 on [0,2]
(i) f(x)=%—2xaxe[°’ﬂ

1
If Rolle's theorem holds for f (x )= x> +bx? +ax, xe[l,3]with ©=2 +$’ find the
values of a and b.

Verify Mean Value Theorem for each of the following functions.

1
Taxtl "

@) f(x)=ax?+bx? +cx +d on [0,1] @  f(x) [-1,4]

(i) y=(x+3)" on[-4,3]

Find a point on the parabola (x) = (x - 3)2 , where the tangent is parallel to the chord

joining the points (3, 0) and (4,1)
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@l s vswers

CHECK YOUR PROGRESS 24.1

R S B O
SO0 @ G-
2. p=S,q=-4  3.(3,3),(-3,-3) 4.(3,2)

CHECK YOUR PROGRESS 24.2

1. Tangent Normal
()y+10x=5 x—10y+50=0
@) 2x—-y = x+2y-3=0
(i) 24x —y =52 x+24y =483
XX; Yy XX0 _ YYo

2. —t—5=1 3. — 5 A
a’ b’ a’  b?

4, x+14y-254=0, x+14y+86=0

CHECK YOUR PROGRESS 24.3

(i)c=5i3ﬁ (i)c=0 (ﬁi)c=§ (ivyc =23

CHECK YOUR PROGRESS 24.4

1) c=2.5 (i) c=1/log? Gi)c=~3 (iv)c=§ 2'(_£ L)

147196
TERMINAL EXRCISE
L .. 1 . 1
1. (i) e -6 (i) 13, 3 (i) 1, -1 (iv) 0, not defined v) _6’3
2. 2~/§(x+y)=a; x+y=0 3.(3,0),(-3,0)
4. () 2x+y-5=0 (i) 12x+36y =155
6. 2x+3my-am’(2+3m’)=0
2+4/7 3

7. c¢= 3\/— (i) At no real point  (iii) € =§ 8. a=11,b=—-6

N . . o1 71
9. (@c¢ =5 (i1) Not applicable (i) ¢ = 5 10. 2
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MAXIMA AND MINIMA

You are aware that in any transaction the total amount paid increases with the number of items
purchased. Consider a function as f(x)=2x +1, x >0. Let the function f(x) represent the

amount required for purchasing 'x' number of items.

The graph of the function y=f(x)=2x+1,x>0 for different values of x is shown in
Fig. 25.1.

Number af items
—

Fig. 25.1

A look at the graph of the above function prompts us to believe that the function is increasing for
positive values of x i.e., for x>0 Can you think of another example in which value of the function
decreases when x increases ? Any such relation would be relationship between time and
manpower/person(s) involved. You have leamnt that they are inversely propotional . In other
words we can say that time required to complete a certain work increases when number of
persons (manpower) invovled decreases and vice-versa. Consider such similar function as

2
g(x)== x>0
X

The values of the function g (x) for different values of x are plotted in Fig. 25.2.
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3
a(p=+

Fig. 25.2

All these examples, despite the diversity of the variables involved, have one thing in common :
function is either increasing or decreasing.

In this lesson, we will discuss such functions and their characteristics. We will also find out
intervals in which a given function is increasing/decreasing and its application to problems on
maxima and minima.

r
L® OBJECTIVES

After studying this lesson, you will be able to :

o define monotonic (increasing and decreasing) functions;

o establish that dy > () inan interval for an increasing function and j—y <0 foradecreasing
dx X

function;

° define the points of maximum and minimum values as well as local maxima and local
minima of a function from the graph;

o establish the working rule for finding the maxima and minima of a function using the first
and the second derivatives of the function; and

e  work out simple problems on maxima and minima.

EXPECTED BACKGROUND KNOWLEDGE

° Concept of function and types of function
o Differentiation of a function

° Solutions of equations and the inquations

25.1 INCREASING AND DECREASING FUNCTIONS

You have already seen the common trends of an increasing or a decreasing function. Here we
will try to establish the condition for a function to be an increasing or a decreasing.

MATHEMATICS



Maxima and Minima

Let a function f (x) be defined over the closed interval [a,b].

Let xj, X, € [a,b], then the function f{x) is said to be an increasing function in the given interval

if f(x,)>f(x;)whenever x, >X;. It is said to be strictly increasing if f (x,)> f(x;)for all

Xy > X1, X}, Xp € [a,b] .

T
In Fig. 25.3, sin x increases from -1 to +1 as X increases from oy to +E .

MY

fix) = sin x

B

fixy=1

4

Fig. 25.3

Note : A function is said to be an increasing function in an interval if f (x +h)>f

z

T

fixy=

(x) for all x belonging to the interval when h is positive.

A function f(x) defined over the closed interval [a, b] is said to be a decreasing function in the
given interval, if f(x, ) <f(x;), whenever x, > X, X, X, € [a,b] . It is said to be strictly

decreasing if f(x;)>f(x,) forall x, >x;, X, x5 € [a,b].

In Fig. 25.4, cos x decreases from 1to -1 as X increases from 0 to 7.

y

fiX)=cos X

1

\/X1=0 )

fix)= -1

Fig. 25.4

e [,

21
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Note : A function is said to be a decreasing in an internal if f (x+h) <f(x) for all x
belonging to the interval when h is positive.

25.2 MONOTONIC FUNCTIONS

Let X}, X be any two points such that X; <X; in the interval of definition of a function f(x).
Then a function f(x) is said to be monotonic if it is either increasing or decreasing. It is said to be

monotonically increasing if f(x;)>f(x)for all x,>x; belonging to the interval and

monotonically decreasing if f (x;)>f (x;).

el JWARE Prove that the function f (x)=4x +7 is monotonic for all values of xe R.

Solution : Consider two values of x say x;, x,€ R
such that Xp>X; (1)
Multiplying both sides of (1) by 4, we have 4x, >4x, .. 2
Adding 7 to both sides of (2), to get

4%, +7>4x,+7
We have f(xy)>f(xq)
Thus, we find f(x,)>f(x;) whenever x, > x,.

Hence the given function f(x)=4x+7 is monotonic function. (monotonically increasing).
Show that

f(x)= x°
is a strictly decreasing function for all x <0.
Solution : Consider any two values of x say x;, x, such that

Xy > X1, X, X,<0 L (1)
Order of the inequality reverses when it is multiplied by a negative number. Now multiplying (i)

by x,, we have

X *Xp < X[ Xp
or, x% <X[Xo e (i1)
Now multiplying (i) by x;, we have

X] *Xp < X1+ X|
or, X|Xy < x12 ..... (iii)
From (ii) and (iii), we have

x% <X(Xp < xlz

MATHEMATICS
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or, x% < X12
o, f(xy)<f(xy) L (iv)

Thus, from (i) and (iv), we have for

Xy >X1»

f(xp) <f(x)
Hence, the given function is strictly decreasing for all X <0.

Q
\ Y _{ CHECK YOUR PROGRESS 25.1

-

1. (a) Prove that the function
f(x)=3x+4
is monotonic increasing function for all values of X€ R
(b) Show that the function
f(x)=7-2x
is monotonically decreasing function for all values of xeR .
(c) Provethat f(x)=ax+b where a, b are constants and a > 0 is a strictly increasing

function for all real values of x.

o

(a) Show that f(x)= x2 s a strictly increasing function for all real x > 0.

(b) Prove that the function f(x) = x2 — 4 is monotonically increasing for
x > 2 and monotonically decreasing for —) «x <2 wherex€ R .
Theorem 1 : If f(x) is an increasing function on an open interval |a, b[, then its derivative
f'(x) is positive at this point for all x € [a,b].
Proof : Let (x,y) or [x, f(x)] be a point on the curve y = f (x)
For a positive dx, we have
Xx+0x > x
Now, function f(x) is an increasing function
f(x+06x)>f(x)
or, f(x+8x)-f(x)>0

f(x+8x)—f(x)

>0
Sx [ 8x>0]

or,

Taking §x as a small positive number and proceeding to limit, when §x — (

lim (x4 8x)—f(x)
S0 "7

ox 0

X
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or, f'(x)>0

Thus, if y =f(x) is an increasing function at a point, then f'(x) is positive at that point.
Theorem 2 : If f (x) is a decreasing function on an open interval |a, b[ then its derivative f
'(x) is negative at that point for all xe [a,b].

Proof : Let (x,y) or [x,f(x)] be a point on the curve y = f(x)

For a positive 0x, we have  x+8x > x

Since the function is a decreasing function

f(x +0x) <f(x) dx >0

)-f

or, f(x +x (x)<0

f(x+8x)-f(x)
X

Dividing by 8x , we have <0 >0

. f(x+&)-f(x)
or, lim
dx—0 Ox

<0

or, f'(x)<0
Thus, if y =f(x) is a decreasing function at a point, then, f ’(X)is negative at that point.
Note : If f(x)is derivable in the closed interval [a,b], then f (x) is

(1) increasing over [a,b], if f'(x)>0 in the open interval |a,b[

(i)  decreasing over [a,b], if f'(x)<0 in the open interval Ja,b[.

25.3 RELATION BETWEEN THE SIGN OF THE DERIVATIVE AND

MONOTONICITY OF FUNCTION

Consider a function whose curve is shown in the Fig. 25.5

dy I
ax >0 I i
| 1
| 1
| 1 I
A O B & D E F G X
Fig. 25.5

We divide, our study of relation between sign of derivative of a function and its increasing or
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decreasing nature (monotonicity) into various parts as per Fig. 25.5

()PtoR ([i)Rto T (i) Tto V

0

(ii)

(d)
(i)

We observe that the ordinate (y-coordinate) for every succeeding point of the curve from
P to R increases as also its x-coordinate. If (x,,y,)are the coordinates of a point that

succeeds (x;, y1) then x, >x; yields y; > yjor f(x,)>f(x;)-

Also the tangent at every point of the curve between P and R makes acute angle with
the positive direction of x-axis and thus the slope of the tangent at such points of the
curve (except at R) is positive. At R where the ordinate is maximum the tangent is
parallel to x-axis, as a result the slope of the tangent at R is zero.

We conclude for this part of the curve that

(a) The function is monotonically increasing from P to R.
(b) The tangent at every point (except at R) makes an acute angle with positive
direction of x-axis.

(c) The slope of tangent is positive i.e. ? >0 for all points of the curve for which y is
X

increasing.

(d) The slope of tangent at R is zero i.e. ? = () where y is maximum.
X

The ordinate for every point between R and T of the curve decreases though its x-
coordinate increases. Thus, for any point x, > x; yelds y, <yj,or f(x,)<f(x;).

Also the tangent at every point succeeding R along the curve makes obtuse angle with
positive direction of x-axis. Consequently, the slope of the tangent is negative for all such
points whose ordinate is decreasing. At T the ordinate attains minimum value and the
tangent is parallel to x-axis and as a result the slope of the tangent at T is zero.

We now conclude :
(a) The function is monotonically decreasing from Rto T.

(b) The tangent at every point, except at T, makes obtuse angle with positive direction
of x-axis.

d
(c) The slope of the tangent is negative i.e., d—y < 0 for all points of the curve for which
X

y is decreasing.

d
The slope of the tangent at T is zero i.e. d—y =0 where the ordinate is minimum.
X

Again, for every point from T to V

The ordinate is constantly increasing, the tangent at every point of the curve between T
and V makes acute angle with positive direction of x-axis. As a result of which the slope
of the tangent at each of such points of the curve is positive.

Conclusively,

ﬂ>0
dx
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d d
at all such points of the curve except at Tand V, where d_y =0. The derivative d_y <0on
X X

one side, % >0 on the other side of points R, T and V of the curve where g =0,
Find for what values of x, the function
f (x)z x2 —6x 48

is increasing and for what values of x it is decreasing.
Solution : f(x)=x* -6x 48

f '(x) =2x -6
For f (x) to be increasing, f '(x)> 0
ie., 2x—6>0 o 2(x=3)>0

or, x=3>0 Or, x>3

The function increases for x>3.

For f (x) to be decreasing,

f '(x)<0
1e., 2x—6<0 or, x-3<0
or, x<3

Thus, the function decreases for x < 3.

IDENNVILPARY Find the interval in which f(x)= 2x> 3x? —12x 46 is increasing or

decreasing.
Solution:  f(x)=2x> 3x% -12x +6
f'(x)=6x> -6x 12

=6(x* < 2

—6(x 2)(x 4)
For f (x) to be increasing function of ,

f'(x)>0
ie. 6(x-2)(x+1)>0 or,  (x-2)(x+1)>0

Since the product of two factors is positive, this implies either both are positive or both are
negative.

Either x—2>0 and x+1>0 or x—2<0and x 1 9
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Le. x>2 and x> -1 ie. x<2and x < %
x>2 implies x >-1 x < -1 implies x <2
x>2 x<-1

Hence f (x) is increasing for x > 2 or x <-1.

Now, for f (x) to be decreasing,
f(x)<0
or, 6 (x-2) (x+1)<0 or, (x-2) (x+1)<0
Since the product of two factors is negative, only one of them can be negative, the other positive.
Therefore,
Either or
x—2>0andx+1<0 x—2<0andx+1>0
ie. x>2andx <-1 ie. x<2andx>-1
There is no such possibility This can be put in this form
that x > 2 and at the same time
x<-1 -1<x<2

.. The function is decreasing in —1< x <2.
1D el WA Determine the intervals for which the function

f(x)= > 1 is increasing or decreasing.

Solution : f'(x)= dx dx

(x2 + 1)2
iy = (1—x)(1+x)

(x2 + 1)2
As (x2 + 1)2 is positive for all real x.

Therefore, if —1< x <0,(1 ) is positive and (1+x) is positive, so f '(x)> 0;

- If 0<x <l (1 x) is positive and (1+x) is positive, so f £ '(x)> 0;
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If x < -, (1 =) is positive and (1+x) is negative, so f '(x)<0;
x>1,(1-x) is negative and (1+x) is positive, so f '(x)<0;

Thus we conclude that

the function is increasing for—1<x<0and0<x<1

or, for-1<x<1

and the function is decreasing for x <—1 orx> 1

Note : Points where f' (x) = 0 are critical points. Here, critical points are x=—/,x = 1.

Example 25.6 iloaiit

(a) f(x)zcosxis decreasing in the interval 0 < x <7t.
(b) f(x)=x —cosx is increasing for all x.
Solution :(a) f(x)=cosx

f'(x)= —sinx

f (x) is decreasing

If f '(x)<0
ie., —sinx <0
1e., sinx >0

sin x is positive in the first quadrant and in the second quadrant, therefore, sin x is positive in
0<x<m

f (x) is decreasing in 0< x <m
(b) f(x):X —€0sX

f'(x)=1~ —sinx)

=1 +sinx

Now, we know that the minimum value of sinx is —1 and its maximum; value is 1 i.e.,sin x lies
between —1 and 1 for all x,

ie., —-1<sin x<1 or 1-1<1+sinx <1 +1
or 0<1+sinx £2

or 0< f'(x)s2

or 0<f'(x)

or f'(X)ZO

= f(x)=x —cosx is increasing for all x.
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Find the intervals for which the followiong functions are increasing or decreasing.

L (@ f(x)=x* 7x H0 (b)f (x)=3x* -5x 40
2. @f(x)=x>—6x*-36x+7 (b)f (x)=x>-9x* +24x +12
3.0 (@ y=3x* 42x 8 O)f (x)=1-12x 9x* 2x°
Xx—2 x2 X 2
4, (@ y= X#2-1 (b)y=—,x#1 (c)y=—+—,x#0
x+1 x—-1 2 X
n
5. (a) Prove that the function log sin x is decreasing in 577’5

(b) Prove that the function cos x is increasing in the interval [TE, 2n]

(c) Find the intervals in which the function ¢os ( 2% + 9 ,0 <x <m is decreasing or

increasing.
Find also the points on the graph of the function at which the tangents are parallel to x-axis.

25.4 MAXIMUM AND MINIMUM VALUES OF A FUNCTION

We have seen the graph of a continuous function. It increases and decreases alternatively. If the
value of a continious function increases upto a certain point then begins to decrease, then this
point is called point of maximum and corresponding value at that point is called maximum value
of the function. A stage comes when it again changes from decreasing to increasing . If the value
of a continuous function decreases to a certain point and then begins to increase, then value at
that point is called minimum value of the function and the point is called point of minimum.

v
fix) - sir x

Maxi~im Maxirmue Maxirmi=
B J F

QAR EEVNN

A C =
Minimum Mini--um Mini~um

Fig. 25.6

Fig. 25.6 shows that a function may have more than one maximum or minimum values. So, for
continuous function we have maximum (minimum) value in an interval and these values are not
absolute maximum (minimum) of the function. For this reason, we sometimes call them as local
maxima or local minima.
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A function f (x) is said to have a maximum or a local maximum at the point x = a where

a—b<a<a+b(SeeFig. 25.7),if f (a) > f( at b) for all sufficiently small positive b.

N y N y
A
A ] N \{\A ( 0
1 1 1 1
1 1 1 1
1 1 1 1
. .
@] ||
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 > X 1 1 > X
0O a-b a ath ¢} a-b a ath
Fig. 25.7 Fig. 25.8

A maximum (or local maximum) value of a function is the one which is greater than all other
values on either side of the point in the immediate neighbourhood of the point.

A function f (x) is said to have a minimum (or local minimum ) at the point x = a if

f(a)<f(atb)wherea—b<a<a+b

for all sufficiently small positive b.
In Fig. 25.8, the function f(x) has local minimum at the point x = a.

A minimum ( or local miunimum) value of a function is the one which is less than all other values,
on either side of the point in the immediate neighbourhood of the point.

Note : A neighbourhood of a point x € R is defined by open internal |x—€ [, when € >0.

25.5 CONDITIONS FOR MAXIMUM OR MINIMUM

We know that derivative of a function is positive when the function is increasing and the derivative
is negative when the function is decreasing. We shall apply this result to find the condition for
maximum or a function to have a minimum. Refer to Fig. 25.6, points B,D, F are points of
maxima and points A,C,E are points of minima.

Now, on the left of B, the function is increasing and so { '(x ) > 0, but on the right of B, the

function is decreasing and, therefore, f '(X) < 0. This can be achieved only when f'(x) becomes
zero somewhere in betwen. We can rewrite this as follows :

A function f (x) has a maximum value at a point if (i) f'(x) = 0 and (ii) f'(x) changes sign from
positive to negative in the neighbourhood of the point at which f'(x)=0 (points taken from left to
right).

Now, on the left of C (See Fig. 25.6), function is decreasing and f'(x) therefore, is negative and
on the right of C, f (x) is increasing and so f'(x) is positive. Once again f''(x) will be zero before
having positive values. We rewrite this as follows :

A function f (x) has a minimum value at a point if (i) f'(x)=0, and (ii) f'(x) changes sign from
negative to positive in the neighbourhood of the point at which f'(x) = 0.
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We should note here that f'(x) = 0 is necessary condition and is Y
not a sufficient condition for maxima or minima to exist. We can
have a function which is increasing, then constant and then again
increasing function. In this case, f'(x) does not change sign.The

value for which f'(x) = 0 is not a point of maxima or minima. a 0 >
Such point is called point of inflexion. ° X
For example, for the function f(x) = x>,x =0 is the point of

fixh = x3
inflexion as f (x) =3x2 does not change sign as x passes b=
through 0. f(x) is positive on both sides of the value '0' (tangents Fig. 25.9

make acute angles with x-axis) (See Fig. 25.9).

Hence f (x) =x> has a point of inflexion at x = 0.

The points where f'(x) = 0 are called stationary points as the rate ofchange of the function is zero
there. Thus points of maxima and minima are stationary points.

The stationary points at which the function attains either local maximum or local minimum
values are also called extreme points and both local maximum and local minimum values are
called extreme values of f (x). Thus a function attains an extreme value at x=a if f (a) is either
a local maximum or a local minimum.

25.6 METHOD OF FINDING MAXIMA OR MINIMA

We have arrived at the method of finding the maxima or minima of a function. It is as follows :
(1  Find f(x)
()  Putf'(x)=0 and find stationary points

(i)  Consider the sign of '(x) in the neighbourhood of stationary points. If it changes sign from
+ve to —ve, then f (x) has maximum value at that point and if f'(x) changes sign from —ve
to +ve, then ' (x) has minimum value at that point.

(iv)  Iff'(x) does not change sign in the neighbourhood of a point then it is a point of inflexion.

IDel i WAWE  Find the maximum (local maximum) and minimum (local minimum) points of

the function f(x) =x° —3x% —9x .
Solution : Here f(x)= x> —3x% —9x

f'(x)=3x* -6x 9

Step 1. Now £'(x)=0 gives us 3x* -6x -9 =0
or x?-2x-3=0
or (x—3)(x +1) =0
or x=3, -
Stationary points are x=3x =+
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Step II. At x=3
For x<3 f'(x)<0
and for x>3 f'(x)>0

. T'(x) changes sign from —ve to +ve in the neighbourhood of 3.

. T(x) has minimum value at x = 3.

Step I11. At x=-1,
For x<-1, f'x)>0
and for x>-—1, f'(x) <0

- f'(x) changes sign from +ve to —ve in the neighbourhood of —1.
. f{(x) has maximum value at x=1.

~.x =-1 and x = 3 give us points of maxima and minima respectively. If we want to find
maximum value (minimum value), then we have

maximum value = £ () =( 4’ 3( 4)° 9( 4)
=41 349 5
and minimum value = £ (3) =3° 33y 9(3) =27
= (-1,5) and (3,-27) are points of local maxima and local minima respectively.
Find the local maximum and the local minimum of the function
f(x)=x%-4x
Solution : f(x)=x2—4x
f'(x)=2x-4=2(x-2)

Putting f' (x)=0 yields 2x—4=0, i.e., x=2.

We have to examine whether x = 2 is the point of local maximum or local minimum or neither
maximum nor minimuim.

Let us take x = 1.9 which is to the left of 2 and x = 2.1 which is to the right of 2 and find f'(x) at
these points.

£'(1.9)=2(1.9-2)<0
£'(2.1)=2(2.1-2)>0

Since f '(x) <0 as we approach 2 from the left and f '(x) >0 as we approach 2 from the
right, therefore, there is a local minimum at x = 2.

We can put our findings for sign of derivatives of f(x) in any tabular form including the one given
below :
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sign ol [ (x)

pomix —2

leftof 2 right of 2
Fx)<0 £ (x) <0

Local minimum

IB e AR Find all local maxima and local minima of the function

f(x)=2x—3x%—12x+8

Solution : f(x):2x3—3x2—12x+8
£'(x)=6x> -6x -12
:6(x2 =X —2)

f '(x) =6 (x -I-l)(x 2)
Now solving f'(x)=0 for x, we get
6 (x+1) (x-2)=0
= x= -2
Thus f'(x)=0at x=-1,2.
We examine whether these points are points of local maximum or local minimum or neither of

them.
Consider the point x =—1

Let us take x =—1.1 which is to the left of —1 and x =— 0.9 which is to the right of — 1 and find
' (x) at these points.

f'(=1.1)=6(=1.1+1)(=1.1-2) , which is positive i.e. f'(x)>0
£'(=0.9)=6(-0.9 +1)(-0.9 —2) , which is negative i.e. f'(x)<0

Thus, at x =— 1, there is a local maximum.
Consider the point x =2.
Now, let us take x = 1.9 which is to the left of x =2 and x = 2.1 which is to the right of x =2 and
find f"'(x) at these points.
£'(1.9)=6(1.9+1)(1.9-2)

= 6x(Positive number)*(negative number)

= a negative number
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ie. f'(1.9)<0
and  f'(2.1)=6(2.1+1)(2.1-2), which is positive
e, f2.1)>0
' (x)-0
f'x)<0 f'(x)>0—
Xx-2
f'(x) <0 as we approach 2 from the left

and  f'(x)>0 as we approach 2 from the right.

x =2 is the point of local minimum
Thus £ (x) has local maximum at x = —1, maximum value of f (x)=2-3+12+8 =15
f (x) has local minimum at x =2, minimum value of f (x)=2(8)-3(4)-12(2)+8=—12

Sipn of £ (x}

Pointx=-1 Point x =2
Lell of =1 Right of =1 Leltol2 Right o2
positive negative negative positive

local maximum local minimum

ID el PARII Find local maximum and local minimum, if any, of the following finction

f(x)=—>
1+x°
X
Solution : f (X)= )
1+x2 )12
Then f'(x):( . ) (ZX)X
(1+x2)
B 1-x?
T2
(1+x2)
For finding points of local maximum or local minimum, equate f'(x) to 0.
2
. 1_—X2=0
1.e. (1+X2)
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= 1-x2=0

or (1+ X) (1 —x) =0 or x=1,-1.
Consider the value x = 1.

The sign of f'(x) for values of x slightly less than 1 and slightly greater than 1 changes from
positive to negative. Therefore there is a local maximum at x =1, and the local maximum

1 1 1

L7 142

Now consider x =— 1.

f'(x) changes sign from negative to positive as x passes through —1, therefore, f (x) has a local
minimum at X =— 1

value=

-1
Thus, the local minimum value = 7

Ielul) [(WAREl  Find the local maximum and local minimum, if any, for the function

. s
f(x)=sinx+cosx,0 <x <E

Solution : We have f(x)=sinx+cosx
f'(x) =cosx—sinx
For local maxima/minima, f'(x) =0
cosx—sinx =0

T . m
or, tanx =1 or, X=—mi<x<—
4 2
T
At X=—,
4
TE .
For X<Z, COSX >sinx
f '(x) =cosx—sinx>0
TE .
For X>Z, cosx—sinx <0

f '(x) =cosx—sinx< 0

n
.. T'(x) changes sign from positive to negative in the neighbourhood of 1

n
sX= n is a point of local maxima.

T 1 1
- Y2 T I Y
Maximum value (4) > >

o
.. Point of local maxima is [Z’ \/2_ j
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L@‘ CHECK YOUR PROGRESS 25.3

Find all points of local maxima and local minima of the following functions. Also , find the
maxima and minima at such points.

1 x%-8x+12 2. X —6x2 +9x +15
3. 2x3-21x% +36x-20 4, x*— 62x2+120x+9
5. (x=1(x-2)"2 6 b

' RO ’ x2+x+2

25.7 USE OF SECOND DERIVATIVE FOR DETERMINATION

OF MAXIMUM AND MINIMUM VALUES OF A FUNCTION

We now give below another method of finding local maximum or minimum of a function whose
second derivative exists. Various steps used are :

(1)  Let the given function be denoted by f (x).
(i)  Find f' (x) and equate it to zero.
(i)  Solve f' (x)=0, let one of its real roots be x = a.

(iv)  Find its second derivative, f "(x). For every real value 'a' of x obtained in step (iii),
evaluate f" (a). Then if

f"(a) <0 then x =a is a point of local maximum.
f"(a)>0 then x = a is a point of local minimum.

f"(a)=0 then we use the sign of f'(x) on the left of 'a' and on the right of 'a' to
arrive at the result.

|D'e1 ) WARP]  Find the local minimum of the following function :

2x3 —21x% +36x-20

Solution : Let f(x)=2x> 21x* +36x 20
Then f'(x)=6x" <42x 436
:6(x2 =7x +6)
=6(x=)(x-6)
For local maximum or min imum
f ‘(X)=O
or 6(x-)(x-6)=0 = x=1,6
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£r(x) =31 (x)

dx

=%[6 (x2 —7x +6)]

=12x 42
=06(2x -7)
x=1,f"(1)=6(2.1-7=-30<0

Now

For
x = 1 is a point of local maximum.
and f(1)=2(1)° 21(1)? +36(1) 20 = 3 is alocal maximum.
Forx =6,
£ (6)=6 (2.6 ~7)=30 > 0

X = 6 is a point of local minimum
and f(6)=2(6)3 —21(6)2 +36(6) 20 = 128 isalocal minimum.

ID e WARR Find local maxima and minima ( if any ) for the function

f(x)=cos4x; 0<x<§
Solution : f(x) =cos4x
f '(x) =—4sindx
Now, f'(x)=0 = —4sin4x =0
or, sindx=0 or, 4x =0,m, 21
T T
X =O>_a_
o 4’2
T
X ==
4
Now, f "(x)=—-16cos4x
T
at X=Z,f"(x)=—16cosn
=-16(-1)=16>0

o f(x) is minimum at X =

4
Minimum value f(%)=cosn:—1
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e VAN (@) Find the maximum value of 2x° —24x +107 in the interval [-3,-1].

(b) Find the minimum value of the above function in the interval [1,3].

Solution :Let f(x)=2x> —24x H07

f'(x)=6x> 24
For local maximum or minimum,
f '(x):O
ie. 6x2—-24=0 = x= 2,2

Out of two points obtained on solving f'(x)=0, only—2 belong to the interval [-3,-1]. We shall,
therefore, find maximum if any at x=2 only.

Now f"(x)=12x
f"(=2=12(-2)=-24
or f"(-2)<0
which implies the function f (x) has a maximum at x =2.
.. Required maximum value =2(2)° 224(=2)+107
=139

Thus the point of maximum belonging to the given interval [-3,-1] is —2 and, the maximum value
of the function is 139.

(b) Now f'"x)=12x
f'(2)=24>0, [ - 2lesin[l,3]]
which implies, the function f (x) shall have a minimum at x =2.
Required minimum = 2(2) — 24(2) +107
=75
D el EWARE] Find the maximum and minimum value of the function
f(x) =sinx (1+cosx) in (0,7).
Solution : We have, f(x)=sinx(1+cosx)

f '(x) =cosx(1+cosx )+ sinx (- sinx)

= cosx +cos? x—sinZ x

2

= COSX +COS” X — (1—0052 x) =2cos?

X+ cosx—1

For stationary points, f '(x) =0

2c0s% X +cosx—1=0
—-1£4J1+8 -1%£3
CcOSX = = =-1,—
4 4 2
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X=T,—
3
Now, £(0)=0
|
f kil =sinE 1+cosE =£ 1+— =£
3 3 3 2 2 4
and f(n)=0

33
. f(x) has maximum value T\/_ at X =§

and miminum value 0 at x =0 and x =T

Q
\Y_§ CHECK YOUR PROGRESS 25.4

Find local maximum and local minimum for each of the following functions using second order
derivatives.

I 2x°+3x? -36x 410 2. —x>+12x% =5
3. (x—l)(x+2)2 4. X —5x* +5x° 1
. T . T
5. sinx (l+cosx),0 <X <5 6. sinx+cosx,0 <x <5
7. sin2x—x,_—nSxSE
2 2

25.8 APPLICATIONS OF MAXIMA AND MINIMA TO
PRACTICAL PROBLEMS

The application of derivative is a powerful tool for solving problems that call for minimising or
maximising a function. In order to solve such problems, we follow the steps in the following
order :

(i)  Frame the function in terms of variables discussed in the data.
(i)  With the help of the given conditions, express the function in terms of a single variable.

(i) Lastly, apply conditions of maxima or minima as discussed earlier.

Find two positive real numbers whose sum is 70 and their product is
maximum.

Solution : Let one number be x. As their sum is 70, the other number is 70—x. As the two
numbers are positive, we have, x >0,70— x>0

70-x>0 = x <70
0<x<70
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Let their product be f (x)

Then f(x)=x(70-x) = 70x — x°
We have to maximize the prouct f ().
We, therefore, find f'(x) and put that equal to zero.

f'(x) =70 -2x
For maximum product, f' (x) =0
or 70 2x=0
or x=35

Now f"(x) =—2 which is negative. Hence f (x) is maximum at x = 35
The other number is 70 — x =35

Hence the required numbers are 35, 35.

Ih'el ) (WARUA Show that among rectangles of given area, the square has the least perimeter.

Solution : Let X, y be the length and breadth of the rectangle respectively.
Its area = xy

Since its area is given, represent it by A, so that we have

A=xy

A .

or y=— .. (1)
X

Now, perimeter say P of the rectangle =2 (x +y)

A
or P=2[X+—)
X
dP_2 ) A B
Ix 2 ..(i1)
For a minimum P,£=0.
dx
i 201 A =0
1.C. X2
or A =x2 or JA =x
P 4A
Now, ——5 = —3, which is positive.
dx X

Hence perimeter is minimum when x = JA

y=—
X
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=—=X

X

Thus, the perimeter is minimum when rectangle is a square.

('.'A=x2)

IB e PAREY An open box with a square base is to be made out of a given quantity of sheet

3

of area a%. Show that the maximum volume of the box is m )

Solution : Let x be the side of the square base of the box and y its height.

Total surface area of othe box = x2 + 4xy

2

x2+4xy=a or

Volume of the box, V = base area X height

, ,(a2—x2
=X =X
Y 4x

or

From (i) and (ii), we get

()

Volume = —| ~=
olume 4 \/g

d’v
dx?
x being the length of the side, is positive.

2
d—\2/<0
dx

Again

.. The volume is maximum.

3

a
H i I f the box = —F=.
ence maximum volume of the box = NG

()

(i)

(i)
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Ihe1 I WAREE Show that of all rectangles inscribed in a given circle, the square has the

maximum area.
Solution : Let ABCD be a rectangle inscribed in a circle of radius r. Then diameter AC= 2r
Let AB=xand BC=y

Then AB2+BC? =AC? o X4y =) 4’
Now area A of the rectangle = xy
A=xv 4% x>
-2
%z—x( X) 412 %% 1
dx 24/ 4rr —x2 L &
4% - 2x?
- 0
Var? —x?
A B
. .. dA
For maxima/minima, e 0
X Fig. 25.10

42 —9y2
¥=0:>x a/ar

\/4r2 —x?

Vart —=x2 (-4 _42_22ﬂ
Now d*A _ Tt (r ) )2'\/4r2—x2
dx2 (4r2—x2)

—4x(4r2 —x? ) +X (4r2 ~2x? )
3

(4r2 —x2 )E
~ —4«/5(2r2 ) +0
_—(zrz)% .. (Putting x =~/2r)

o3
8«/5r_46

= —zﬁr3 =

Thus, A is maximum when x = \/2¢

Now, from (i), y=v4r2-2r2 =2 r

x =Yy. Hence, rectangle ABCD is a square.
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I ) I EWAWIIN Show that the height of a closed right circular cylinder of a given volume and

least surface is equal to its diameter.
Solution : Let V be the volume, r the radius and h the height of the cylinder.

Then, V = a’h
\Y%

h=—— .
or ) . (1)
Now surface area S=2 wh +2 T

=2Tﬂ‘.l2 2 =2—V 27
nr r

dS -2v

—= +# r
Now a2

. ds
For minimum surface area, i 0
r
2V 4w =0
r
or Vv =2m’
N 2mr’ )
From (i) and (ii), we get h= 3 =2r (1)
nr
. d’s_4v o
Again, S~ 3 +# 18 m4 ... [Using (ii)]
dr r
=127>0

- Sis least when h = 2r
Thus, height of the cylidner = diameter of the cylinder.

IDe) ) WAWAR Show that a closed right circular cylinder of given surface has maximum

volume if its height equals the diameter of its base.

Solution : Let S and V denote the surface area and the volume of the closed right circular
cylinder of height h and base radius r.

Then S=2nth+2nc> L ()
( Here surface is a constant quantity, being given)
V= n?h
_ 2
V= Tll‘2 S—2mr
2nr
r 2
=—|S 2
5 [S T ]
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v=3 g
2
dv S 2 — T
—=— —13r |
dr 2 ﬂ( ) i
|
| v |
For maximum or minimum, — =0 th
dr |
|
|
. S 2\ _ |
) S
or = 2 i
S=6m Fig. 25.11
From (i), we have 6nr’ =2 wh £
= 4mr? = 2 wh
. el ..(i1)
v dfs )
= |- 37w
AISO, dI'2 dl' |:2 :l
d(S
_ |2 |=0
-6, dr ( 2 )

= a negative quantity
Hence the volume of the right circular cylinder is maximum when its height is equal to twice its
radius i.e. when h = 2r.

I DN (WAWHA A square metal sheet of side 48 cm. has four equal squares removed from the

corners and the sides are then turned up so as to form an open box. Determine the size of the
square cut so that volume of the box is maximum.

Solution : Let the side of each of the small squares cut be x cm, so that each side of the box to
be made is (48-2x) cm. and height x cm.

Now x > 0, 48-2x > 0, ie. x <24 X X
.. x lies between 0 and 24  or 0<x <24 X X
Now, Volume V of the box
= (48 —2x) (48 —2x) X
. 2 r—
Le. V =(48-2x)"-x « i i y
1 1
4V _ (48 2x P 12(48 2x)( 2)x . "
dx Fig. 25.12

=(48 2x)(48 —6x)
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dv

Condition for maximum or minimum is d_ =0
X
ie., (48—2x)(48—6x)=0
We have either x =24, or x=8
0<x<24

. Rejecting x =24, we have, x = 8 cm.

2
NOW, d—\2]= 24x —3 84
dx
2
d V\‘ =192 384 = 492 9,
dx2
x=8

Hence for x = 8, the volume is maximum.
Hence the square of side 8 cm. should be cut from each corner.

iDL I APRE The profit function P (x) of a firm, selling x items per day is given by
P(x) = (1 SOfx) x -1625.

Find the number of items the firm should manufacture to get maximum profit. Find the maximum
profit.

Solution : It is given that 'x' is the number of items produced and sold out by the firm every day.
In order to maximize profit,

dPp

P'(x)=01ie.—=0
(x) ie "
d
or —[(150—x)x~1625]=0
X
or 150-2x=0
or x=75

Now, di P'(x)=P"(x) = 2 anegative quantity. Hence P (x) is maximum for x = 75.
X

Thus, the firm should manufacture only 75 items a day to make maximum profit.
Now, Maximum Profit = P(75) (150 75)75 4625

=Rs. (75%75-1625)

=Rs. (5625-1625)

= Rs. 4000
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Ih'el ) WAWZY Find the volume of the largest cylinder that can be inscribed in a sphere of

radius '’ cm.

Solution : Let h be the height and R the radius of the base of the inscribed cylinder. Let V be the
volume of the cylinder.

Then V=m®>%h
From A OCB, we have

(i)

2_(h S s )
= o] R ...(-.-OB -0C? +Bc)
2)
12
R?=r’ — i
4 (i)
2 h\
Now r{ ’ h =©h -
av =, 3nh2
Lo A
dh 4
F a/ d—V—O
or maxima/minima, m
2
nr2—3nh =0
2 2r
o A4r b2t
= h2= -
3 3
d*V _ 3rh ,
Now — = A___ B
dn? 2 =
d2V ) 3mx2r w2
th—— lo
«/_] 2><«/§
3w <0 h2l \
V is maximum at h 2r N~ 5
3 S
Putting h :\2/__r in (ii), we get Fig. 25.13
3
R2=¢2 4 _ﬁ
4x3 3
\/5
R=,|—1
3
Maximum volume of the cylinder = 7R 2h
2\ 4TEI' 3
——cm
(3 ')«f W3
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# CHECK YOUR PROGRESS 25.5

Find two numbers whose sum is 15 and the square of one multiplied by the cube of the
other is maximum.

Divide 15 into two parts such that the sum of their squares is minimum.

Show that among the rectangles of given perimeter, the square has the greatest area.
Prove that the perimeter of a right angled triangle of given hypotenuse is maximum when
the triangle is isosceles.

A window is in the form of a rectangle surmounted by a semi-circle. If the perimeter be
30 m, find the dimensions so that the greatest possible amount of light may be admitted.
Find the radius of a closed right circular cylinder of volume 100 c.c. which has the minimum
total surface area.

A right circular cylinder is to be made so that the sum of its radius and its height is 6 m.
Find the maximum volume of the cylinder.

Show that the height of a right circular cylinder of greatest volume that can be inscribed
in a right circular cone is one-third that of the cone.

A conical tent of the given capacity (volume) has to be constructed. Find the ratio of the
height to the radius of the base so as to minimise the canvas requried for the tent.

A manufacturer needs a container that is right circular cylinder with a volume 167 cubic
meters. Determine the dimensions of the container that uses the least amount of surface
(sheet) material.

A movie theatre's management is considering reducing the price of tickets from Rs.55 in
order to get more customers. After checking out various facts they decide that the average

number of customers per day 'q' is given by the function where x is the amount of ticket
price reduced. Find the ticket price othat result in maximum revenue.

q=500+100 x

where x is the amount of ticket price reduced. Find the ticket price that result is maximum
revenue.

@4l L ET US SUM UP

Increasing function : A function f (x) is said to be increasing in the closed interval [a,b]
iff (x,)>f(x;) whenever x, >x

Decreasing function : A function f (x) is said to be decreasing in the closed interval
[a,b]

if £ (xy)<f(x)) whenever x, > x,
f (x) is increasing in an open interval ]a,b[
if f'x)>0 forall xe[a,b]

f (x) is decreasing in an open interval ]a,b[
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if f'(x)<0 forall xe[a,b]
Monotonic function :
(i) A function is said to be monotonic (increasing) if it increases in the given interval.

(i) A function f (x) is said to be monotonic (decreasing) if it decreases in the given
interval.

A function f (x) which increases and decreases in a given interval, is not monotonic.

In an interval around the point X = a of the function f (),

@ if £'(x)> 0 on the left of the point 'a’ and f"'(x) < 0 on the right of the point x = a,
then f (x) has a local maximum.

@) if f'(x) <0 on the left of the point 'a' and f"' (x) >0 on the right of the point x = a,
then f (x) has a local minimum.

If f(x) has a local maximum or local minimum at x = a and f () is derivable at x = a, then

f'(a)=0

(i  If f'(x) changes sign from positive to negative as x passes through 'a’, then f (x) has
a local maximum at x = a.

() If f'(x) changes sign from negative to positive as x passes othrough 'a’, then f (x)
has a local minimum at x = a.

Second order derivative Test :
@i Iff'(@)=0,and f"(a) <0; then f (x) has a local maximum at x = a.
@) Iff'(@a)=0,and f"(a) >0; then f (x) has a local minimum at x = a.

@) Incasef'(a)=0,and f" (a) = 0; then to determine maximum or minimum at X = a,
we use the method of change of sign of '(x) as x passes through 'a' to.

E SUPPORTIVE WEB SITES

2.

4.

http://www.wikipedia.org
http.//mathworld.wolfram.com

[
SRl TERMINAL EXERCISE |

l.

Find the intervals for which the following functions are increasing or decreasing :

Show that f(x)=x 2 is neither increasing nor decreasing for all xe R .

3 5.2 3 X 4 %0
2x7=3x"-12x+6 : 4%
4 _ox2 5. sinx —cosx,0< x< 21
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Maxima and Minima

6.

Find the local maxima or minima of the following functions :
@  x*-6x>+9x+7 (b)  2x*-24x+107
© x*+4x> 3x 2 ) x*—62x%+120x+9
1 X
(a) x2+2 (b) (x—l)(x—4)’1<x<4

10.

11.

12.

() xW1l-x, x<1

a

. 1
() s1nx+5c0s2x, 0<x<— (b) sin2x ,0<x< 21

[\

(©) —x+2sinx,0<x< 21
For what value of x lying in the closed interval [0,5], the slope of the tangent to

x> —6x% +9x+4
is maximum. Also, find the point.
Find the vlaue of the greatest slope of a tangent to
—x3 +3x2 +2x — 27 at a point of othe curve. Find also the point.

A container is to be made in the shape of a right circular cylinder with total surface area of]
247 sq. m. Determine the dimensions of the container if the volume is to be as large as
possible.

A hotel complex consisting of 400 two bedroom apartments has 300 of them rented and
the rent is Rs. 360 per day. Management's research indicates that if the rent is reduced by

x rupees then the number of apartments rented q will be q = EX +300,0<x<80.
4

Determine the rent that results in maximum revenue. Also find the maximum revenue.
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\ CHECK YOUR PROGRESS 25.2

7 7
\ I. (3 Increasing for X > —, Decreasing for X <—
Notes 2 2
_ 5 . 5
(b) Increasing for X > 5 Decreasing for X < 5
2. (a) Increasing for x > 6 or x « -2, Decreasing for -2 <x <6
(b) Increasing for x > 4 or x <2, Decreasing for x in the interval 2,4
3. (a) Increasing for x < 2; decreasing for x > —2
(b) Increasing in the interval — 1< x < 2, Decreasing for x > —] or x < =2
4.  (a) Increasing always.
(b) Increasing for x ~ 2, Decreasing in the interval ) < x <2
(c) Increasing for x ~2  or x < 2 Decreasing in the interval —2 « x <2
. ) 3n 7n
5. (¢) Increasing in the interval ry <x< )
. . 3n
Decreasing in the interval 0<x< Y

3n n
Points at which the tangents are parallel to x-axis are X = 3 and X= r}

CHECK YOUR PROGRESS 25.3

1.  Local minimumis—4 atx =4

2. Local minimum is 15 at x = 3, Local maximum is 19 at x = 1.

3. Local minimum is — 128 at x = 6, Local maximum is—3 at x = 1.

4.  Local minimum is — 1647 at x =— 6, Local minimum is — 316 at x = 5,
Local maximum is 68 at x = 1.

5. Local minimum at x =0 is — 4, Local maximum at x =—21s 0.

1
6.  Local minimum at x =— 1, value = 1  Local maximum at x = 3, value =7

CHECK YOUR PROGRESS 25.4

1.  Local minimum is — 34 at x =2, Local maximum is 91 at x =— 3.
2. Local minimumis—35atx =0, Local maximum is 251 at x = 8.
3. Local minimum —4 at x =0, Local maximum 0 at x =— 2.

4. Local minimum =-28; x =3, Local maximum =0 ;x = 1.

Neither maximum nor minimum at x = 0.
| 346 MATHEMATICS




Maxima and Minima

33
5. Local maximum =i; X =§
6.  Local maximum =~/2:x
7. Localmmlmum=—\/_-lﬂ, = E, Local maximum :£ _TC :E
6 6 2 6 6
CHECK YOUR PROGRESS 25.5
1. Numbers are 6,9. 2. Parts are 7.5, 7.5
5. D 230 30 ters cach.
. imensions are : T d’ g eterseac
1 1
6. radius = ﬂ| 3 cm ; height =2 ﬂ| 3 em
n) n)
7. Maximum Volume = 32 g cubic meters. 9. h =21
10. r=2 meters, h =4 meters. 11. Rs. 30,00
TERMINAL EXERCISE
2. Increasing for x > 2 or <-1, Decreasing in the interval —1 <x <2
3. Increasing forx >4 or x <-4, Decreasing in the interval [-4,4[
4. Increasing for x > 1 or— 1 <x <0, Decreasing forx <-l or0 <x <1
3n  In 3n 7n
5. Increasing for 0 S X< — or — < X< 2T, Decreasing for — < X< —
4 4 4 4
6. (a) Local maximumis 11 atx =1 ; local minimum is 7 at x = 3.
(b) Local maximum is 139 at x =-2; local minimum is 75 at x = 2.
. . . . 40 1
(¢) Local maximum is 20 at x =-3; local minimum is 57 at X = 3
(d) Local maximum is 68 at x = 1; local minimum is—316 at x =5 and
— 1647 at x = - 6.
1
7. (a) Local minimum is 5 atx=0. (b) Local maximum is —1 at x = 2.
; o —=at x=—
(¢) Local maximum is 3 \/5
.3 n S| n
8. (a) Inmlmaxnnummzat X=g; Localmlmrnum1sEat X=5;
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{ Maxima and Minima

MODULE -V s
Calculus (b) Local maximum is 1 at x:%and X =7;Localminimumis—1 at x:%‘
: . -m _T. . 7 S _om
\ (c)  Local maximum is —F++/3 atX—3,Loca1mln1mum15 2 3at x= 3
\ 9.  Greatestslopeis 24 atx=5;  Coordinates of the point: (5, 24).

Notes | 10.  Greatest slope of a tangent is 5 at x = 1, The point is (1,-23)
11.  Radius of base =2 m, Height of cylinder =4 m.
12. Rent reduced to Rs. 300, The maximum revenue = Rs. 1,12,500.
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Partial Differentiation

After studying thislesson, you will be ableto know.

1. Definition of partial derivative corresponds closed to that of derivative of afunction of asingle

variable.
2. Theexigtenceof first order partia derivativesdoesnot guaranteethe continity of thefunction.

3. Discussabout thefunctionswith two independent variables.

@ Partial Differentiation ]

Sofar wehave studied the conceptsof limits, continuity, differentiability of functionsof asingle

variable. Inthischapter we consider these conceptsfor function of two or morereal variables. Most
of thedefinitionsand theoremsapply tofunctionof n independent variablesaswell, but werestrict our

discussiontofunctionsof two independent variablesonly.

Recall that the cartesian product A x B of setsA and B isthe collection of al ordered pairs
(a,b)withaOAand bOB. If AURand BU R AxBisasubsetof RxRi.e, R The
elements of R?can be considered to be pointsin thetwo dimensional plane. If fact,if (a,b) OR? , it

can beidentified with aunique point with cartesian coordinates (a, b) intheplane.

Suppose AUR,BURandE=A x B sothat EL'R2. Thenafunction f:E _, Riscalleda

real valued function of two real variables. Alsofor (x,y) O Eitsimageunder f isdenoted by

348/1



f(x, y) isarea number, say Z, for any (x,y) O E, Sothat we canwrite z=f(x, y). Sometimesitis
convenient towrite z=2z(x, y), wherethefunctionit self isdenoted by z Throughout this chapter by

afunction of two variableswe mean areal valued function of two red variables.

25.9.1 Partial Derivatives

Ininthefunction f(x,y), yisheld constant andtheresulting functionof x isdifferentiated with
respect tox, thentheresulting derivativeiscalled the partial derivativeof f withrespectto x, That

of
is denoted by o or f,

f(x+h y) - f(xy
h

=f

Thatis, wedefine o x =7

provided thelimit exists.

Similarly, the partial dervativeof f withrespectto ydenoted by g; or fy isdefined as

of . f(x+y+h - f(x

EY =1y =L'[T(‘) (xry g (xY provided the limit exists. The partial derivatives
of of : : - , :
v a—y arecalledfirst order partial derivativeof f withrespectto x and y respectively.
Example 1

If f(x,y) = x3y?—ysinx, then

T y?(2X) - ycos x
0X

=2 Xy?— Yy COS X
F o .
— =x*(2y) - sinx=2¥ y-sin x
oy

Onecan noticethat the definition of apartia derivative correspondsclosdly to that of anordinary
derivativeof afunctionof asinglevariable. Consequently many of therulesof differentiation of function
of asinglevariableremainvalidinthecaseof partid differentiation. However, theexistance of al the
first order partial derivativesat apoint does not guarantee the continuity of thefunctionthere. The

followingexampleillustratesif.
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Example 2.

Let f(x,y) = —2—,if (x,y) # (0,0). If (x,y) = (0, 0)i.e. f(0,0)=0 For h # 0, wehave

X2+ y?

f(h,0) - £(0,0) _
h

0

f(h,0) - (0,0
h

Hence Li m existsandisequal to zero.

Hence fx|(0‘ 9=0

Similarly f .} =0

We have already noted that f(x, y) isnot continuousat (0, 0_
Thustheexistanceof partial derivatives may not guaranteethe conitnuity of f.

25.9.2 The Second order partial derivatives

Asthepartia derivativesof afunction f(x, y) arethemsalvesfunctionof xand y, they inteurn

may processpartia derivatives. We definethese second order partia derivativesasfollows:

’f oo o
= =—-(f,)

o oxHaxH” ax

f(x+h y) = f(x Y

=lim
h-0 h
; azf_a%ai%_a(f)
- gr_ o -9
oy’ oy oy oy’
—im YR - (% Y
k-0 k

provided theselimitsexists.

Inadditiontothese, Therearetwo other mixed second order partia derivatives, namely

oy ox ayB&H y

348/3



fX(X, y+ k) - fx(x )b

=lim
k-0 k
0°f :gmfng(f)
and oxay 6x%7y% ax*
=lim fybcth 9 = B0x Y
h-0 h
2
~ = f
Note that By ox xy for

0°f _omfo_o0 _ _
ayax_a/B‘TXH_ay(fx) _[fx]y_fxy

0
smilarly, woy
%, 9%f _ . . .
Notedsothat — = f,,, — = f,, weshall confinetothosefunctionsforwhich f =f .
ox oy’ W
Example 3

Find all thefirst and second order partial derivatives for f(x,y) =e*V.

Sot Forthegivenfunction

fz2e2y | f =4
fy = -y , fyy = ey
f,=2eY ,  f =-2

Example 4

Find al thefirst and second order partial derivativesfor f(x,y) = cos(ax+ by) whereaand b
arereal congtants.
Sol: Forthegivenfunction
f.=—asnfax+hy) |, fy=—bsin(ax+by)
f =-a?cos(ax+ by), f =-—Db?cos(ax+ by)

xx yy
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fxy = [fx]y = —abcos (ax + by)
fyX = [fy]X = —abcos (ax + by)
Example5
If z=e*sinby whereaandb arereal constantsfind Zx. Zy, Zxx, Zyy, Zyx.
Sol:
Given Z=e*sinby,
Z =a€e¥snby, Z,= b e coshy
Z..=(Zx),=a*e*sinby, Z,,=(Zy),=~ b? e*sin by
Zy= (ZX)y =ab é*cosby and
Z,= (Zy)x = ab é*cosby
Example 6
If f=x2-y? showthat f + fyy= 0.
Sol: Giventhat f, =2x 0 fz 2

f=-2y 0 f7- 2

m Homogeneous Function}

Weshdl discussanimportant classof functions, namely the classof homogeneousfunctionsand
animportant theorem dueto Euler, related to such functions. Firstlet usgiveaformal definitionof a

homogeneousfunction.

25.10.1 Defintion

A non-zerofunction f=f(x, y) issaid to be homogeneousif thereisareal number a such that

f(Ax, Ay) =A% f(x,y) for al those values of k for which both sides of the above equation are

meaningful. Thenumber a iscalled the degree of the homogeneousfunction f.
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Example 7 :
f(x, y) =x3 + y2isahomogeneous function of degree 3, why becuase
fAx, Ay) = N33 + y3]
= N3 1(x, y)

Example 8 :

4
{x, y) = (X + 4y)27 isahomogeneous function of degree - Since

f (A, AY) = (W28 + A2 yP) 27

fOXAY) = AT E(x y)

[Check Your Progress 1]

1. Find % 0z for givenfunctions.
ox ay
(i) 2= 22X (i) z=3y+x¢
COSECY

_ UxOd U yQ
i z=Tan™t iv) z=logpx+ =
(iii) B;% (iv) gB ZH
(V) z=y & +Xx€ (i) z=sin(y?*—X)

oz o2

2. If z=¢* cosythenfind —,
ox

oy*
4
3. If f-m show that f,, +f, = 0.

4. If z=eY+1(x) +g(y) then show that Z,= ey,

ot

If z=log (Tanx+ Tany). Thenshow that (sin2x) z + (sin 2y) 2,=2.
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2
6. If u(x,y)= X3X+3;3 Then show that x u, +y u,=0.

[ Let Us Sum Uq

g 0o =i TR Y~ T Y
X h-0 h
of _ f, =lim Fx y+ K - f(x y
y h-0 k
0°f 0 fD f(x+h, y) - f(x Y
L. =95 =lim X
2 32 ox HfTH ( ) H
:fXX
2 fo(x, y+k - f
% 000 ¢y YR (XY
y° 0y (9yd Oy k-0 k
=ty
0’f 0 f[Q fy+k - f(x Y
- = —f —I| X
dyox EEE S k
:fxy
%t _ o of0_ 4 f(x+hy-f(xy
v = 3 Bpua= 35 (fy) =lim = o

[Supportive Websitea

o hittp://www.wikipediaorg

e hitp:// mathworld.wolfram.com.
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[Check Your Progress 1]

(1) (i) z,=-sinxsiny,zy=cos

(i) ;(zey,zy=3+xé’

y _ X
A A

(i) z, =

x3—zy 1

V) &= x(2+y) Iyl

W) z=xe+e,z=ye+e

(Vi) z,= - cos(y” - x), 2, = 2y cos(y” - X)

%z _
(2) ﬁ—e Cos y

2
a—fz—cosyex ==z
oy
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Successive Differentiation

Second and higher order derivativeshave applicationsin curve sketching andintherepresenta
tionof functionsasinfiniteseries. Further, they areuseful in differential equations, complex analysis
etc.,

From this chapter we can get thefollowing points.
e curvesketching
¢ Representation of functionsasinfiniteseries

e n'" order derivativesof some standard functions.

@ Successive Differentiation nt derivatives]

Inthissection wedefinefirst and higher order derivativesof ared valued function f andfindthe

n' order derivativesof some standard functions.
Definition
Let f be area valued function defined on asubset E of R. Suppose that E contains a

neighbour hood (left or right of both) of each of its points. We known that f is the limit of

f(c+h) - f(9
h
f a 'c' orthedifferential coefficientof f at'c'. It f is differentiableat every point x of itsdomain E,

ashtendstoO exists. Thislimitisdenotedby f(c) andiscalledthederivativeof
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f(x+h) - f(X
h

then we can defineafunction f'onEas f'(x) isthelimit of ashtendstoO. The

function f' thusdefined iscalled thefirst derivativeor first order derivativeof f.

Againof thefunction f' isdifferentiableat every point x of E, thenwecan definefunction f"
onEas
o0 = L D=0
X—0 h

as htendstoO.

Thefunction thus defined is called the second derivative or second orderivativeof f. This
process can be continued aslong asthe successive derivativesare differentiablea every point of E. In
general, thent" derivative or nt" order derivativeof fisthederivativeof f 1 and isdenoted by
f (e, f"--(ndasehes) Thyg

f (n-1) (X+ h) _ fn—l(x)
h

f(x) = th0
ashtendstoO.

If y= f(x) thenthenotationsfor the n" derivativef are

d"f D¢ d"y
dx’ ax’

which are used according to our convenience. Notethat

' ¥n

F(x) = j'X[ £ and T0(x) = jx[f“‘”(x)]

d"y
f = —== = D"
(x) o~ Jn=DY

d n-1
Xt

[f'(x)] for n>1.

If f((x) existsfor all positiveintegers nandfor all xinE, then fissaidto beaninfinitely

differntiablefunctionon E.

Theabove porcessof finding higher order derivativeof f iscalled successivedifferentiation.
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25.11.1 n™ order derivatives of some standard functions
(i) Let a, band mbereal numbers. Supposethat a # 0and f(x) = (ax+ b)™ Then
f')=mm=-1)..(m-n+1)a" (ax+b)™ (nLN)
whenever ax+b>0andnisapositiveinteger.

Note Intheabovetheoremif misapositiveinteger, thenm=nimplliesthat f(W(x) =n! a" and
hence f ™(x) =0forn>m.
If m isapositiveinteger suchthat m> n, then
f M(x) = m(m-1) ..... (m-n+1) a” (ax + b)™™"

m! &

) (m-n)! @c+y™

(i) Ontaking m=-1intheorem7.1.4, weget

1

— -1 -
f(x) =(ax+b " b

ad  FO0)=(-1) (-2)..... (-) & (ax+ b)

o d" 01O ()
tha“s, dxn EaX"' bH (aX+ bn+l'

(ii) Letf(x)=e®*foral xinR. Then f"(x)=a"e®**for al xinRand for al positiveintegers n.

Example 1.
Find the 4" derivative of .
2x+3
1 (-)"n'a"
Sot f(x)= o f" —_—
of 100=n” MOF g

by abovetheorem, takinga=2,b=3 and m=-1weget
409 = (-1) (-2)(-3)(-4) 2* (x+ 3)

a2
(2x+3)°
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Example 2

Find the 5" derivative of sin 6x.

d" (sn(axb)] n . U nriJ
—_— =a snpxtbt—g OA N
Sot 4@ H* "5 H

Theaboveformulataking a=6,b=0,n=5

S|
(s = 6°g X+ —
D>(sin 6x) Gsmﬁ5 ZH

Qg
- 60 g X+ —
GSIH% 2H

= 6° Cos 6X.

Example 3

Show that f(x) =x + cot x satisfies (sin’x) f"(x) + 2x = 2 f(x).
Sol: Now f'(x) =1 - cosec’......... (1)

sothat (sin’)f'(x) =sin?x-1....... (2)

Differentiating both sidesof (2) w.r.tx,

(sin?x) f"(X) + 2 sinx cosx f'(X) = 2 sin X coS X
Hence
sin?x () = 2 sinx cosx(1 - f'(x))
= 2 sinx cosx cosec?X (1) &g

=2 cotx = 2 [f(x) — X]

[ Check Your Progress i

|1 if y=arbx
) c+dx

, Then show that 2y, y, = 3y,?

2. If y=a+be?, Then show that y,+4y, =0.

3. If y=ax™+bx™, thenshow that x*y,=n(n+1)y.

4. If y=x+Tanx, then show that Y, cos’x + 2x = 2y.
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5. Ifay*=(x+b)°, thenshow that 5y y,=y,>.

d’y  H-ab

6. Ifa+2hxy+hby¥=1.Th h = .
ad + 2h xy+ by? enshowtatdx2 (hxt by’

. Findthen® derivativeof following functions.

1. Findthent derivative of cos?x

1
2. Findthent" derivative of .
3x+4

3. If y= Thenfind vy, .

2z
(x-)(x-2)

@ Leibnitz Theorem and its Applications]

Let f and g betwo functionshaving n' order derivativesover adomain ELR. Wehaveseen

inthe previoussectionthat f+gand f- g, kf(k being aconstant) haven™ order derivativesover
E andthat

(f+ g)™ = £ ) + g0
(f—g)® = () — g0
(kO =k fO
In this section we obtain aformulafor the n derivative of the product f g of two functions
fandg.
25.12.1 Theorem (Leibnitz Theorem)

Supposethat nisapositiveinteger. Let fand g betwofunctionsdefinedonaninterva | or R
having ni" order derivativeon . Thefghas n"other derivativeon! and

(FgP() ="(x) . g(¥) +nc f DK g'(X) + ... + nc £ OIX) gO(X) + ... + f(x) gV(X)

n, F"7(9 ¢(x 0K |

N>

0

r

Note Whereu andv areused for f(x) and g(x), nt derivative of u denoted by u,andu,=u.
UV, =My LN Uy Yot QG Yt D odly
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Example 4
If uandvarefunction of x having 4" order derivatives, write theformulafor D4(uv).
Sot By Leibnitztheorem
D%uv) = D%(u) v + 4c, D3(u). D(V) + 4c, D*(u) D*(v) + 4c, D(u) D3 + u D%(v)
=u,v+4u,v,+6U,V,+4U V;+ UV,
Example 5
Find D* (xlogx) at x=¢, x>0
Sol By Leibnitz Theorem
D*(xlogx) =D*(logx . X
=D*(logx) x+ 4 c, D3 (log x) D(x)

(Sincehigher derivativesof x vanish

=— . x+4=1
x* X
:;6+§:£
X xX ¥
O a x=e
D4xlog x) = 2
g P
Example 6

Find the nt" derivative of x &.

Sot By Leibnitz Theorem

D" (x &) = D"(e* X)

D(e) x + nc, D"™(eX) D(X)

e.x+n¢

(X + n) &
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[ Check Your Progress %

. 1. Find D3(sinxlogx) when ng.

2. Findthesum of themiddletermsin the Leibnitz expansion of D3(e¥cosx).
l1(1) Findthen™ derivative of thefollowing using L eibnitz theorem.
(i) h(x) = e¥*° x2
(i) x° e
(iii) x? cos2x
(2) If y=x"logx, then show that® xy, , =n!.
(3) If y=cos(mlogx) (x> 0) then show that x?y, +xy, + m?y = 0 and hence deduce that
XY, +t@n+1)xy,, +(MP+n?)y =0.
@) If y=e3"'x, thenshow that (1-x2) Y, =X Y, =y =0and hence deduce that

(1 _X2) yn+2 - (Zn + 1) X yn+1 - (n2 + 1) yn = O

[ Let Us Sum uq

Function f(x) n'" derivative f (V(x)
1. (ax+b)m m(m-1) ... (m—n+1) a" (ax + b)™™"
1 (-)"n! a"
2 ax+b (ax+ bt
3. eax+b an eax+b
. ) Nt
4. sin(ax+b) a"sin(ax+ b+7)
nTt
5. cos(ax+b) a"cos(ax+b +?)
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6. h(x) + g(xX) hM(x) + g(x)

7. kg k gV(x), k 2.8 NSRNELY
8. Leibnitz Theorem (hg)(X) 3 n, h (9 g7 (3
r=0

[Supportive Websitq

e hittp://www.wikipedia.org

e http:// mathworld.wolfram.com.

Answers

[ Check Your Progress ﬂ

_ 21
i 2" 1cos%x + =
20

(-1)"n! 3"
(3x+4)"

(-2)(-)"n! N 2(-)" n!
(X—l n+l (X—Z n+l

[ Check Your Progress a

16 _6
™ T

2. —3€(sinx + cosx)
I1. 1. (i) €5 372[9%2 + 6nx + n(n — 1)]
(i) e*[a"x3 + 3n ¥ a1 + 3n (n-1) a2 x + n(n-1)(n-2) a™ 9

(iii) 2"[2x? cos(2x + n?n ) + 2nx cos (2x + (n-1) W2) + n(nz—l) cos (2x + (n-2) 12)]
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26

INTEGRATION

In the previous lesson, you have learnt the concept of derivative of a function. You have also

learnt the application of derivative in various situations.

Consider the reverse problem of finding the original function, when its derivative (in the form of
a function) is given. This reverse process is given the name of integration. In this lesson, we shall

study this concept and various methods and techniques of integration.

r
L@ OBJECTIVES

After studying this lesson, you will be able to :

o explain integration as inverse process (anti-derivative) of differentiation;

° find the integral of simple functions like x™ sinx, cosx,

1
sec? x,cosec’x,secxtanx,cosec X cotx,—, e~ etc.;

X

o state the following results :
@) I[f(x)ig(x)]dx=If(x)dxijg(x)dx
@) [[EKf(x)]dx = +k[ f(x)dx

° find the integrals of algebraic, trigonometric, inverse trigonometric and exponential
functions;

o find the integrals of functions by substitution method.

o evaluate integrals of the type

J‘ dx J' dx J- dx J. dx J- dx
x> ta?a? - x?’ x/xziaz, JaZ_X2’ ax> +bx +c
dx (px +q)dx J‘ (px +q)dx

’ 2
«/ax2+bx +¢ " ax” +bx +c '\/ax2+bx +c
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° derive and use the result
f 1
Jﬁz m|f(x)[+C
f(x)
o state and use the method of integration by parts;
o evaluate integrals of the type :

'[ x2 +a2dx, J\/az - x2dx, _[eax sinbxdx, J.eax cosbx dx,
'f(px +q) ax? +bx +c dx, _[sin'1 x dx, J.cos‘lx dx,
d d
J‘sinnxcosmxdx,_’. X_ ,j x
a+bsinx Ya+bcosx
° derive and use the result
[ [E GO+ £1GOTdx =e*f (x) 4e;and

° integrate rational expressions using partial fractions.
EXPECTED BACKGROUND KNOWLEDGE
° Differentiation of various functions

o Basic knowledge of plane geometry
o Factorization of algebraic expression

o Knowledge of inverse trigonometric functions

26.1 INTEGRATION

Integration literally means summation. Consider, the problem of finding area of region ALMB
as shown in Fig. 26.1.

Fig. 26.1

L M

We will try to find this area by some practical method. But that may not help every time. To
solve such a problem, we take the help of integration (summation) of area. For that, we divide
the figure into small rectangles (See Fig.26.2).

Fig. 26.2
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Unless these rectangles are having their width smaller than the smallest possible, we cannot find
the area.

This is the technique which Archimedes used two thousand years ago for finding areas, volumes,
etc. The names of Newton (1642-1727) and Leibnitz (1646-1716) are often mentioned as the
creators of present day of Calculus.

The integral calculus is the study of integration of functions. This finds extensive applications in
Geometry, Mechanics, Natural sciences and other disciplines.

In this lesson, we shall learn about methods of integrating polynomial, trigonometric, exponential
and logarithmic and rational functions using different techniques of integration.

26.2. INTEGRATION AS INVERSE OF DIFFERENTIATION

Consider the following examples :

(¥ dix(xz):ZX (ii) dix(sinx)=cosx (ii) i(ex)zex

Let us consider the above examples in a different perspective
() 2x is a function obtained by differentiation of x2.

= x? is called the antiderivative of 2 x

(i) cos x is a function obtained by differentiation of sin x

= sin x 1S called the antiderivative of cos x

(i)  Similarly, e* is called the antiderivative of e*

Generally we express the notion of antiderivative in terms of an operation. This operation is
called the operation of integration. We write

1. Integration of 2 x is x? 2. Integration of cos X is sin X
X

3. Integration of e* is ¢

The operation of integration is denoted by the symbol _[
Thus

1. I2xdx:x2 2,J.cosxdx=sinx 3. Ie"dx =e*

Remember that dx is symbol which together with symbol '[ denotes the operation of integration.

The function to be integrated is enclosed between J.and dx.

Definition : Ifdi[ f(x)]=1f"(x),thenf(x)is said to be an integral of f'(x) and is written
X

as j f'(x)dx = f(x)

The function f''(x) which is integrated is called the integrand.
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Constant of integration
Ify= xz,thend—y = 2x
dx
.[2xdx =x?2
o do d /> .
Now consider — ( X +2 ) or — (X +c ) where c is any real constant . Thus, we see that
dx dx

integral of 2x is not unique. The different values of J. 2 x d x differ by some constant. Therefore,
J.2 xdx=x%+C , where ¢ is called the constant of integration.
Thus fex dx =e* +C, J.cosxdx =sinx +c¢

In general J.f '(x)dx = f(x)+ C. The constant ¢ can take any value.

We observe that the derivative of an integral is equal to the integrand.

Note: [f(x)dx, [f(y)dy , [f(z)dz butnotlike [f(z)dx

Bl Nl Find the integral of the following :

() x (i) x° (i) x"
Solution :

' <4 _ d( x* _4X3_ 3
) Ix3dx=T+C, since | 7 [T 7%

31 a3 3130 5
@ x30dx=’;—1 +C, since —( = =X

dx ?) KT
Xn+1
xBdx = +C
() '[ n+1
n+l
sinceix - ixn+l = fn+1)x" =x"
dx n+1 n +1dx n H
e dy e dy
Il WA (i) If — =cosX, findy. (i) If — = sinX findy.
dx dx
. . dy .
Solution : (i) f—dx = fcosx dx =  y=sinx +C
dx
(11) Id—de = jsinx dx = y = —COSX +C
dx
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26.3 INTEGRATION OF SIMPLE FUNCTIONS

We have already seen that if f (x) is any integral of f '(x), then functions of the form f (x) + C
provide integral of f''(x). We repeat that C can take any value including 0 and thus

J.f'(x)dx = f(x)+C

which is an indefinite integral and it becomes a definite integral with a defined value of C.

ID'el) ) LRI Write any 4 different values of J.4x3dx :

Solution : J.4x3 dx = x4 + C, where C is a constant.

The four different values of _[4X3dx maybe x* +1,x4 42,x* B and x* + 4 etc.

Integrals of some simple functions given below. The validity of the integrals is checked by showing
that the derivative of the integral is equal to the integrand.

Integral Verification
xtl d [ xn! \ n
Ny = o +C| =x
1. J.x dx n+1+C S |}

where nis a constant and , = —.

d .
2. J.sinx dx = —cosx +C .+ —(—cosx + C) =sinx
dx
d , .
3. J.cosx dx =sinx +C -+ —(sinx + C) =cosx
dx
d 2
4. jsec x dx =tanx +C .+ —(tanx + C) =sec” x
X
d 2
5. fcosec x dx = —cotx +C d—(—cotx+ C) =cosec” x
X
d
6. fsecx tan x dx = secx +C d—(secx +C) =secx tanx
X
d
7. _[cosec x cot x dx = —cosecx +C -: d—(—cosecx + C) = cosec x cot X
X
d 1
1 . A | _
8. J.\/—dxzsmlx +C dx(sm X"'C) _m
1 1 d 4 1
9. dx =tan " x +C .. —|tan " x+C) =
J.1+x2 dx( ) 1+ x2
1 -1 .. 4 sec ! x+ C =—1
10. J‘T\/z—_l dx =sec” x +C < odx ( ) Xm
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d
X — X . — X =eX
11. Ie dx =¢* +C . dx(e +C) e
X d X 1
12. fa"dx= ¥ iC | =+ C =¥ = = x>0
loga dx| loga X
1 d
13. I—dx = log|x| +C —(log|x|+ C)
X dx
WORKING RULE
1. To find the integral of X", increase the index of x by 1, divide the result by new index
and add constant C to it.
1
2. I—d will be very often wnttenasj
f(X) f(X)

N\
‘@ J CHECK YOUR PROGRESS 26.1

5
1. Write any five different values of J' x2dx

2. Write indefinite integral of the following :
(@) x5 (b) cos x ©0

3, Evaluate :

@ [x%dx () [xTdx (o) j%dx (@ [3*57dx

© [ Ra 0fx e @i m [T a

4. Evaluate :
cos 6 sin 6
b
(a)'[sm 2l ()'[cos Zp
2 : 2
cos” B+ sin” 6
——d6 d
(C '[ cos 0 ( )ISIH 20

26.4 PROPERTIES OF INTEGRALS

If a function can be expressed as a sum of two or more functions then we can write the integral

of such a function as the sum of the integral of the component functions, e.g. if f (x) = X! +x3,

then

MATHEMATICS
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.[f(x)dx = j[x7 +x3 T dx
= fx7dx 4:'.x3dx

x® x4

=— +— +C
8 4

So, in general the integral of the sum of two functions is equal to the sum of their integrals.

[IE () +e(x)]dx =[f(x)dx +fg(x)dx

Similarly, if the given function

f(x)=x7 —x2

we can write it as If(x)dx = '[(x7 —x? )dx

= J. x/dx —f x2dx
8 3
8 3
The integral of the difference of two functions is equal to the difference of their integrals.
ie. I (x) =g (x)]dx = [ (x)dx -g(x)dx

If we have a function f{x) as a product of a constant (k) and another function [ g (x) ]
Le. f(x) = kg(x), then we can integrate f(x) as
.[f(x )dx = Ikg(x)dx

= kJ.g(x)dx

Integral of product of a constant and a function is product of that constant and integral of the
function.

ie. [ (x ) dx = k[ £(x ) dx
Evaluate :
(i) [4*dx i) [(22)(3™ )dx

X

+C

4
Solution :(i) I4X dx = logh

@ (2™ )dx= Ji—:dx
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y°
X
3) log(
)
Remember in (ii) it would not be correct to say that
[237%dx = [2%dx [37dx
2 X
3

X —X
Because J.2X dx J.3_de _ 2 3 +C# +C
log2| log3 ( 2 )
log| =

Therefore, integral of a product of two functions is not always equal to the product of the
integrals. We shall deal with the integral of a product in a subsequent lesson.

Example 26.5 JBEIIES

: 2 2
sin“ 6 + cos” O
O [—Z whenn=0andn=2 @) [-—gdo
cos” x sin” 0
Solution :
dx dx
i  Whenn=0, | =

cos"x Y cos®x

 dx

Now J.dx can be written as J.X°dX.
Idx =_[X°dx
~ Xo+1

= +C =x €
0+1

When n=2,

J-dx o dx

cos" X cos? x
= J.sec X dx

= tanx =C

J- sin? 0 + cos?

(i)

sin’ 6
= —J.cosec2 0d €

= cot 6 +C
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1D el Xl Evaluate :

x? +1
. . d . d
(i) I(s1nx+cosx) X (u)J. 3 X
Lolex . N
I =

Solution : (i)I(sinx+cosx)dx =J.sinxdx +J.cosx dx =cosx sinx G

X X X

241 2
W dx=f(x—3+—jljdx

= Ii dx +J-% dx
—3+1

X 1C
-3+1

= log|x| +

1
= log|x]| —2X—2 +C

(i I%d“f(% -%\de

(iv) I[ 12_\/11 \I dx=I dxz _.[Jl(i_xxz

1+x _X2) 1 +x

1 1

=tan ' x —sin" ' x +C

Example 26.7 JSEIIEIS

| . ) 3 )
i  [VT—sin20 do (il f[4e T\/2——1|)dx

x6—1\
) j(x2_1')d"

Solution : () /[ _in 20 = vcos? 6 +sin> 6 2sin @os €

[ sin2 0 + cos? 0 =1]

(iii) .[( tanx + cot X )2 dx
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(cos O —sin 6)2
= 3 cos O —sin 0)
‘\ (sign is selected depending upon the value of §)

& (@ If 1-sin20 = cos O —sin 0

MODULE -V
Calculus

Notes |then  [«/T—sin26 d6 = [(cos 6 ~sin 6)d6
_[cos ede—J.sin 6d o

sin O+cos 04C

(b  If [1=5in26d0 = [(—cos 0 +sin O)d €
= {cos 6d6+[sin G €

= —sin® —cosO + C

J.4e dx —J.\/_
= 4feXdx 3| ——
4J.e X 3";@

= 4¢* —3sec™! x +C

|dx-

G | 4 ‘X—/x—_

(i) [(tanx +cotx)? dx =[(tan? x +cot? x Ltanx cotx ) dx
= [(tan? x +cot? x 2 )dx
= [(tan? x 41 Heot?x  +)dx
= [((sec? x +cosec?x ) dx

= _[secz xdx +Jcoseczx dx

=tanx —cotx +C

i) I( zj ;?de - j[x“ _x2 )

2
2 1) (dividing x° —1 by x* +1)

= [x*x —[xdx +[dx 2j

X X

== = 4x 2tan'x «
5 3

X2 +1

Evaluate:
. 1)3 .. 4e>% — 9¢*
0 j(&+$\|} ax (n)j(e—bm ) =
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Solution:
O 1 1 10
) J’Er/;+%§dx :IH(3/2+3XW+3&;+WH(1X

[+ 3 X dix +3f% ox + J’%

2
__+C

= %x +2X2 +6x2 -2x2 +C
L UeX —0e™ 30 4e™ 9e™ 3dx
(il) J’E eSx de _I eSx dX _I e3x dX _Ie?

= 4J'e2xdx —Qjexdx —3Ie‘3"dx
= 28X -9 +e¥+C

. dx
L v oesy v

Let usfirgt rationdisethe denominator of theintegrand.

1 _ 1 x\/x+a—\/x+b
Ix+a+dx+b  Jx+a+J/x +b x +a ~/x b
:¢x+a—Vx+b

(x+a)—(x +b)
:Jx+a—vx+b
a-b
. dx =¢x+a—Vx+b
IJx+a+\/x+b a-b
=IVX+adX_I¢x+bdX
a-b a-b
_ 1 (x+a? 1 (x+b) iC
a-b 3 a-b 3
2 2
2

ot +a)? —(x +b)%E +C
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CHECK YOUR PROGRESS 26.2

1. Evaude:
0 .10 2
—rd
offeie e
EILOXQ _\/;Jriﬂdx E5+3x -6x2 —7x* —8x° %dx
©J RGN E = 5
x* 0 2 f
+—=pd
@ [ 7% (f) .[E[& Nt
2. Evauae:
N b) [tan®xd 290X i
@ I1+c032x (b) ftan”xax (C)Idnzx
dx sinx
d -
O P © [z ™ (f) [ (cosec x - cot x) cosecx dx
3. Bvauate:
1
@ J’\/1+ cos2x dx  (b) I V1-cos2x dx (c) Il— p—
4. BEvadude:

17
(8) [Vx+2 dx (b) de

We know that
di(ax +b)"™ = (n +1)a(ax +b)"
X

1 d +
0 (ax +b)" =(n+1)a&(ax+b)n lnz4

n (@ +D)™
J’(ax+b) dx _W +C

Tofindtheintegrd of (ax +b)", increasetheindex by oneand dividetheresult by theincreased

index and the coefficient of x and add aconstant of integration.
SEo]PARe | ntegrate thefollowing :

@ x+9u (i) e (iii) cos(x +5m)

(vi) cosec?(2x +3)
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Solution : MODULE -V
Calculus
1, _ (x+9™
(i) J-(X +9) dx = T .'
$
= —(X + 9)12 +C
12 Notes

(i) Iex” dx :Iex. e’dx
= ¢ I e dx (e isaconstant quantity)
ze/.&+C=e"+C

(iii) Icos(x +5mdx =sin(x +511 4C
E'd%(sin(x+5n) +C) =cos(x +5ﬁ.dix(x 5t sos(X 5 )@

(iv) Icosec2(2x +3)dx :w +C

[Fcot(2x +3) +cd

0
cdo —cosec?(2x +3)00

O
m-i []=cosec?(2x +3)D
B dx 0 2 0 ]

el Evaluate : I(Zx +5)(x —1)x;32dx

2 2
Solution : [+ (x-Dx?dx = J‘(Zx2 +3x —5)x 3 dx

l 2
—J‘HZX 3+3x 3—5x3§d

= 2Ix4’3dx +3Ix1’3dx —5J’x"2’3dx

+(X +
Example 26. 1 N=YCE de
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MODULE -V

2 X 2 2 X 2
. x€e +(x+1) A XE XS +2x +1
Calculus Solution : J’ ) dx = J’ 2 dx
x = IDX+1+E+%Ddx
T ) el
Noteqg

dx dx
Iexdx +Idx +2J’7 +J’?

ex+x+2log|x|—1 +C

X
EN LR  ntegrate sec?x  cosecX WLIL. X
Solution : Isec2 x cosec’ xdx = fa+ tan® x)(1+cot? x) dx

H-sec®x =1+tanx and cosec’x =1 +cot” x{
= J’(1+ tan” x +cot? X +tan® x cot? x) dx
= J’(1+tan2 X) +(1+cot? x)dx

= I (sec? x +cosec®x)dx

tanx —cotx +C

6

0 -7 O
=SEnl][NE Evaluate : J’%sz B P %dx

6 dx

. g -7 O dx
Solution: - dx = -7 -6
R E vl FR s e
Example 26.14SVENIE Ik I(x +cosx)dx

Solution I(x +c0osx) dx =Ix dx +Icosx dx

X2
= 7+sinx +C

26.5 TECHNIQUES OF INTEGRATION

26.5.1 Integration By Substitution

This method consistsof expressing J’ f(x) dx intermsof another variableso that theresultant
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function can be integrated using one of the standard results discussed in the previous lesson.
First, we will consider the functions of the type f (ax + b), a # 0 where f (x) is a standard
function.

Evaluate :
(i) Isin(ax+b)dx (ii)jcos(7x+?|) dx (i) jsin(g—?b dx

Solution : (i) Isin (ax +b)dx

Put ax + b =t.
dt dt
Then a=— or dx = —
dx a

. o dt . . .
_[sm (ax +b)dx = _[ sin t " (Here the integration factor will be replaced by dt.)
1
= —|sint dt
J

:l( —cost) +C
a

_ cos(ax +b) C
a

(ii) Icos(h +?|} dx
T
Put 7X+Z =t = 7dx = dt
T dt
J‘cos(7x+2\|)dx =_[cost7
1
=7jcost dt
:%sint +C

1
=7sin(7x ﬂ 1C

)

(i) J.sin(g—?U dx
Put T Xy
4 2
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MODULE -V L
Calculus | Then T dx = 2dt
‘\ fsin(%— ?de = —2Isint dt
\ = 2( —cost) +C
Notes

=2cost +C
= 2cos T —§| +C
4 2))
Similarly, the integrals of the following functions will be—

Isin2x dx = —%COSZX +C

—lcos(3x+ﬂ|
3 3

4cos E—§| +C
4 4

)

lsin(ax+b) +C
a

+C

Isin(3x + ?l) dx

fsin[%—?bdx

Icos(ax+b)dx

J.c0s2x dx

IDel RN Evaluate :

1
i [(ax+b)" dx,where n # -1 (i) j(—dx

lsin 2x + C
2

Solution : (i) f( ax + b)" dx, where n # -1

dt dt
Put ax + b =t = a=— ordx =—
dx a
[(ax+b)" dx =ljtndt
a
1 tn+1
a (n+1)
+b n+l
= l ~u+ C where n # —1

a n+l1
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1
o I

Put ax+ b =t = dx=-—dt

1 1 dt
[——=d=]- =
(ax+b) a t

=llog|t| +C
a

=llog|ax +b +C
a

Example 26.17 SEINEIEH

i [ Tdx (i) [ e Pdx
Solution : (i) [ ¢***7dx
Put 5x + 7 =t = dx=—

Iesx+7dx = % J-etdt

= let +C
5
Ll Lo
5
(i) [exdx
1
Put —3x— 3=t = dx = —dt

J- e 3X3dx = —; _[ eldt

Lot 4
3

= —1e_3"_3 +C
3
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Likewise f e thgx = lea" H4c
a

Similarly, using the substitution ax + b = t, the integrals of the following functions will be :

b n+l
I(ax+b)ndx :lu +C, n # ¢+
a n+1
J‘;dx —llo ax +bl +C
(aX+b) _a g| |
1
fsin(ax+b)dx = —cos(ax +b) +4C
a

lsin(ax +b) +C

Icos(ax+b)dx
a

ltan(ax +b) +C

.[sec2 (ax +b)dx
a

Icosecz(ax +b)dx —lcot(ax +b) +C
a

1
Isec(ax+b)tan(ax +b)dx = —sec(ax +b) 4C
a

1
fcosec(ax+b)cot(ax +b)dx = —cosec (ax +b) +C
a

Example 26.18 JEIGEICH
()] .[sinz x dx (i) Isin3 x dx (i) jcos3 x dx (iv) _[sin3x sin2x dx

Solution : We use trigonometrical identities and express the functions in terms of sines and
cosines of multiples of x

— . 1-cos2x
0] fsinzxdx :IH%ZX dx { smzsz}

1
=—|(1 —cos2x) dx
L )

= %jldx —% Icos2x dx

= lx —lsin2x +C
2 4

. 3sinx —sin3
(i) fs1n3 x dx = jw dx [ sin3x = 3sinx —4sin’ x]

1
= —|(3sinx —sin3x) dx
L )
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1
= —{ 3co0sX +COS3X } 1C
4 3

3x+3
(ii) ICOS3 x dx =J-M dx [ cos3x = 4cos’ x -3 oosx]

4

= %J‘(cos3x +3cosx ) dx

4

1[ sin3
{sm X +3sinx} 1C

(iv) J-sin3x sin2x dx = %I2sin3x sin2x dx
[ 2sinAsinB = cos(A -B) —cos(A +B)]

1
= —|(cosx —cos5x )dx
L )

| .
=—{sinx _sme} +C
2 5

Q
& } CHECK YOUR PROGRESS 26.3

L. Evaluate :
(@  [sin(4-5x)dx ()  [sec? (2 +3x)dx
(c) _[SCC( X+ g\b dx (d) jcos (4x +5)dx
(e) Isec(3x +5)tan (3x +5)dx
® .[cosec(2+5x)cot(2 +5x ) dx
2. Evaluate :
dx
(2) fm (b) j(x+1)4dx ©) f(4—7x)1°dx

1
© J‘3)(1—5dx @ IVS—9X
1

dx

@ [(4x-5) d

2
@ Jx+)7d @) [
3. Evaluate :
1
@  [e™*ldx (b) [ xdx © ] ) dx
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4. Evaluate :
(a) fcosz xdx (b) J.sin3 xcos’ x dx
(¢) fsin4x cos3x dx (d) .[cos4x cos2x dx

f'(x)

26.5.2 Integration of Function of The Type T

fl
To evaluate | (%) 4y we put £(x) = t. Then £' (x) dx = dt.

f(x)
f'(x),  dt
=%
=10g|t| +C
= log|f (x)| +C

Integral of a function, whose numerator is derivative of the denominator, is equal to the logarithm
of the denominator.

Example 26.19 BZIGEIS
dx

3
o Iams o 2w e Enen)

X7 +1 5+x

Solution :

@) Now 2x is the derivative of x> + 1.
By applying the above result, we have

2

J.Xz):_ldleog‘x2 +1‘ 1C

(i) 4x3 1s the derivative of 5 4 x4.

j:‘: dx = log|5 +x*| +C
X

1
(i) x is the derivative of 3 4 /x

dx
—  _=log|3 +k| €
J W (3+% ) £[3 k|
B el LW Evaluate
X +e* e?* —1
i —dx i dx
® 'I.ex—e_X @ J.ez"+1
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Solution :
@) e® +e7* isthe derivative of e* —e™
eX +e7* _
[ = —e | +C
e” —e
Alternatively,
e +e7*
For J.mdxa
Put eX—e X =t
Then (eX +e* ) dx =dt
eX +e7* dt
J.eX e—X dX I
log |t| +C
I +C
2x
e -1
i ——dx
® X +1
Here e2* — 1 isnot the derivative of ¢ + 1. Butifwe multiply the numerator and denominator
by e™X, the given function will reduce to
e —e*
J.—_dx = log|e* +e7*| 4C
et +e
—X
j o dx _j | €

[ (ex - ) is the derivative of (eX 4 X )]

Q
& § CHECK YOUR PROGRESS 26.4

1. Evaluate :

2x+9

o ()J x2 +9x +30 dx

2x +1

@[z ol

x +1

241 2x +1 dx
R el fxzf—x_sdx Ol ey

J' dx
® x (8 +log x)
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MODULE -V |2. Evaluate :
Calculus f & ) f dx
X -
A, Ol v O 5=
\ 26.5.3 Integration by Substitution
A | Example 26.21
1 —tanx
i tanxd i) |secxd i) | ———dx
(@ J. xax (i) J. xax (i) Il + tanx
(1-sinx) sin X
' —~dx 5 N | ————dx
(iv) J(l T cosx) v) jcosec x cotxdx (vi) '[sin (x-a)
Solution :
@) Itanxdx = ISlnxdx
COSX
_ _-[—smxdX
COSX
= og|cos x| +C (- —sin x is derivative of cos x)
= log +C  or = log|sec x| +C
COSX
ftanxdx = log|sec x| +C
Alternatively,
Itanxdx _ J-sm x dx
COSX
B _J-—sinx dx
COSX
Put cosx = t.
Then —sinx dx =dt
Itanxdx = - a
t
= —log|t| +C
= og|cosx| +C
= log +C
COSX
= log|secx | +C

MATHEMATICS
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(ii) .[sec x dx
sec x can not be integrated as such because sec x by itself is not derivative of any function. But

2

this is not the case with sec” x and sec x tan x. Now J.Sf:c x dx can be written as

[seex LSeex 21X 4

(secXx + tanx )

J. (sec x+secxtanx)
= X
secx + tanx
Put sec X + tan x =t.
Then (secxtanx + sec x)dx =dt
dt
.[secx dx = | —
t
= log|t| +C
= log|secx +tanx| 4C
1 —tanx CcOSX —sinx
Gi [lotanx g _ peosx-sinx,
1 + tan x cOSX +8inx
Put cosX + sinx =t

So that (—sinx + cosx )dx =dt

I —tanx
'[1+tanx J. a

=10g|t| +C

= log|cosx +sinx| 4C

®) J-1+sinx dt=J. 1 dx +J- sinx dx

1 +cosx 1 +cosx 1 tcosx
2s1n( \| d(%
[ — el ) }
2cos2(—| 2cos Yg
2] \ )
~ e[ XV g ~d
_Ejsec EU X +jtan3 X
X 1
X_, —dx = dt
Put 2 = 2 *
J‘de = J.secz tdt +2Itant dt

1 +cosx
= tant —2log|cost| +C
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MODULE -V
Calculus

\\)

Notes

_tan > — 2log|cos i\|
2 2
) fcosecsx cotx dx = ~J‘ —cosectxcosec x cot x dx
Put cosec X =t.
Then —cosec x cot x dx = dt
Icosecsx cot x dx = —J. t4dt
5
- v +C
5
5
_ (cosec x ) +C
5
sin X
: —dx
(vi) I sin(x—a)
Put X—a=t
Then dx =dt and x=t +a

J~ - sin X dxzj.sm(,t+a)dt
sin(x —a) sint

J-sintcosa + costsinadt

sint
" sin(A+B) =sinAcosB 4cosAsinB)

—~

cosaJ. dt +sina‘|~ cott dt

(cos a and sin a are constants.)

cosa t+ sinalog|sint|+ C

(x —-a)cosa +sina log|sin(x -a)| 4C

1
Example 26.22 JREINEIE _[ s dx
a® —x

Solution : Put x = asin 6 = dx = acos 6d€
1 acos 0
dx = de€
Iaz—x I a? —a’ sin? @
__J~ cos 6
1 —sin? 6

1
=gf de

cos 0

MATHEMATICS
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[De) P WAR Evaluate : _[
X

Put x =asec 86 = dx =asec Otan6dO

Solution :

x2—a

1
= ;J.sec 0d6

=llog|sec 0 +tan § +C
a

1 1+sin O
= —log e
a cos 0
| 1+2
a
= —log +C
2
X2
a2
1 +
= —log 17 ¢
a2 —x?
1l Ja +x LC
=—lo
gVa—x
1
:llog(a+x\|2 LC
a a-—-x
1
= —1og| XX 4
2a a—-x
— dx

—a

asecH tan6 dO

aZsec? 0 - a2

J~sece tan 6
tan? 0

secG
_J. tanO

_'[51n6

l1og|cosec 0 —cot § +C
a

(tan2 0 =sec? 6 —1)

'[cosec 0 do
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MODULE -V |
Calculus = log

l1-cosO
cos LC

sin 0

N, 2

\ = l log X +C

Notes a a

1
Example 26.24 jaz 2 dx

Solution : Put x =a tan 6 = dx = a sec? 0d 6

asec? 0

1 J—
a + x? dX_'|‘a2(1+tan2 B)de

1
=;jde

-Lgic (§=tan€:>tan_1§=9j
a a a

1 X
=—tan ! Z +C

a a

Put X=asinf = dx = a cos 6d6
J- dx—.[ acos 0
~a? Na? - & sin?

Iacos 6

acos 0

=.|.dE
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=0+C MODULE -V
_sntXic Calculus
a ~
Example 26.26 1 d g
.24 X
[
Solution : Let x=asech [ dx=asecHtan0do Notes
1 asecH tan®
|:| =
I\/xz—az J'a\/secze—l
=IS€CGd9

= loglsecO+tan 6|+ C

5_‘_} /X2 a2

a a

= Iog‘ X +\x? &
Example 26.2 ! dx
P . .[ /a2+X2

Solution : Put x =atan 6 dx =asec?>6 do
= I secO do [Asexample 26.25]
=log|secB +tanB|+ C

1 X

“Na+xP +=

a a

- log ‘\/a2+x2 +x‘+C
X% +

Example 26.28 Ix“ +i dx

Solution : Sincex?isnot thederivativeof x*+ 1, therfore, wewritethegivenintegral as

=log +C

+C

= log +C

1+i
X2
I dx
X+ L
X2
Let X—l =t
X

10

+—mdx =dt
H @ 2
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MODULE -V Also x2—2+i2=t2 0 % _12: 2 2
Calculus X X
. 1
v 1+—
2 dt
& X _
O Ixz+idx J"[2+2
2
X
Noteg
4
I(t)2+(ﬁ)z
1. 4t
—tan ——=+C
2 V2
10
= Lt %(B—_XB+C
*/5 D\/E O
O O
2
X -1
.29 dx
Example 26.2 Ix4+1
1
2 1-=
sotion:  Jyi 1™ 7] 2+idx
X
1
Put X+= =t
X
10
Then @»_F dx = dt
Also x2+2+i2:'[2
X
0 x2+x—12:t2 -2
1
1_7
2 dt
X =
U IX2+1dX It2—2
o2
X
_ dt
I(t)z—(ﬁ)z
=1 Iogt_\/E +C
242 t+4/2
376
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2
X
dx

Example 26.30 ||

x* 41

Solution : In order to solve it, we will reduce the given integral to the integrals given in Examples

26.28 and 26.29.
2 2 2
1 +1 -1
e, o) S &
’ X" +1 279 x" +1 x" H
1px2+1 1 ¢x?% -1
Ll Ll
29x% +1 27x% 41
1
=— Ltan_1 X_—; +—=log
NG \2 ) 2
Example 26.31 f : dx
. x*+1

x4+ -2
—X—|| «C
x+ L 42

X

Solution : We can reduce the given integral to the following form

1

5!

(xz +l)4—(x2 —l) "

2 X +1
1 ex?+1 1 px? -1
= |2 gx — d
2IX4+1 2Ix4 Tl
L o
Ltan_l X ! log X +C
\/E ‘/5) 2\/5 X+l+\/5
X
1 x? -1
Example 26.32 (a) J‘Xz . +1dX (b),[ 4 x2 4 dx
Solution : (a) J. 1 dx = _[ 1 dx
. 2 -
X“—x+1 X2—X+l_l+1
4 4
:J‘%dx
1\ 3
x—=| +=
2] 4
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MODULE - V J | )

Calculus - 5 2 &
(X—D| +[®

\ 1)

Notes -1 2
= —tan +C
V3 V3
2 2 )
1 1
2 _ 2
SR - e
X +x° +l 241 _I_L
X2
1
Put X+l =t. = (1——2\| dx =dt
X X
1
Also X2+2 +—2 =t2
X
Al o2 3
= 2
X
1
- —
2 dt
I . 1 dx:j 2
x2+1+—2 =1
X
l1 t—1
:—0 —
2 Blt+1

1 X +— -1

X+— +1
X
Example 26.33 .[\/tan x dx
Solution : Let tan x = t2 = sec? xdx = 2t dt
2t
= dx = B dt
sec” X
2t
= 7 dt
1+t

MATHEMATICS



Integration

JJmnXdX:J}(liiﬂUm

2t2
=j 7 dt
1+t

2+1 2 —ﬁ
:'[[4— ¢t +1J

t+1

t2+ld J-

7 +1 +1

Proceed according to example 26.28 and Example 26.29 solved before.

Example 26.34 J. cot x dx

Solution : Let cot x = t2 = —cosec?x dx =2t dt

-2t

COSCCZX

dt

= dx =

2t
= dt
t*+1

_|. cot x dx = j,.t( 2t \|dt

t*+1

2t2
= dt
{t4+1

2 2
Rt
t* H)

t+1

Proceed according to Examples 26.28 and 26.29 solved before.

I(Vtanx + /cot x ) dx

Let sinx —cosx =t = (COSX + sin X )dx =dt

Also 1-2sinxcosx = t2

= 1-t% =2sinx cosx
1-t2

N = sinx cosx
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MODULE -V
Calculus

Isinx — CcOosX dx :j dt
VJcosxsinx 1—t2
2
=_\/5 dt
J.\/1—t2

=~2sin7! [sinx —cosx] +C

(Using the result of Example 26.25)

1D el PIRIN Evaluate :

J‘ dx j dx
@ N8 +3x —x? ®) x (1-2x)
Solution :
J‘ dx _ dx
(a) N8+ 3x —x2 8—(x2—3x)
_ dx
\/8—()(2 3x+2\| 2
4)
_ dx
2 2
\/(i| (x-2
2 ) y
3
X —=
= sin 1[ \/4_12 +C
2
-1 2X—\
=sin (—«/ﬂ U+C
dx dx
® J‘X(l_zx):"‘\/x—b{z
- [ =&
‘\/5 i_xz
2
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%f dx
2 2 2
[ Fh

]

1

= ﬁsin_ l\\|
n J
1.
=$sm (4x -1) +C
0
A 'A4 CHECK YOUR PROGRESS 26.5
1. Evaluate :
eX X
d
® J.ez"+1dx © '[1+x4 )

== [
@ «/16—92 ©) 1 +3sin? x

dx
© I3x vox 121 O I«/5 _4x - x2 Ix«/3>;2 ~12
[— o | e*dx | Ltx
0) sin* 0 + cos* 0 () A1+ e2X 0 1-x *
J. dx 3x2 d J- X + 1
(m) ~/2ax — x? ® J.«/9 —16x° O Vx2 +1
J' dx J' sin® &0 sec” X
® %+ ax2 @ Nicoso-1 ¥ I«/T
s [
O 2P O ied s

26.6 INTEGRATION BY PARTS

In differentiation you have learnt that

2 (fg) =12 () +e<-(F)

dx
® J“\B— 2x — x?
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d _d, . d
or T (@ = 5 (19 g () )

d
Alsoyou know that I&(fg) dx=fg

Integrating (1), wehave

d d d
If d—x(g)dx = J’d—x(fg)dx —Igd—x(f)dx
- fg-[g,_ (1ox @

if wetake f= u(x); %(Q) = Vv(x),

(2) becomes J’u(x)v(x)dx

= u(x) .J’v(x)dx —IS.%(U(X)) IV(X)dXE dx

= | function x integral of Il function — I[differential coefficient of | function xintegral of Il function]dx
A B

Heretheimportant factor isthe choice of | and Il function in the product of two functions
becauseeither canbel or Il function. For that theindicator will be part 'B' of theresult above.

Thefirst function isto be chosen such that it reducesto anext lower term or to aconstant term
after subsequent differentiations.

Inequationsof integration like
X SinX, X Cos*X, X2 &
(i) agebraicfunction should betaken asthefirst function.

(i) If thereisnoagebraicfunctionthenlook for afunctionwhichsimplifiestheproductionin
'B' asabove; the choicecanbeinorder of preferencelike choosing first function.

(i) aninversefunction (i) alogarithmicfunction
(ii) atrigonometricfunction (iv) anexponentid function

Thefollowing examplewill giveapracticeto the concept of choosing first function.

[ function Il function
1 J‘ X COSX dx X (being agebraic) COSX
2. | x%e*dx x2 (being dlgebraic) &
2 2
3. J’x log x dx log x X

MATHEMATICS
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| function Il function
logx 1
4 Jand lagx (L+x)?
5 in”t int
) Ixsm X dx In X X
6. Ilogx dx logx 1

(Indnglefunctionof logarithm
andinversetrigonometricwe
takeunity asll function)

7. snlx dx snx 1
Example 26.371SVEEIEE
Ix cosx dx

Solution : Taking the polynomid (algebraic function) x asthefirst function and trigonometric
function cosx asthe second function, weget

- _ 0Od O
Ix cosx dx = xJ‘cosx dx J'%Tx(x) .Icosx ddex
I I

ﬁ function xIntegral of Il function —I%(I function) .I(II fuctiondx)édxﬁ
X

= X sinx —Il.sinx dx

xsinx—[-cosx] +C

= Xxsnx+cosx +C

Example 26. 39SV IE R
Ixzsinx dx
Solution : Taking agebraic function x? as| function and sinx asl| function, wehave,
2 W2 fany _ ed o U
Ix sinx dx = x Ismx IE&(X )J’smx dedx
I I

= —x?cosx —2J'x(—cosx)dx

= —x2 cosx +ZIX cosx dx N

Again, Ixcosxdx=xsjnx+cosx +C @)

Subdtituting (2) in (1) wehave
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MODULE - V Ixzsinxdx = -x? cosx +2[xsinx +cosx] +C
Calculus = —x2 cOSX + 2X SinX + 2 cos X + C
Example 26.392VEE
Ileogx dx

Solution : Inorder of preferencelog x isto betakenas| function.

Notes

x3 1 x3
0 logx x2dx = —logx — [=.=—dx
J’g 3 9 -rx 3
| I
2

x3 X
= —logx—[—dx
3 g I3

x3 10x*0
= —Iogx—é[,?D+C

3 030
3 3
:X—Iogx—X—+C
3 9
Example 26.40SVE G R
logx
I(1+X)
logx 1
ion * ogXx.——— dx
Solution : I(1+x) I 9 (1+ %)

= logx [} BN N X
=109 T Tk
—Iogx+ 1 "

1+x Ix(1+x)

—logx

M 10
+ -—d
1+x f% 1+XH X

_ —logx

B 1+ X .Ii I dx

= 109X 01| ~log|1+x | +C
1+x

-_Iogx+log X lic
1+x 1+x
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SC PRl Evaluate:

J’x e® dx
2X 2X
Solution : J’x dx = x -1 ax
2 2
e2x Ebzx 0
=x& -1 e
2 2020
2X
=x% “lexsc,
2 4
Example 26.44SYEVE R
J’sin‘lx dx
Solution : J’sin'lx dx = Isin'lx. 1.dx
- X sin‘lx—Ide
- V1-x?
Let 1-x2=t
O -2X —dx =dt
0 X dx ——dt
X 1 dt
. ‘[\/l—x ZI\/—
-Jt +C
= —J1-x* +C
0 J’sin‘lx dx = x sintx +v1-x% +C
r_"\
Le ] CHECK YOUR PROGRESS 26.4
Evduae:
1 (@ [xsinxox (b) [+ x?)cos2x dx ©

2. @ [x tan®x dx (b) Ixzsinzx dx
3. @ IX3I092x dx (b) (1-x3)logx dx ©

Iogx Iog(Iogx) dx

4@ [ 0 [~

J’xsin2x dx

J’(Iogx)zdx
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5. () Ixz e d B [x e dx
6. J’x (logx)? dx

7. (@ J’sec'lx dx (b) J’xcot'lxdx

26.7 INTEGRAL OF THE FORM [e*[f(x) +f'(x)]dx

|GIUOREOIE

Wheref '(x) isthedifferentiation of f(x). Insuchtypeof integration whileintegrating by parts
the solution will bee (f (x)) + C.

For example, consider

Iex[tanx+logsecx] dx (1)
Let f(x) =log secx,
then f'(x):w =tanx
secx

So (1) can berewritten as
Iex[f '(x) +f(x)]dx =€e*(f(x)) +C =¢€" log secx +C
Alternatively, you canevauateit asunder :

Iex[tanx+logsecx]dx :J’ex tanx dx +‘[eX logsecx dx
I

= € logsecx —Iex logsecx dx +J’eX logsecx dx

=elogsecx+C
Evauatethefollowing :
xDl 10 X[IL xlogxQd
@ I de (b) J’ Biad
X € L O+ sme
© Jocp® @ J¢ BrooaE™
Solution :
<01 10, ., do;po,  gg
@ Ie XZHdX —J’e g-l-&BEHdX —eH -E
(b) Ixﬁwm‘j -J’eH—+Iog>de
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d 0
= (€ +—( d
J‘e aogx dX(ogx)Hx
=eflogx +C

x+1-1 ,

I(x 17 e dx

x e
CN o

_ exDl 1
.[ DXD +1 (x+1)2

0
dx
0

01 dO 1
= (e G—+—[3
-[ DX"'l dxdx+1)%d

x01 0

T

xQ
%.+25|n COS—
O
d) Ixu SmXDd x = [¢ 2 2
D 2cos2 0
O
—Ie —+tan—de
-Ie an +— ﬁanxmdx
= ¢ tan>+C
2
GNP Eval uate thefollowing :
@ IsecSX dx (b) Iexsinx dx
Solution :
@ Isec3x dx
Let I =J’secx -sec? x dx

=SeCX . tanx—J'secxtan X . tanx dx

0 I:secxtanx—J'(%csx—wcx)dx
or I=%cxtanx—I%c3xdx+Isecxdx
or 2I:secxtanx+Isecx dx

( tan® x = sec’ X —1)
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or | = secxtanx +loglsecx +tan x|+ C;
or I =%[secxtanx+|og|$cx+tanx|] +C
(b) Iexsinx dx
Let I:J’exsinx dx
= e*(-cos x) —J’ex(—cosx) dx

= —e*cos x +IeX cosx dx

-e* cos x+(exsinx —J’exsinx dx)
—eXcosx +efsinx—|
—eXcosX +eXsinx

O |
or 2

eX
E(sinx—cosx)+c

or |

Example 26.4SVEVE R
I\/az - x%dx

Solution :

Let I :-[\/a2 -x2dx :J'\/a2 -x?.1dx

Integrating by partsonly and taking 1 asthe second function, wehave

| = (\/a2 —xz)x —I;(—Zx) X dx
2\a? - x?
2

= xva® -x* +J’—X dx
2Va’

= xva? -x? +J' JM)dX
a?-x

= xVa’ -x* + az_[

\/% dx —J’\/a2 -x2 dx
a® -x

0 | = xvai-x* + azsin‘lﬁgﬁ—l

or ol = xva?-x? + a’sin 1@%
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or | = %%«/az—xz +a’sin™? %%+C
[2_ 2 2

Smilaly,  [Jx*-a’dx = X X2 a —%Iog x +x? —a2| +C
[ A2 2 2

O I\/az—xzdx =% —%Iog‘x +ya? -x?| +C

DGRy Evauate:

@ ‘[1/16x2+25dx (b) J’\/16—x2dx (©) J’\/1+x—2x2dx

Solution :

@ J'\/16x2+25dx =4 x? +2 gy =4 x? +EEDZ
16
Using theformulafor [ J(x?+a?) dx we get,
J'\/lﬁx2 +25 dx = E)k— X2 +22 +§Iog
2\ 16 22

0+C
g

- % J16x2 +25 +%5Iog ‘4x +16x2 +25‘ +C

(b) Usingtheformulafor I J(@ -x%) dx weget,
I\/16—x2 dx :I\/(4)2 -x? dx
§V16 x? +%sm‘1§ +C

© Im:ﬁj’\/gdx

- ZI\/m @XZ ; 116§ 11€SH

[> 250
X +,[X° +—
16

M O 2
= 2 g
JNBH B8 *
&3 7 XD
_ 41901 9 4
- ZE'T 6 M 2 1628m 3%+C
0 4 0
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D4x -1 l\/7x+— ’14X3_1§+C

E 2
= XL -2 +£sm"14x_l+c
Q i
A" JCHECK YOUR PROGRESS 26.6
Evduate:
1L @ Iexsecx[l+tanx]dx (b) J’ex[secx+log|secx +tan x |]dx
X_l X XD. -1, _ 1 0
2. (@ I7e dx (b) J’e ?n X ﬂﬁdx
X (X_l) xe"
e ——dx —— d
3 '[ (x+1)° 4 I(x+1)2 §
X+SdeX 6. J’e" sin2x dx
1+cosx

26.8 INTEGRATION BY USING PARTIAL FRACTIONS

By now we are equipped with the varioustechniques of integration.
4x +5
x> +x -6
may not be of much help. Inthiscase, wetakethehelp of another technique called technique

of integration using partial function.

But therestill may beacaselike , Wherethe subdtitution or theintegration by parts

p(Xx) : .
Any proper rational fraction — q(x) can be expressed asthe sum of rational functions, each

havingasinglefactor of g(x). Eachsuchfractionisknown aspartial fraction andtheprocess
of obtaining themiscalled decomposition or resolving of thegivenfractioninto partid fractions.

3 N 5 _ 8&+7 _ 8+7

For example, = =
X+2 x-1 (x+2)(x-1) x*>+x-2
3 5 i i 8x+7
Here +2 %1 arecalledpartlalfractlonof AL N
X+ X% +x -2

f(x
If % isaproper fraction and g(x) can beresolved into real factorsthen,
(&) correspnding to each non repeated linear factor ax + b, thereisapartiad fraction of the
form

MATHEMATICS
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(b) for (ax +b)? we takethe sum of two partial fractionsas

A + B
ax+b  (ax+h)?

For (ax + b)® wetake the sum of threepartial fractionas

A + B + C
ax+b  (ax+b)? (ax+b)°

and soon.

(c) Foranon-fractorisable quadratic polynomia ax?+ bx + cthereisapartia fraction

Ax+B
ax2+bx +c

f(x f(x
Therefore, if g(x) isaproper fraction ﬁ and can beresolvedintoreal factors, then ﬁ

canbewritteninthefollowingform:

Factor in the denominator Corresponding parital fraction
+Db A
& ax+b
, A + B
(ax +b) ax+b  (ax+b)?
, A + B + c
(ax+D) ax+b  (ax+b)? (ax+b)®
Ax+B
ax®+bx+c .
ax“+bx +c

Ax+B + Cx+D
ax®+bx+c  (ax? +bx +c)?

(ax?+bx + c)?

whereA, B, C, D arearhitraty constants.

Therationa functionswhichweshadl consider for integration will bethosewhose denominators
can befracted into linear and quadratic factors.

Example 26.47 Evauate:

2X+5

J’xz—x—2 o

MODULE -V
Calculus

Notes
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MODULE - V | x+5  2x+5
Calculus Solution ; N - (x—2) (x +1)
2x+5 A N B
Let x=-2)(x+1) x-2 x+1 D
\ Multiplying both sidesby (x - 2) (x + 1), we have
oteq
2X+5=A(X+1)+B(x-2)
Putting x =2, we9=3A or A=3
Puttingx = -1, weget 3=-3B or B=-1

Substituting thesevaluesin (1), wehave

2x+5 3 1
x-2)(x+1) x-2 x+1

2X+5 3 1
dx = dx - d
b -[(x—2)(x+1) X Ix—2 X Ix+1 X

=3logx-2|-log|x+1]+C

Example 26.44SVE G EE

x*-x-1 1
AT AN ————dx
@ [ooee® O Jeaxe
Solution :
x*-x-1 _ x*-x-1
@ x3-x2-6x X(x-D(x+2)
x*-x-1 _A B _C
Let X(X=1)(x+2) X x-3 x+2 (1)

Multiplying both sidesby x(x — 3) (x + 2), wehave
X2=x=1=A(x-3) (x+2) +Bx(x +2) + Cx(x - 3)

1
Putting x =3, weget 15B =5 or =3
. 1
Puttingx =0, we get -6A =-1 or A= s
. 1
Puttingx =-2, weget 10C=5 or C= 5

Substituting thesevauesin (1), wehave

x*-x-1 _ 1 1 1
+

—_— = — +
X(X=3)(x+2) 6x 3(x+3) 2(x+2)
392 MATHEMATICS
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. x® - x2 -6x —I—dx I3(x—3)dX+I2(x+2)dX

1 1 1
Zlog|x|+=log|x -3|+=log|x +2| +C
Zlog|x | +Zlog|x =3 +log|x +2|

1 1 o
®  Zhx+)  KADX-DXHD)  (x D) (x +1)?

1 _A B C
(x-D(x+1)> x-1 x+1 (x+1)?

Let

Multiplying both sideshy (x2-1)(x + 1), wehave
1=AX+1)2+B(x-1) (x+1)+C(x-1)

. 1
Putting x=1, weget A =2
. 1
Putting x = -1, weget C:_E
0=A+B
oo 1
- Ty

O

1 _ 1.1
I(xz—l)(x+1)dx_f4(x—1) 4Ix+l zf(x+1)2dx

MODULE -V
Calculus

Notes

1 1 10 10
==log|x-1| - =log|x +1] —= +C
4109 1x =g loglx =5 p=
= LiogIx-1] - tiog|x +1] +—1— +
4 4 2x+1)
Example 26.492VE 1% (K
3
J.x :x+1 dx
x“-1
Six+1
Solution : Let | = J’X 2X dx
xc-1
\ x3Hx+1 S 2x +1
ow X2 -1 -1 (x+D(x-D)
oD, 21 O
- JH et
MATHEMATICS
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Integration

2x+1  _ A N B
Let x+D)(x-) x+1 x-1 @
O X+1=A(X-1)+B(xx+1)
. 3
Putting x =1, weget B= >
: 1
Puttingx =-1, weget A= >

Substituting thevaluesof A and B in (2) andintegrating, wehave

2x+1 1 4s3 110|X

1
-r(xz—l) o = EJ’(X +1) 2J)x

= %Iog|x +1| +glog|x -1 (3)

O From (1) and (3), wehave
x? 1 3
| =—+=log|x +1| +=log|x -1| +C
5 *51001x +1|+log | x -1]

Example 26.50 SV GCH

8 1

@ Jarguzen™ ® [oean™

Solution :
8 _ A N Bx+C
@ (X+2)(x*+4) x+2 x*+4

(As x2+4 isnot factorisableinto linear factors)
Multiplying both sideshy (x + 2) (x2+4), wehave
8=A(X*+4)+(Bx+C) (x+2)
On comparing the corresponding coefficients of powersof x on both sides, weget

0=A+B [
0=2B+C HO A LB- L& 2
8=4A +2CH
8 1 X—2
k= dx - dx
0 e ™ 2™ e

1 1. 2x dx
=[—dx-=———dx +2
X+2 ZIx2+4 Ix4+4

MATHEMATICS
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1 X

1 2 1
log|x+2|-=log|x- +4|+2.=tan""— +C
g | I > of I 5 >

log |x+2|—%|og|x2 +4] +tan‘1§ +C

1 1

B Cx+D
(b) T 2 a1 T
X(X*+D)  x(x+D(x° -x +1)

x+1 x% -x +1

A
= +
X

Multiplying bothsidesby  x(x®+1) orx(x +1) (x*—x+ 1), wehave
[=AX+1)(x2-x+1) +Bx(x*-x+1)+(Cx+D) (x) (x+1)
On comparing the corresponding coefficients of powersof x on both sides, we get

0=A+B+C [
0=-B+C+D

Toa e Le 2p
0=B+D 0 3 3 3
1=A H

1 11 -1
x(x3+1) x  3(x+1) 3(x2-x+1)

J' i‘ ax :Ildx—lj‘idx _EIZZ)(—_ldX
X(x+1) X 3)x+1 3J x“-x+1

= log| x| —%Iog|x +1] —%Iog|x2 -x +1| +C

Example 26.51{SVENIEIER

dx
Isi nx —sin2x
Solution :

dx _ dx
I = Isinx—sian Isinx—Zsinx COSX

Let

_ dx
Isi nx(1-2cosx)
Multiplying numerator and denominator by sinx, wehave

| = sinx dx _ sinx dx
J.sin2 x(1-2cosx) I(l—cos2 x)(L-2cosx)

_ sinx dx
I(1+ cosx)(L—-cosx)(1-2cosx)

MATHEMATICS
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MODULE -V | Put cosx=t, then—sinx dx —dt
Calculus - _dt
=] 1L+ )(L-1)(1-2t)

-1 A B C
+ +

Let

@+ )I-0@-20) 1-t 1+t 1-2t

NOteS Then, ~1=A(L+1t) (1-20)+B(L-1) (1-2)+CL-1) (1+1)

1
Puttingt=-1, weget B= "5

1
Puttingt=1, weget A =

2
PUtting t= =, wegetC= o
ing t=-, wegetC= =
1.1 1.1 . 4, d
| =2 (——dt —= [——dt — [
. 3 EEry Ry EFeiet Fyen
1 1 4
=-=log|l-t| —=log|1+t| +=log|l -2t| +C
> g|1-t| 5 g|1+t| 5 of |

= —% log|1l-cosx | —(—13Iog|1 +COSX | +§Iog|1 -2cosx | +C

Example 26.52SY [z (F

2sin26 -cosO

do
J‘4—c032 0-4sin®

Solution :

| :_[ Zsinge—cosp
4-cos"0-4sin 06

_ (4snB-1) cosbdb

~J 2+sin”0-4sino

LetsnB=t, thencos0O dd =dt

de

Let

4t-1
l=[——
. -[3+t2—4t
4-1 _ A _ B
Let +

3+t2 -4t t-3 t-1
Thus 4t-1=A(t-1)+B(t-3)

3
Pt t=1 thenB=—§
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11
t=1 then A:E

0, 3.dt

_1.g10, 3, d
. B |ty o

11 3
=—log|t-3|-=log|t-1| +C
5 10g|t=3|~log|t-1]

Put

=131Iog|sin6—3| —glog|sain 6-1] +C

SEN o CPARK Evaluate:

tan® +tan® 0
-[ 1+tan® @
Solution :
tan0 +tan° 0 tan (1 +tan® 9
Let |l=(————d6 =(—————=d6
I 1+tan® 0 -[ 1+tan® @
2
:J.tane+s§c ede
1+tan” 0
Leg tanB=t, then sec?0 dB =dt
t dt t dt
| = =
O [Fyre I(1+t)(1—t +1?) e
tdt __ A, Bt+C
Let A+t)A-t+t?) 1+t 1-t +t?
Then t=AL-t+t)+(Bt+C) (1L +1)

Comparing the coefficientsof t, weget
A+B=0, ~-A+B+C=1 A+C=0

1

1 1
A=-= B==,C==
D 3 3 3

1 d |1

t+1
- f— +=
311+t 3

| =
D 1-t+t2

1 dt

3) 1+t

L1 2t+2
6It2—t+1

1 dt 1

o brelry| E2 %

t?—t+1

MATHEMATICS
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Integration

1, dt @t-Ddt 1 1

3I1+t GItz—t+1 2 1?03l
@ 2H B2 E
040
O 10
= —|Og|1+t| += Iog|t2 -t +1| 4& itan 1%_55
e R
2

ant (2t - ll]

———Iog|1+t|+ log|t? -t +1|+
BT HEHC

_élogll+tan el +glog|tan e_tan e+1| _I__itan—lDZtane 1D

7% ¢

4

1

Le_ ] CHECK YOUR PROGRESS 26.§

Evduatethefallowing:

1. (a I\/4x2—5 dx
© J’\/3—2x—2x2 dx

(b) J'\/x2 +3x dx

X+1 X
2@ [Gna® O [ ™
2x2 +x +1 "
3, ® a2
x2 +x+1
“ ey
1-cosx
5 @ .[sm4x (b) Icosx(1+cosx)

4.)‘

"‘ LET US SUM UP

 Integrationisinverseof differention
o Standardform of someindefiniteintegrals

n+l

n _ X
@ J’x dx et

+C (nz-)

MATHEMATICS
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1 MODULE -V
O e =logik|+C Calculus
(0 Isinxax =-cosx+C
(d) Icosxdx =snx+C
G) J’seczxdx =tanx+C Notes
() J’coseczx dx =-cotx+C
()] J’secxtanxdx =scx+C
(] J’cosec xcotx dx =-cosecx +C

0) J’; dx = snlx+C
V1-x2

1
() I1+X2 dx = tan"lx+C
1
W [z & =scixec
0 [e dx =4 C
(m) [a* ox =2 ic(a>0adaz)
loga

o Propertiesof indefiniteintegrals

@  JIf)=g0lax = [f(x)dx +[g(x)dx

(b)  [kf(x)dx = k [ (x)dx
' _1 (ax+b)™ .

0 [(ax+b)dx aP ) +C(n#-1)

. 1 1

(i) Iax+bdx —alog|ax+b|+c

) . -1

(iii) J’s n(ax +b) dx —zcos(ax +b) +C

. _1g

(iv) J’cos(ax+b) dx = asm(ax +h) +C

1
2 = —
v) Isec (ax +b) dx —atan(ax +b) +C

MATHEMATICS 399
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MODULE -V , 1
Calculus Icosec (ax + b)dx = —acot(ax +b) +C
(vii) Isec(ax+b)tan(ax +Db) dx :%1 sec (ax +b) +C
(wiii) Icosec(ax +b)cot(ax +b)dx = 1 cosec (ax +b) +C
Noted a

() €0 o = i e +C

I‘;((X)) dx = log|f (x) | +C

() Itanxdx:—log|cosx|+C:Iog|secx|+C
(i) Icotxdx =log|sinx|+C
(iii) Isecxdx =log|secx +tanx |+ C

@iv) Icowcx dx =log|cosecx —cotx |+ C

, 1 _1,  Ix-a
0 Iaz—x dx = Iog +C (|)I dx Ing+a +C
n 1 ~d 1t +C dx =9 n—+C
O P R N e
V) I\/%zlogXﬂ/xz -a?|+C
X" +a
W Sx - =Iog‘x+\/x2 +a?| +C
VX©+a
1
i X2+1dx— 1 _XE+C
- 0 x*+1 V2 WE
0 0
1
(i) IX4+1dx—2\/§Iog 1 +C
) 2 EB X 1—J§E
(iit) I4— dx = tant G—-20]+log X 0+C
xX*+1 2\/7 f x+1+\/§5
X
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10 1
(iv) ! o=t tm‘lé(_?%— Iogx+; ’ +C
x4 +1 2\/5 D‘/E 0 2\/§
O O
2 lD
. X“+1 1 00
. ————dx = ——tan'—Xpg+C
0 x*+x2 +1 J3 D\/:_%S
0 O
1 .0
. x? -1 Elk(-"; 15
O horamwraie ‘ElongwC
XT+x°+1 Ox +—= +10
o x 0

1D1 _1Dtanx 1D 1 _1Dcotx -0

1
W Jiea® T7 HETE ZHC
(iv) J'(\/tanx +\/cotx) dx =+/2 sin"(sinx —cosx) +C
« Integral of the product of two functions

[ function x Il function —I[Derivative of Ifunction x Integral of IIfunction] dx

Iex [f(x)+f'(x)] dx = €*f(x) +C

[2_ 24 - YU 5 2 2. -1 X
Ia xdx—zgx a® +a“sin BE%JFC

[2 2 2
I\/xz—az dx = % —% log|x +v/x? —a%| +C

[ A2 2 2
I\/az +x2dx = % +a? Iog‘x +ya? +x?| +C

» Rationa fractionsareof followingtwotypes:
(i) Proper, wheredegreeof variable of numerator < denominator.
(i) Improper, wheredegreeof variableof numerator > denominator.

f(x f(x
o If g(X) isaproper fraction EX; can beresolvedinto real factors, thenﬁ canbe

writteninthefollowingform:

MODULE -V
Calculus

Notes

MATHEMATICS
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Factors in denominator

ax+b

(ax+hb)?

(ax+hb)?

ax?+bx+C

(ax?+bx +c)?

e

http://www.wikipedia.org

http://mathworld.wolfram.com

SUPPORTIVE WEBSITES

’
TERMINAL EXERCISE

Integratethefollowing functionsw.r.t. X:

11.

sin® x +cos’ x
sin>x cos? X
C0S2X
cos? xsin? x
4 1

1+x? 1-x2

2c0s’ X
1-cos2x

O x .

o
EFOSE SII’IEH

sin(3x +4)

12.

+
ax+b  (ax+b)?

Integration

Corresponding partial fraction

C

ax+b (ax+h)?

ax®+bx +c

(ax +b)’

Cx+D

ax® +bx +c
where A, B, C, D arearbitrary constants.

(tanx — cotx)2

(2% + b)

(ax? +bx +c)?

MATHEMATICS
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13 (— &
' -rsinx—cosx

CoseC X

15, [——————=dx 16.

x0
log ﬁanEH

dx

17. Isian log tan x

19. I sec* x tan x dx 20.

X dx

21. I m 22.
23. I\/25—9x2 dx 24,

25. I\/3x2 +4.dx 26.

x? dx

27. I m 28.

29 o 30

" J 2+cosx )
dx

31. Im 32.
dx

3. I 1-4cos? X 3.
dx

3. I 1-4cos® X 36.
dx

37. j—x(2+|ogx) 38.

3. [S Dk 40,

sin X +COSX

' I a+btanx :

43, I cos® x dx 44,

45, IsinstinSx dx 46.

47. I sin* x dx 48.

14.

18.

1

———dx
-[(1+ x%)tan"tx

cot X
I3+4Iogsinx

X
Iex+ldx
e -1

J’ex sine* dx

sec? x
I\/tanx o
J’\/Zax - x2 dx
I\/1+ 9x2 dx

dx

-[sin2x+4coszx

dx
I 2 _6x +13

X2

IXZ-aZdX

sinx
IsinSx

dx

Isecz(ax +b)dx
X5
J‘1+ x5

cot X
fragane™
logsinx

dx

sinx
Il+ COSX

J’singxdx

dx

J’sinzxcos3x dx
1
1+sinx

dx

MATHEMATICS
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MODULE - V COSX —sinx
3 ——————————————
Calculus 49. [tan”x 0. [Trgnax &
2 1+ X +c0os2X
51. J’COSSC X dx 52. - — X
1+ cot x X +sin2x +2x
secOcosecH do cot© do
53. Iﬁ 54. J' -
Notes 0g tan logsin®
dx 1-tan®
dé
% I 1+4x? 56. 1+tan®
5 1 —% g 58 sinx cosx dx
' I?e X ' Ia2§n2x+b2coszx
dx x|:| -1 1 O
- € [0S X — ()4
> Isinx+cosx e0. I % .ll_xzﬁ

sinX +cosx [ _1 [1—cosx
e dx tant, [—= dx
6L I cos? X E 62. I \/ 1+cosx

0 _Of—x®™ sn”x
63. Icosgcotlﬁfm%dx 64. I(l_xz)g X

65. I&Iogx dx 66. Iex (1+x)log(xe*) dx
67. J'(lligx);z dx 68. Iex (1+x)log(xe*) dx
69. Icos(log X) dx 70. Ilog(x +1) dx

71. j% X 72. J’% do
B e " e

s J x(1+|oglz?();+|og & (] 1(_1);
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MODULE -V
ANSWERS Calculus

CHECK YOUR PROGRESS 26.1

22 21 21 21 21

1 7x7+]1 ?X2+2,?X2 +3,?X2 +4,?X2 +5 Notes
X6
2 @ *c (b) snx+C © 0
@ - (b) G () loglx|+
i
4
+C 3.3 -
D g B @ *C 0 getC
1
@ 2Jx+C M gxs+c
4. (@ -cosecO+C (b) secB+C
() tanB+C (d) -cot6+C

CHECK YOUR PROGRESS 26.2

x> 1 1
1. (a) ?+§X+C (b) X +tan™x+C
3
10_2 2 —i—i+i +Z -8x +C
@ x7-2x2+2x4C @ “sTgatga
x3 x>
© ?—x—tan'1x+c () 7+4x+4|ogx+C
1
2. (@ Etanx+C (b) tanx-x+C
1
() —2cosecx+C (d) —Ecotx+C
(e -scx+C () —cotx+cosecx+C
3. @ J2snx+C (0 -V2cosx+C

© —%cotx +C

3

4 @ %(x+2)5+C b L1

—_—
16 (x+1)%*°

MATHEMATICS 405
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1

1

2.

Integration

CHECK YOUR PROGRESS 26.3

@

©

©)

©

@

©

©

(o)

@

©

@

©

% cos(4-5x) +C (b)

log secB< +taer +

%sin(4x+5)+C

%sec(Bx +5)+C )

1

G4 C (b)

1 11
_ﬁ(4_7X) +C (d)

%Iog|3x—5|+C ()

%(ZX +1)°+C )

1 2X+1
—e”"+C
> (b)

1

4e(7+4X) + C

sm2xD

HC

—cosx§+C (d

1D

()

10 cosrx

28

%tan(2+3x) +C

—%cosec(3+5x)+c
1 5
-(x+1)°+C

5( )

L ax-5)t+c

16

—S\/S—Qx +C

log|x+1|+C

_163_8X +C

10 3 1
COS2X += cos6x +C
2H 2 6 H

1[Bin6x sm2xD

286 2H

CHECK YOUR PROGRESS 26.4

@

©

©
©)

@

%Iog|3x2—2|+C (b)

log [x2 + 9x + 30| + C (d)
log[x2+x-5|+C ()
log|8+logx|+C

%Iog|a+bex|+C (b)

log[x2+x+1|+C

:—13Iog|x3+3x+3|+C

2log|5++/x | +C

tan™1 (e +C

MATHEMATICS
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CHECK YOUR PROGRESS 26.5

1

1

2.

@

©

©

©

0

(k)

(m)

()

@

U

©

X-3

3
X+E|ng—+3 +C (b)
1 -1/,2
Etan (x9)+C (d)
1.
Etan (2tanx) +C )
1 . L Ix+10
——tan +C h
a6 Oweg - O
1 4 X i
——sec —+C
2 5 @)
logle* +V1+e*|+C ()

. 1 [x-ad
sin +C
a0 Q
2 _y2
VX +1+Iog‘x X +1‘ +C

tan‘l(ex)+C

1. B0
ésm BZB-FC

antZ o
2

L X+20

sin BTB+C

1 Ctan® 6 —1%
V2 D\/Etane 0

sntx-v1-x% +C

%9n’1%x3ﬁ+c

2X ++/9 +4x>

2

+C

1

(9) §|09

—%Iog‘2c036+ 4cos’ 6—1‘ +C

Iog‘tanx ++/tan® x —4‘ +C

L Ix+20

tan BTH+ Cc

CHECK YOUR PROGRESS 26.6

@
(b)

©
@

(b)

-xcosx+snx+C

%(1+ x2)5in2x +

-X cos2x 1 sin2x
+= +
2 2 2

xtanx —log[secx|-x+C

C

X COS2X _sin2x

+C

lxg—lxzsinZX —EXCOSZX +Esin2x +C
6 4 8

+C

MATHEMATICS
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Integration

4 4 0 3[| 3
X log2x X ic (b) D(—X—Dlogx—x +X4c
4 16 0O 30 9

3 @

(©) x(logx)2-2xlogx+2x+C

4. @ X_n) +C (b) logx.[log(logx)—-1]+C

0
5 @ € G—-—+20+C (b)) X—-—+C

X2 2 10
— Alogx)“ —-logx +=+C
6. Za g X) g ZH

7. @ xsec‘lx—log‘x+ x2 —1‘+C

2
(b) XECOt_1X+§+%CO'[_1X +C

CHECK YOUR PROGRESS 26.7

1. (@ €e'secx+C (b) €e*loglsecx +tanx|+C
1
2. (3 ;eX+C (b) esnlx+C
et et
— +C
3. (1+x)2 4, 1+X+C
X
X tan—+C
5. 2

6. é € (sin2x —2cos2x) +C

CHECK YOUR PROGRESS 26.7

X, | X —§—§Iogx+ x% - +C
1 (@ 4 \/ 2
(2x+ 3)\/x +3X — —IogEr B+ x? +3x| +C

© —(2x+1)m T EZi(/le
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2. (8 4log|x-3|-3log|x -2]|+C

(b) %Iog|x—4|+|og|x +4|+C

x
2
1

1 7
= -1 +=1 +2) -
(0) 5 og|x-1| 9 og(x +2)

4. log|x-1| -

3 3

5 (a) %Iog|1—sinx|—%|1+sinxl

x-1) 2(x-1)? e

-Zlog|x -2| +log|x +2]] +C

+C

3(x-1)

—Tjélog‘l—\/isinx‘ +4—j§Iog‘1+x/§sinx‘ +C

(b) log|secx +tanx | —2tang +C

TERMINAL EXERCISE

1. secx-cosecx +C 2.
3. —-cotx—tanx+C 4.
5. 4tan"x-sin"lx+C 6.
7. —cotx-x+C 8.
9. x+cosx+C 10.
—cos(3x +4
T ) B 12,
13 iIogcosnecD —ED—Comx—m
D) BX 4 tH 4
14. log|tan™'x|+C 15.
1 .
16. ZIog|3+4Iogsmx|+C 17.

X —-X

18. 2log|e? —e?

|+C 19.

snx —-cosx+C
tanx —cotx —4x+C
tanx -x+C

X—cosx+C

sin(7x -1 ‘C

tan(2x + b) iC

+C

log +C

X
logtan—=
g 2

%Iog|logtanx|+C

1sec“x+C
4
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20.

22.

23.

24.

25.

26.

27.

28.

30.

32.

36.

38.

42.

Integration

2
—cos ¢+ C 21. 2X2 +3 +C
24/tanx +C

=x (25—9x2) sn‘lgxﬁ+c

—(X a)V2ax —x? += asm‘léx;a

xv/3x% +4 +_| J37+\/x +4
2 V3
| 2
m+llog‘3x+ 1+9x?%| +C
2 6
Dlx\/xz—az +£a2Iog‘x +x% -2 +c
2 2
x [
1. _[tanx[ %an
S5 C 2. Lt 2,
V3 0 +V3 O
B H
1 _]_D(_?JD 1 -
—tan +C = 1 +
5 5 H 31. 2tan (2tanx)+C
+—1 x—a +C lIog 9+X4_3+C
x+210 —log|-———
Slogl B 5% oo,
|\/— tanx| 1 |tanx \/_|
35.
|\/— tanx| |tanx+J_|
1
5tan(ax+b)+C 37. log|(2+logx)|+C
1 6 .
6|09(1+X)+C 39. log|sinx +cosx|+C
. 1
log [log (Snx)|+C 41. Blog|a+btanx|+C
-log |1+ cosx|+C 43. %szx+%x+c
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3 . .
COS’ X 1sin2x 1sin8x

- + + — -— +C

44, —cosx C 45, 5" 5 > 8
i A5

6. Lsin?x -3 X, ¢ 47. i[12x—83in2x+sin4x]+C

3 5 32

tan” x
48. tanx—-secx+C 49, +log|cosx | +C
50 _—1+C 51. log
" COSX +sinx ' 1+cotx

52. %Iog‘x2+sin2x+2x‘+c 53. logtanB|+C

. 1.
54. log|logsin®|+C 55. Etan 2X
1
56. log|cos@+snB|+C 57. e*x+C
58. %Iog‘azsinzx+bzcoszx‘+c
2(a” -b%)
59. %Iogsec%—gﬁﬂarﬁx—% +C
60. e cosIx+C 61l. esecx+C
1 2 1 2
=x2+C -—x“+C
62. 2 63. 5
. 2 3
g, X3 X X+1Iog|1—x2|+C 65. —XZ@OQX‘—B”:
/l—xz 2 3

66. x€° %og (xeX ) —1%+ C

67. ——log|x|+log|x | ~log|x +1] +C
1+ X

68 leX —§(25in2x +c0s2x) +C
C 2 10

69. g[cos(log x) +sin(logx)] +C

70. xlog|x+1|-x +log|x +1| +C

+§Iog|x +3| +C

71. §Iog|x—1|—
8 2(x-1) 8

MATHEMATICS

MODULE -V
Calculus

Notes

411



Integration

MODULE -V 2 1
72. —Zlog|cosO -2 —=log|cos 6 +1| +C
Calculus 3 g | 3 9| !
1 x>
73. =lo +C
5 gx5+l
1 L0O0x 0O _ 0
74. —— Aan’t +tant(V2x |5+ C
Notes 32 E BFZH ( )%
2
75. log| 19X, ¢
1+logx
e
76. | +C
Og1—eX
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Integration

@ Reduction Formulae]

There are many functionswhose integrals cannot be reduced to one or the other of the well

known standard forms of integration. However, in some cases these integrals can be connected
agebraicaly withintegralsof other expressonswhich aredirectly integrable or whichmay beeasier to
integratethan theorigina functions. Such connecting algebraicrelationsare caled reduction formulae.
Theformulae connect an integral with another whichisof the sametype, but isof lower degreee or
order or at any raterelatively easier tointegrate. Inthissection, weillustratethe method of integration

by successivereduction.
26.9.1 Reduction formula for Ix” e” dx n being a positive integer
Letl, =J’x” e dx

Onusingformulafor integration by parts, weget

n a ax

X" e 1 €
|, = ~[nX 1= dx
a a
n ax
X"e™  n. .
= ——Ix”leax dx
a a
_xX'e n,
a a n-1

Thisiscalled areduction formulafor Ix" €™ dx. Now| _, inturncanbeconnectedto | .

By successivereduction of n, theorigina integra 1_finaly dependson |, where
ax

€
lo= Ieax dx=—
a

412/1



Example 1
J’ x> € dx
Sot Wetake a=5and usethereductionformulafor n=3, 2, 1inthat order.

Thenwehave

3e5X 3

= (e dx=2 -
Iy J’x ="l

xeex 2
|2: _7|1
5 5
xeX 1
|1: _*lo
5 5
5X
and IO:e—+c
5
X
- 3 2 5x 6 X 6 X
Hence ==~ = 5 X e = X € o &+ c

1. Theorem: Reductionformulafor J’sin”xdxforaninteger n>2
Proof: Let | = J'sinn x dx
_ . n_l .
I _Ism X Sin x dx

:J’sin”‘lxi (-cosx) dx
dx

=sin"?x (-cosx) —I(n—l) sin"? xcos x(—cos § dx
= —sin" xcos x +I(n—1) sin"2 x(1-sin? ¥ dx
= -sin"* xcosx +(n—1)Isin”‘2 X dx—( n—l)Isin” x dx
= -sin"*xcosx +(n-1)1,, ~(n-1) 1,

-sin"t xcos x ,n-1
n n

Hencel, =

I n-2

412/2



Thisiscalled reduction formulafor J’Sl n" x dx

If niseven, after succesivereduction, weget
lo :‘[(sinx)0 dx= x+¢
If n isodd, after successivereduction, we get
I, :J'(sinx)1 dx = —COS X+ G
Example 2

Evauate Isin“ x dx .

Sot Onusing thereduction formulafor Isi n* xdxwith n=4and 2inthat order we have

ik
I4—J'sm X dx
sin®xcosx 3
:_7+7|2
4 4

sinfxcosx 3 snxcosx 1. [
-t Tty
4 4 2 2 °H

sin®xcosx 3 . 3
=2 TP _ T SnXCcosSX +— X +¢C
4 8 8

Notes :

(1) Reductionformulafor I Tan"x dx for aninteger n>2.

Tan"x
n-1 'z

where n iseven, | will finally dependon

Let I, =J’Tan”x:

ly :Idx = X+g
whennisodd, | will finally depend on
I =ITanxdx =log|sec x| + ¢
(2) Reductionformulafor J’sec”x dx foraninteger n>2
n-2

1 _
Let I, :Isec“xdx =n—_139c” 2 xTan X+ [

412/3



when niseventhelastintegral towhich|_canbereducedis I, =J’dx = x+g
Whennis odd, theultimateintegral is |,
whichis |} :J'secxdx =log |sec x+tan x| + ¢
Example 3
Isec5 x dx
Sol: Onusing n=5intheabovereductionformula

3
sec’xtanx 3
l. = fsec®x dx="2 22 4+ 2
| 4 4 °

secxtanx 3 secxTanx 3
= + — +— |1
4 4 2 8

3
sec’x tanx 3 3
=f+§sechanx+ s log|Secx+ Tanx | +c.

[Check Your Progress |

l. Evduatethefollowingintegras

L J’x2 e dx

2. J’x3 & dx
[1.Evduatethefollowingintegras

L J’Tan4x dx

2. J’cos“x dx

3. J’sec3x dx
I 1. If Inzfcos”x dx. Then show that

1 4o n-1
==cos" ' xsinx+—=1_,
n n

n

412/4



[ Let Us Sum Up]

L If 1= [x"e™ dx Then

n o
| = - —1,, Forapositiveinter n.
a

2. |If Inzfsin”x dx then

_ —sin"!x cosx L1
I, = o

I, foraninter n>2.

3. |If In:J’cos”x dx, Then

_cos"txsinx L n-1
n- n

I l,,, foraninteger n>2

4. 1f 1 = ITan”x dx, Then

_ Tan"x

|
" n-1

— ., foraninteger n>2.

[ Supportive Web site%

e hitp://www.wikipedia.org

e hitp:// mathworld.wolfram.com.

Answers

[Check Your Progress 1]

—3X

e
'@ 27

(9x* +6x+2) + ¢

eaX
@ —5 (@x-3& X +6ax6)+c
a

_sin’xcosx 3

) 3
(1 - —SINXCOSX +—X +C
1) 4 8 8

1 4 . 3 3
(2) —cos'xsinx+ —cosxsin X+ — X+ cC
4 8 8

412/5
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’77 Notes

DEFINITE INTEGRALS

In the previous lesson we have discussed the anti-derivative, i.e., integration of a function. The
very word integration means to have some sort of summation or combining of results.

Now the question arises : Why do we study this branch of Mathematics? In fact the integration
helps to find the areas under various laminas when we have definite limits of it. Further we will

see that this branch finds applications in a variety of other problems in Statistics, Physics, Biology,
Commerce and many more.

In this lesson, we will define and interpret definite integrals geometrically, evaluate definite integrals
using properties and apply definite integrals to find area of a bounded region.

r
@ OBJECTIVES

After studying this lesson, you will be able to :

. define and interpret geometrically the definite integral as a limit of sum;
o evaluate a given definite integral using above definition;

. state fundamental theorem of integral calculus;

. state and use the following properties for evaluating definite integrals :

(i) .T.f(X)dX=—}f(x)dx (i) j.f(x)dx =1j.f(x)dx+j.f(x)dx
a b . " b

(i) fo(x)dx =J%f(x)dx+j}f(2a—x)dx
0 0 0

b b
(iV) J.f(x)dx =If(a+b —-x)dx

w [fGdx =[f(a-x)dx
0 0

MATHEMATICS 413
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2a a
(vi) If(x)dx=2jf(x)dx if f(2a-x)="~f(x)
0 0

=0if f(2a—-x)=-f(x)

a a
i) [ £ (x)dx = 2[ £(x)dx if fis an even function of x
—a 0
=01if fis an odd function of x.

apply definite integrals to find the area of a bounded region.

EXPECTED BACKGROUND KNOWLEDGE

. Knowledge of integration

. Area of a bounded region

27.1 DEFINITE INTEGRAL AS A LIMIT OF SUM

In this section we shall discuss the problem of finding the areas of regions whose boundary is
not familiar to us. (See Fig. 27.1)

Fig. 27.1 Fig. 27.2

Let us restrict our attention to finding the areas of such regions where the boundary is not
familiar to us is on one side of x-axis only as in Fig. 27.2.

This is because we expect that it is possible to divide any region into a few subregions of this
kind, find the areas of these subregions and finally add up all these areas to get the area of the
whole region. (See Fig. 27.1)

Now, let f (x) be a continuous function defined on the closed interval [a, b]. For the present,
assume that all the values taken by the function are non-negative, so that the graph of the
function is a curve above the x-axis (See. Fig.27.3).

MATHEMATICS
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Ry
NN
NN

« D

iy
N

N

Fig. 27.3

Consider the region between this curve, the x-axis and the ordinates x =a and x =b, that is, the
shaded region in Fig.27.3. Now the problem is to find the area of the shaded region.

In order to solve this problem, we consider three special cases of f (x) as rectangular region ,
triangular region and trapezoidal region.

The area of these regions = base x average height
In general for any function f (x) on [a, b]
Area of the bounded region (shaded region in Fig. 27.3 ) = base x average height

The base is the length of the domain interval [a, b]. The height at any point x is the value of ' (x)
at that point. Therefore, the average height is the average of the values taken by f'in [a, b]. (This
may not be so easy to find because the height may not vary uniformly.) Our problem is how to
find the average value of f'in [a,b].

27.1.1 Average Value of a Function in an Interval

If there are only finite number of values of f'in [ a,b], we can easily get the average value by the
formula.

Average value of fin [a,b] = Sumof thevaluesof fin[a,b]

Numbersof values

But in our problem, there are infinite number of values taken by f in [ a, b]. How to find the
average in such a case? The above formula does not help us, so we resort to estimate the
average value of f in the following way:

First Estimate : Take the value of fat 'a' only. The value of f at a is f (a). We take this value,
namely f (a), as a rough estimate of the average value of fin [a,b].

Average value of f'in [a, b] ( first estimate ) = f (a) )

Second Estimate : Divide [a, b] into two equal parts or sub-intervals.

Let the length of each sub-interval be h, h = b-a .

Take the values of f at the left end points of the sub-intervals. The values are f(a) and f(a+h)
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(Fig. 27.4)
Y
N
| |
. |
' (a” Fla+h]y I
| i |
1 |
| |
1 1 X
0 (3 + 1) ]
Fig. 27.4
Take the average of these two values as the average of f'in [a, b].
Average value of f'in [a, b] (Second estimate)
f(a)+f(a +h b -
(L)) b 0

This estimate is expected to be a better estimate than the first.

Proceeding in a similar manner, divide the interval [a, b] into n subintervals of length h

. b-a
(Fig. 27.5), h =
n
YA
/r—r\r—l
| I I (|
L=l =i
=151 A |
— = Lo
O+t S
Sleis! 18
[l | }EI 1
[T I —
[T I |1
[ I |
[ R [ N
Q aa+ha+2h a+i{n-NHhh W

Fig. 27.5

Take the values of f at the left end points of the n subintervals.

The values are f (a), f (a + h),......,f[a + (n-1) h]. Take the average of these n values of f'in
[a, b].
Average value of fin [a, b] (nth estimate)
b-
zf(a)+f(a +h) 4. £(a (n 1—)h), pob-a (i)

n n

For larger values of n, (iii) is expected to be a better estimate of what we seek as the average
value of fin [a, b]

Thus, we get the following sequence of estimates for the average value of f'in [a, b]:

MATHEMATICS
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f(a)

%[f(a)+f(a )], h=b;a
Llf(a)+f(a +h) 4 (a 20)], h=o—3
3 3
Llf(a)+f(a+h)+ et flat(n-1)h}], h=2"2

As we go farther and farther along this sequence, we are going closer and closer to our destina-
tion, namely, the average value taken by f'in [a, b]. Therefore, it is reasonable to take the limit of
these estimates as the average value taken by f'in [a, b]. In other words,

Average value of f'in [a, b]

lin L{f(a)+f(a +h) #(a 2h) .. Bfa (a 1}h]}

n—oeo N

()
It can be proved that this limit exists for all continuous functions f on a closed interval [a, b].
Now, we have the formula to find the area of the shaded region in Fig. 27.3, The base is
(b — a)and the average height is given by (iv). The area of the region bounded by the curve f
(x), x-axis, the ordinates x =aand x =b

= (b =) lim %{f(a)+f(a h) £(a 2h) 4. fRa (% )R]}

n—oo

1 b-a
lim—|f f h)+... f —1)h}|,h=——
nlg%m[ (a)+f(a+h)+ +f{a+(n-1)h}], . )

We take the expression on R.H.S. of (v) as the definition of a definite integral. This integral is
denoted by

b
Jf(x) dx

b
read as integral of f (x) from a to b'. The numbers a and b in the symbol_[ f(x) d&X are called

a

respectively the lower and upper limits of integration, and f (x) is called the integrand.

Note : In obtaining the estimates of the average values of f in [a, b], we have taken the left
end points of the subintervals. Why left end points?

Why not right end points of the subintervals? We can as well take the right end points of the
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subintervals throughout and in that case we get

jlf(x)dx=(b —a ) lim l{f(a +h) #(a £h) +.. fb)}, hzb_a

n—eo N n

=hlii>n0h[f(a+h)+f(a+2h)+ ...... +f(b)] (vi)

2
Example 27.1 Qi j x dx as the limit of sum.

1
Solution : By definition,

n—eo N

b
[£(x)dx=(b -a)lim ~[f(a) +f(a ) %o t{a (0 1}0}],

1
Herea=1,b=2,f(x)=xand h =—.
n

Jz'xdx= lim l{f(l) +f(1 P E—I— 1 Ej%)}

1 n—eo 1 n k n

= iml_ + -Il\ ( ik
1 1(1 HU(J(I %) ....... | H—)—Q—J

n—eo N | k n

T D Erl EA— 34_—1”
[ —)

n—oeo N

1] 1
= lim —|n +—(1 ® +.. ¢n 13)}
noen| 1
= liml n +—(n—1).n}
n—eo N | n.2

[Sincel+2 +3 +.. fn B Q‘Tl)n}

) 1{3n—1}
= lim —
n—eo N 2

. {3 1 } 3
lim|— — | =—
n—se| 2 2n 2
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2
Example 27.2 Byl j e* dx as limit of sum.

0
Solutions : By definition

jlf(x)dx=ﬁin%h[f(a) +(a +) f(a 2h) .+ ffa (ot 1)h}]

a

b_
where h = 2
n
Here a =0,b =2,f (x) =*andh 2-0 2
n n
2
[e*dx = lim h[f(0) +f(h) 4 (2h) +.. #(n 13h]
0 h—0
= lim h[eo teh a2t 4 e&n‘l)h}
h—0
0 (eh)n_l\
= lim h| e A '
h—0 e —1 }
. a
Since a+ar +ar’ +.... ar"! a(r \l}
i r—l)
nh 2
= fimh| S| =i 3(6 1
h—0 | el —1 haoh{[eh_ﬂ

-1 -1

= lim
h—0 el —1 1
h
I el -1
- lim =
=¢® -1 h—0

In examples 27.1 and 27.2 we observe that finding the definite integral as the limit of sum is quite
difficult. In order to overcome this difficulty we have the fundamental theorem of integral calculus
which states that

Theorem 1 : If fis continuous in [ a, b] and F is an antiderivative of f'in [a, b] then

b
[f(x)dx=F(b)-F(a)

The difference F (b)—F (a) is commonly denoted by [ F(x) ]Z so that (1) can be written as
b

[£(x)dx = F(x) or[F(x)T°
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In words, the theorem tells us that

b
f f (x) dx =(Value of antiderivative at the upper limit b)
a

—(Value of the same antiderivative at the lower limit a)

2
Example 27.3 B BRRL
1

2 2 P
X
Solution : IX dx = {7}
1 1
_4 1.3
2 2 2
B el (PR Evaluate the following
T
2 T
() jcosx dx (b) J.e *dx
O 0

Solution : We know that

I cosxdx =sinx + ¢

I
cosxdx =[sinx]3

oS —po|a

=sin§ —-sin0 =1 -0 4

2 2x P
(b) [ dx{ez } : [j exdx=ex}

(=

Theorem 2 : If f and g are continuous functions defined in [a, b] and ¢ is a constant then,

b b
) _[cf(x)dx=cff(x)dx
b b b
(i) j[f(x)+g(x)]dx =jf(x)dx JEg(x)dx

b

b b
iy JIE(x)-g(0ldx= [f(x)dx fg(x)dx

a
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2
| DCVN YA Evaluate .[( 4x =5x+7 )dX

0

Solution : T(“Xz -5x + 7)dx :.2[4x2dx in dx +}7 dx

0 0 0 0
2 2 2

= 4IX2dX - SI xdx + 7_[1 dx
0 0 0

X3 ’ X2 ’ 2
MEIR Ea e

SERORE

=32 10+14
3
_ M
3
Q
& § CHECK YOUR PROGRESS 27.1
5 1
1. Find X+ 1D dX agthe limitof sum. 2. Find | € 9X as the limit of sum.
0 -1

o] a

T

4
3. Evaluate (a) Isinx dx (b) J.(sinx +cosx ) dx
0 0
i
0

2
1 3 2
(C) mdx (d) J.(4X - 5x +6X +9)dX
1

27.2 EVALUATION OF DEFINITE INTEGRAL BY
SUBSTITUTION

The principal step in the evaluation of a definite integral is to find the related indefinite integral.

In the preceding lesson we have discussed several methods for finding the indefinite integral.
One of the important methods for finding indefinite integrals is the method of substitution. When
we use substitution method for evaluation the definite integrals, like
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the steps could be as follows :

(1)  Make appropriate substitution to reduce the given integral to a known form to integrate.
Write the integral in terms of the new variable.

(1)
(i)

Integrate the new integrand with respect to the new variable.
Change the limits accordingly and find the difference of the values at the upper and lower
Note : If we don't change the limit with respect to the new variable then after integrating

resubstitute for the new variable and write the answer in original variable. Find the values of
the answer thus obtained at the given limits of the integral.

3

X
1€ (XY Evaluate _[1 ) dx

2

Solution : Let 1+ x% =t

1
2x dx = dt or xdx = Edt

When x=2,t=5 and x =3, t = 10. Therefore, 5 and 10 are the limits when t is the variable.

} X 1‘J‘-’1
Thus =< ] cdt
2l +x 2 St
1 10
=—|logt
2[ g ]5
1
= —[logl0 —1log5]
2
1
=—log?2
> g
D) CPME Evaluate the following :
n n n
2 . 2 . 2
sinx sin20
@ a0 [ f
01+cos X ) Sin 0 + cos 6 S5+4cosx
Solution : (a) Letcosx=t then sinxdk=-dt

i i
When x=0,t=1 and X =E,t = 0. As x varies from 0 to E,tvariesﬁomltoo.

0

SlnX ‘J.
1 + cos? x 1 1 +t2

0
= {tan'1 t]1

o*—.wl:\

- [ tan"! 0 — tan~! 1]
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T
4
L T
2 2
sin20 sin2
DL f o gd0= ] 2 VTS
sin® 0 + cos’ o(sm 0+ cos 9) —2sin“ Bcos” O
r
2 .
ZJ- sin 20 46
0 1-2sin% 0 cos? 0
r
~ T sin20do
01—2sin26(1—sin26)

Let sin2 0 =t
Then 2sin®cos0dO = dt i.e. sin20d6 = dt

i
When ¢ = ot—oande—g = 1. As @ varies from 0 to E,thenewvariabletvariesfrom
Oto 1.
1
|
I= dt
E|)-1—2t(1—t)
1 1
S
02t —2t+1
1
Izlf ! dt
27 2 1.1
0ts —t+— +—
4 4
1
1 1
I=—f dt
2 2
2O(t—l\| 4»
2) " 2)
t ! 1
I NN e )
—2.1 tan —l
2 2 0
[tan 1 tan_l(—l)]
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1 - tan? X
(c) We know that cosx = i
1+ tan? =

1

4(1—tan ( W
(l+tan (%\U)

secﬁ X\|
7 (1)

9+ tan ( X\|

dx

O —po|a
—_
Q..
II
o —|3

5+4cosx

5+

o'—;NI:—]

Let tani—t
© 2
X i
Then seczadx=2dt when x = (), tzo,whenX=5,t=1

1

From (1
5+4cosx J‘9+t2 [ (1]

0
1
2 a1t 2|: _11:|
=_| tan — =—| tan —
3 3 3 3

27.3 SOME PROPERTIES OF DEFINITE INTEGRALS

The definite integral of f (x) between the limits a and b has already been defined as

o_.wl:l

.[f )dx =F(b) —F(a),WherediX[F(X)]=f(X),

where a and b are the lower and upper limits of integration respectively. Now we state below
some important and useful properties of such definite integrals.

b b b a
@ Jfeodo=[f()d iy [F(x)dx = Jf(x)dx
a a a b

b c b
i) [F(x)dx = [F(x)dx +[f(x)dx, where a<c<b.
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b b
(iv) J.f(x)dxzj.f(a +b <) dx

f(x)dx +}f(2a = )dx

2a
) J. f(x)dx =
0 0

S —_—

(vi) If(x)dx=.[f(a -x) dx
0 0

, 0, iff(2a-x)= +(x)
a
. f(x)dx=1 % .
(vii) £ 2f £(x)dx, iff(2a-x)="f(x)
0
0, if f (x )isanoddfunctionof x

a
f dx =1 %
(viii) -|. (x)dx fo (x )dx, if f(x )isanevenfunctionof x
—a
0
Many of the definite integrals may be evaluated easily with the help of the above stated proper-
ties, which could have been very difficult otherwise.

The use of these properties in evaluating definite integrals will be illustrated in the following
examples.

Ih el (YRY Show that

> v
@ Jlog|tanx|dx:0 (b) '(I).1+sinxdX -7
0
I
2
Solution: (a)Let [I= Ilog | tanx|dx 00
0

a a
Using the property ff(X )dx = If (a —x)dx,weget
0 0

I

flog(tan(g - \dex

log (cotx )dx

oS —a
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:flog(tanx) dx
A 0
; T
2
Notes = —J.logtanxdx
0
=1 [Using (i)]
21=0
T
2
Le. =0 or flog [tanx|dx =0
0
Tox
dx
(b) ;‘;1+sinx
X
1= dx .
Let -([1+sinx @
- T —x a a
=] ————dx | |f(x)dx=|f(a =x)dx
J-01+sin(1'l:—x) '!.) (x) E)" ( )
T—X
= dx ..
£1+sinx (i)
Adding (i) and (ii)
Tx+ m-x f 1
21 =J.—.dX = 1} - dX
1+ sinx 1 +sin x
0 0
5 = Ta-t l-sinx dx
or Ol—sinzx
T
= d(seczx —tanxsecx) dx
0

= n[tanx — sec x |

= 7[(tan® - secn) — (tan0 —sec0) |
[0 (1)~ (0-1)]
=2n

[=n
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T

J i 2
S1nXx J' sinx — cos X

0

(@)

O —po | a

= dx
Jsinx +cosx +smxcosx

T

Solution : (a) Let I = .[ NS Smj/(
o Vsinx ++cosx

n[3- )JH—

dx

Also I =

o —a

(Using the property J. f(x
0

Jcosx

AJcosx +/sin x

dx

S —o|a

Adding (i) and (ii), we get

T
Jz‘ Vsinx ++/cosx
0

21 = dx
\/11‘1X+‘\/COSX
r
2
= fl.dx
0
n
.12 T
=X =—
X} =
=X
4

Vsinx T

dx = —

1€.
Jsinx ++/cosx 4

oS —po|a

Sll’lX —CO0SX
dx

1 +sInXxcosx

'—NI:-\

(b)Let I =

dx = ].f(a —X)dX)'
0

(ii)
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dx [._.Jf(x)dxz‘l.f(a —x)dx]

0 0

dx (ii)

T

2 .
_J- cOSX —sinx

0 1+ cosxsinx

Adding (i) and (ii), we get

SinX — cosx COSX —sinx

S —o|a
S — 3

21 = - + - dx
1+ sinxcosx 1 +sinxcosx
r
2 $inX — cOSX + COSX —sin X
= _[ - dx
0 1+ sinxcosx
=0
1=0
a XCXZ 3
1Dl PYAUN Evaluate (a) J- [+ <2 dx (b “X +1]dx
—a -3
X2
. Xe
Solution : (a) Here f(x)=
1+ x2
2
xe*
f(—x)=-
( ) 1+ x2
= =1 (x)
- f(x) is an odd function of x.
2
a X
J X dx =0
St x2

3
(b) I|X +1|dX
=3

| 1| X+ Lif x > -1
X +1| =
-x—-Lifx < -1

3 -1 3
J.|x+1|dx =J.|x +1|dx +j|x 1+|dx, using property (ii)
-3 -3 -1
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a

2
|DET ) YRR Evaluate j log (sinx )dx

0
I
Solution : Let 1= T log (sinx )dx @)
0
r
2 b \\
Also I= _[ log [sin( 5 |) } dx, [Using property (iv)]
0
r
2
= Ilog(cosx)dx (ii)
0

Adding (i) and (ii), we get

21 = |[log(sinx ) +log(cosx)]dx

I
oS —|a

log (sinxcosx )dx

1l
o —|a

sin2x\

| dx

)

]
UQ
—

T

Se—|a o—la

2
log (sin2x )dx —f log (2)dx
0

log (sin2x ) dx i;logz (i)

I
oS —o |3
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Again, let L f log (si
S 0 1
K} Put2x =t =>dx=5dt
n
Notes | When x = Ot—OandX—E

n2x )dx

t=m

lTE
— | log (sint ) dt
 Jlog (sint)

) Definite Integrals

0
r
1 2
=7 f og (sint)dt, [using property (vi)]
0
r
1 2
=3 .2_[ log (sinx ) dt [using property (i)]
0
L =1 [ffom(@)] .. (iv)
Puttlng this value in (iii), we get
ZI:I——10g2 = =—glog2
T
2 T
Hence, J.log(smx = —210g2
0
Q
" § CHECK YOUR PROGRESS 27.2
A™
Evaluate the following integrals :
1 z 1
2 2
1 Ixex dx 2. J'd—x 3 J. 2X2+3 dx
0 o3 +4sinx 0 X" +1
5 2 % _
4. JIx+2d 5. [eroxax e S g
5 0 ) COSX + sinx
T T
2 2 3 2
7. flog cosxdx 8. I ) dx 9 fsin2xlogtanxdx
0 —a 0
T
2 COSX
10. f— dx
0 I+sinx +cosx
MATHEMATICS



7.4 APPLICATIONS OF INTEGRATION

Suppose that f and g are two continuous functions on an interval [a, b] such that f (x ) < g (x )

for x € [a, b]thatis, the curve y=f(x) does not cross under the curve y = g (x) over [a, b ].

Now the question is how to find the area of the region bounded above by y = f (x), below by y
= g (x), and on the sides by x =a and x =b.

Again what happens when the upper curve y = f (x) intersects the lower curve y = g (x) at either
the left hand boundary x = a , the right hand boundary x =b or both?

27.4.1 Area Bounded by the Curve, x-axis and the Ordinates

Let AB be the curve y = f (x) and CA, DB the two ordinates at x = a and x = b respectively.
Suppose y = f (x) is an increasing function of x in v
theinterval 3 < x <b.

Let P (x, y) be any point on the curve and
Q(x +8x, y +9dy) a neighbouring point on it.
Draw their ordinates PM and QN.

Here we observe that as x changes the area
(ACMP) also changes. Let

A=Area (ACMP) o

Then the area (ACNQ)= A + 8A .
The area (PMNQ)=Area (ACNQ)— Area (ACMP)
= A+ 0A - A =0A

Complete the rectangle PRQS. Then the area (PMNQ) lies between the areas of rectangles
PMNR and SMNQ, that is

SA lies betweeny dxand (y + dy ) dx

dA
= o lies between y and (y + dy )
X

In the limiting case when Q — P, dx — 0Oand dy — 0.

. 0A lim (y+96
62210 Sx lies between y and Sy—0 (v +38y)
dA _

dx

Integrating both sides with respect to x, from x = a to x = b, we have
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= (Area when x = b) — (Area when x = a)
= Area (ACDB) -0
= Area (ACDB).

b
Hence  Area (ACDB) = _[ f(x)dx
a

The area bounded by the curve y = f (), the x-axis and the ordinates x =a, x=b is

b b
ff(x)dxor J.ydx
a a

where y = f (x) is a continuous single valued function and y does not change sign in the interval
as<x<b.

IR CWPAPA Find the area bounded by the curve y = x, x-axis and the lines x =0, x = 2.

Solution : The given curve is y = x y
y=X

.. Required area bounded by the curve, x-axis and
the ordinates x = 0, x = 2 (as shown in Fig. 27.7)

2
is J. xdx

0

2
2 0 Fig. 27.7

= 2 — () = 2 square units

Ih'e1 ) (WYBRE Find the area bounded by the

curve y = eX, x-axis and the ordinates x =0 and x =a > 0.

Solution : The given curve is y = e*.
.. Required area bounded by the curve, x-axis and the ordinates x =0, x =a is

a

J. e*dx

MATHEMATICS
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X
1D el CPYRER Find the area bounded by the curve Y = €€0S ( s ), x-axis and the ordinates

x=0,x=a, 2a<cm .

Solution : The given curve is y = ccos ( z j
c

Required area = | ydx

[SXE—

ol S
[of2]
= cz(sin( )—sinO)

. (a
= C sm ( o ) square units

o | ®

IR el VI EPFAY] Find the area enclosed by the circle x2 + y2 = a2, and x-axis in the first

quadrant,

Solution : The given curveis x> + y> = aZ, which
is a circle whose centre and radius are (0, 0) and a
respectively. Therefore, we have to find the area
enclosed by the circle x2 + y2 = a? , the x-axis
and the ordinates x = 0 and x = a.

y
()]

(0. 0}

X24y2=3g2

a
Required area = _[ ydx

0
a
= _[ a? —x2dx
0
(v yis positive in the first quadrant)

2 a
=| a2 - x2 + & sin | 2
2 2 a )l

2 2
= 0+a—sin_11—0—a—sin_10
2 2

2
= a__E ( sin™'1 :E,sin_1 0= 0)
2 2 2

na?

= e square units

yI
Fig. 27.8

(a C)
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ID'e1 I PPALY Find the area bounded by the x-axis, ordinates and the following curves :

(@) Xy=cz,x=a,x=b, a>b>0

(i) y = log, x,x =a,x=b, b>a>1

Solution : (i) Here we have to find the area bounded by the x-axis, the ordinates x =a, x =b
and the curve

c
= ¢? or =—
Xy=c¢ y N
a
Area:Ide (-~ a>Db given)
b
a 2
=.|.c—dx
b X

=02[10gx]§

= ¢? (loga - logb)

2 a
= 1 —
c Og(bj

(i) Here y =log, x

b
Areaz.[IOgeXdX, (v“b>a>1)

a
b
:[xlogex]: —.fx —dx

X
a

b

= blog. b -alog.a —.[dx
a

b

= blog,b—alog.a—[x],

= blog,b—alog.a—-b +a
=b(log,b-1)—a(log,a—1)

b a
=b10ge(€j—aloge(;) (. logee=1)

re\
& § CHECK YOUR PROGRESS 27.3

1. Find the area bounded by the curve y = x2, x-axis and the lines x =0, x =2.

2. Find the area bounded by the curve y = 3 x, x-axis and the lines x =0 and x = 3.

MATHEMATICS
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3. Find the area bounded by the curve y = ¢2X, x-axis and the ordinates x =0, x =a, a> 0.

. (x
4.  Find the area bounded by the x-axis, the curve ¥ = € sm( % ) and the ordinates x =0

andx=a, 2a < c.

27.4.2. Area Bounded by the Curve x = f (y) between y-axis and the Linesy=c¢,y=d

Let AB be the curve x = f (y) and let CA, DB

be the abscissae at y = ¢, y = d respectively. y|D B

Let P (x, y) be any point on the curve and let N £la (x +8x, y-8y)

Q(x +3x, y +8y) be a neighbouring point R
on it. Draw PM and QN perpendiculars on / Pixy)
y-axis from P and Q respectively. As y changes, A

the area (ACMP) also changes and hence clearly
a function of y. Let A denote the area (ACMP), .

then the area (ACNQ) will be A + §A . Fig. 27.9

The area (PMNQ) = Area (ACNQ) — Area (ACMP)= A + 5A — A = 8A .

Complete the rectangle PRQS. Then the area (PMNQ) lies between the area (PMNS) and the
area (RMNQ), that is,

SA liesbetween x 8 y and (x +8x)d8y

0A
= g lies between x and x +9 x

In the limiting position when Q — P, 8x — 0 and dy — 0.

. 0A :
lim S lies between x and 6)1(1rn (x +0x)

dy—0 oy —0
dA
= E =X
Integrating both sides with respect to y, between the limits ¢ to d, we get
d d
fxdy = Ii—? -dy
C C
d

=[A]

C
= (Area when y = d) — (Area when y = ¢)
= Area (ACDB) -0
= Area (ACDB)
d d
Hencearea  (ACDB) = J. xdy ZJ f(y)dy
C

C
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The area bounded by the curve x = f (y ), the y-axis and the linesy =cand y =d is
d
dey or

C

d
[f(y)dy

where x =f(y ) is a continuous single valued function and x does not change sign in the interval
c<y<d.

Notes
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IDe I PFAWA Find the area bounded by the curve x =y, y-axis and the lines y =0, y = 3.

Solution : The given curve is x =y.

.. Required area bounded by the curve, y-axis and the lines y =0, y =3 is

3
= I x dy
0 \; y =X
; /
= I y dy > y=3
0
P
— y_ < re y =0
2 0 X 9 X
_2 0 y Fig. 27.10
2
9 .
= — square units
2
IDENLIPYBEE Find the area bounded by the curve x = y?,y=axis and the lines y =0, y

=2.

Solution : The equation of the curve is x = y2

.. Required area bounded by the curve, y-axis and the lines y =0, y =2

2 372
=IY2dy={y?}

0 0
3y

3

8
= 3 square units

IDENL WAL Find the area enclosed by the circle x2 + y? = a2 and y-axis in the first

quadrant.

MATHEMATICS



Solution : The given curve is x% + y2 = a2, which is a circle whose centre is (0, 0) and radius

a. Therefore, we have to find the area enclosed by the circle x? + y? = a2, the y-axis and the

abscissacy =0,y =a.

y
a
Required area = IX dy (2
0
a
= J\/az —y2 dy
0 X o > X

. c a 0}
(because x is positive in first quadrant) (

a

2
a .-
= X"az _y2 +751n 1(%):| Fig. 27.11

2 0

2 2
= 0+a—sin_11—0—a—sin_10
2 2

2 n
= square units ( sin"! 0= 0,sin"1 = —)
4 2

Note : The area is same as in Example 27.14, the reason is the given curve is symmetrical
about both the axes. In such problems if we have been asked to find the area of the curve,
without any restriction we can do by either method.

e D@ ) Find the whole area bounded by the circle x2 + y% = a2.

Solution : The equation of the curve is x2 + y% = a2.
¥
The circle is symmetrical about both the axes, so the whole
area of the circle is four times the area os the circle in the first e
quadrant, that is,
Area of circle =4 x area of OAB
Tliaz A QO A X
=4x e (From Example 27.15 and 27.19) = 42
square units B
IDel ) y®Al Find the whole area of the ellipse
2 2 Fig. 27.12
X—2 + y_2 =1
a” b
Solution : The equation of the ellipse is
2 2
L
a b
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The ellipse is symmetrical about both the axes and so the whole y
area of the ellipse is four times the area in the first quadrant, that is,
Whole area of the ellipse =4 x area (OAB) B

In the first quadrant, /"
2 2 b A o X
y—zzl—x—2 or y = —vVa% —x? \/A
b a a

Now for the area (OAB), x varies from0 to a B
a
Area (OAB) = J}’dx Fig.27.13
0

a
= EJ.\/az —x2 dx
a
0

i 2
=E Va2 x4+ L gin ! 2
al 2 2 a )l

b_ 2 2
=20+ ginl1—0-2gin o
al 2 2

4
Hence the whole area of the ellipse

= 4><M
4

= mab. square units

27.4.3 Area between two Curves

Suppose that ' (x) and g (x) are two continuous and non-negative functions on an interval [a, b]
such that f(x)>g(x) forall x € [a, b] /A 1

that s, the curve y =f(x) does not cross under y=fix
the curve y =g (x) for x € [a,b]. We want to

find the area bounded above by y = f (x),
below by y=g(x), and on the sides by x =a
andx =Db.

Let A=[Area under y = f (x)] —[Area under
y=g®I .. (M

Now using the definition for the area bounded

y=g(x)

I
x
| he————————

>

Fig. 27.14

by the curve y = f ( x ), x-axis and the ordinates x =a and x = b, we have
Area under
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b
y=fCo=[t()ex )

a

b
Similarly,Area under ¥ = & (x) ZJ. g(x)ax (3)
a

Using equations (2) and (3) in (1), we get

b b
A= jf(x)dx tlig(x)dx

[f(x)-g(x)]ax @)

PR S—C

What happens when the function g has negative values also? This formula can be extended by
translating the curves f (x) and g (x) upwards until both are above the x-axis. To do this let-m be
the minimum value of g (x) on [a, b] (see Fig. 27.15).

Since g(x)=-m = g(x)+m=0

y-fx)—-m
/\[(x}‘ '3 /’\

Aea

C
x
I
w
S
Il
L
4
x
>
I
[

y=gid-m b

7 X

Fig. 27.15 Fig. 27.16

Now, the functions g (x ) + m and f (x ) + m are non-negative on [a, b] (see Fig. 27.16). It
is intuitively clear that the area of a region is unchanged by translation, so the area A between f

and g is the same as the area betweeng (x ) + m and £ (x) +m  Thus,
A=[areaundery =[f(x) +m]]—-[areaundery =[g(x) +m]] ... ®)

Now using the definitions for the area bounded by the curve y = f (x), x-axis and the ordinates x
=aand x =D, we have

b
Areaunder y = f (x) +m =J[f(x) mldxk L. (6)

a
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b
and Area under ¥ = €(x) +m =_“g(x) ] dx (7)

a

The equations (6), (7) and (5) give

A= J. (x) +m]dx +[g(x) +4m]dx

e e

= |[f(x) —g(x)]dx

s:a'—.o"

which is same as (4) Thus,

If f (x) and g (x) are continuous functions on the interval [a, b], and
f (x) 2 g (x),V x€ [a, b], then the area of the region bounded above by y = f (x), below
by y = g (x), on the left by x =a and on the right by x =b is

Jf<)g(x]

a

|11 PIWIA Find the area of the region bounded above by y =x + 6, bounded below by

y = x2, and bounded on the sides by the lines x = 0 and x = 2.

Solution : y = x + 6 is the equation of the straight line and y = x2 is the equation of the

parabola which is symmetric about the y-axis and origin the vertex. Also the region is bounded
by the lines x = 0 and x = 2

v
2 2
Thus, A=f(x +6 ) dx —Ixzdx
0 0
2 372
{7 réx L}
3 0
_3¥
3
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34 .
= ? square units

If the curves intersect then the sides of the region where the upper and lower curves intersect
reduces to a point, rather than a vertical line segment.

I ¢) 1 (WYWARE Find the area of the region enclosed between the curves y = x2 and

y=x+6.

Solution : We know that y = x?2 is the equation of the parabola which is symmetric about the

y-axis and vertex is origin and y =X + 6 is the equation of the straight line which makes an angle
45° with the x-axis and having the intercepts of —¢ and 6 with the x and y axes respectively.
(See Fig. 27.18).

Fig. 27.18

A sketch of the region shows that the lower boundary is y = x2 and the upper boundary is y =

x +6. These two curves intersect at two points, say A and B. Solving these two equations we get

x2=x+6 = x2-x—-6=0

= (x=3)(x+2)=0 = x=23,-2
Whenx=3,y=9and whenx=-2,y =4

-. The required area = J._Sz[( X+6)-x> ]dx

2 3P
2 3,
21 (2
2 3

125 .
= ? square units

1D ETNVICPPPLY Find the area of the region enclosed between the curves y = x? and y =x.

Solution : We know that y = x?2 is the equation of the parabola which is symmetric about the
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y-axis and vertex is origin. y =X is the equation of the straight line passing through the origin and
making an angle of 45° with the x-axis (see Fig. 27.19).

A sketch of the region shows that the lower boundary is y = x? and the upper boundary is the
line y = x. These two curves intersect at two points O and A. Solving these two equations, we

get Ny
X2=X Yy~ X
= x(x=1)=0
= x =0,1 yox )
Heref(x)=x,g(x)=x2,a=0andb=1
Therefore, the required area .
_ [ 2 ° ,
- y(x=x)o
1
_{ﬁ_i} Fig. 27.19
2 3 0
111 )
5 T3 g Squareunits

1D EN ) WPWIR Find the area bounded by the curves y2 = 4x andy =x.

Solution : We know that y2 = 4x the equation of the parabola which is symmetric about the
x-axis and origin is the vertex. y =x is the equation of the straight line passing through origin and
making an angle of 45° with the x-axis (see Fig. 27.20).

A sketch of the region shows that the lower boundary is y =x and the upper boundary is y2 = 4x.
These two curves intersect at two points O and A. Solving these two equations, we get

2 ¥=X
y
_— = :0 \y‘
1 y
y? - 4x
= y(y-4)=0 A
= y=0,4
Wheny=0,x=0and wheny =4, x =4,
L o g
Here f(x):(4x)2,g(x):x,a:0,b:
Therefore, the required area is
4 1
:J'(zxz —x)dx Fig. 27.20
0
4
32
2o X
2
0
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S
3

8
= 3 square units

1BE ) (PYMIR Find the area common to two parabolas x> = 4ay and y? = 4dax.

Solution : We know that y2 = 4ax and x? = 4ay are the equations of the parabolas, which

are symmetric about the x-axis and y-axis respectively.

Also both the parabolas have their vertices at the origin (see Fig. 27.19).

A sketch of the region shows that the lower boundary is x? = 4ay and the upper boundary is

y2 = 4ax. These two curves intersect at two points O and A. Solving these two equations, we
Y

have

= 4ax
= x(x3—64a3)=0
= x =0,4a

Hence the two parabolas intersect at point

(0, 0) and (4a, 4a).

2

Here f(x)=+4ax,g(x) =:—,a =0andb = 4a
a

Therefore, required area

4a XZ
:J. Jdax —=— |dx
0 4a

3 4a
a [2.2\/5)(2 x3 ]
3 12a

0
_322% 162’
3 3
16

=3 a? square units

MATHEMATICS
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MODULE -V
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\\,

Notes

Q
\Y_J CHECK YOUR PROGRESS 27.4

1. Find the area of the circle x2 + y2 =9

X2 y2
2. Find the area of the ellipse e + ry =1

2 2

3. Find the area of the ellipse LI
25 16

x2

4. Find the area bounded by the curves y? = 4axandy = "
a

5. Find the area bounded by the curves y? = 4xandx? = 4y.

6.  Find the area enclosed by the curves y = x2 and y =x R

dl 1.ET US SUM UP

° If f'is continuous in [a, b] and F is an anti derivative of fin [a, b], then

b
[f(x)dx=F(b) —F(a)

° If f and g are continuous in [a, b] and ¢ is a constant, then

b b

) Icf(x)dx=cff(x)dx
b b b

@ JIE)+e()]de =[f(x)dx +g(x)dx
b b b

iy () =g (x)]dx =[f (x )dx ~[g(x)dx

o The area bounded by the curve y = f (x), the x-axis and the ordinates

b b
Xx=a,x=Dbis .[f(x)dx or fydx

a a

where y = f(x) is a continuous single valued function and y does not change sign in

theinterval 3 < x <b

MATHEMATICS



Definite Integrals

e Iff(x)and g (x) are continuous functions on the interval [a, b] and f (x ) > g(x ), for all MODULE -V

: Calculus
x € [a,b], then the area of the region bounded above by y = f (x), below by y = g (x), on

the left by x =a and on the right by x =b is
b
[LF(x) -2 (x)]dx

a Notes

e SUPPORTIVE WEB SITES

° http://www.wikipedia.org

° http.//mathworld. wolfram.com

[
SRl TERMINAL EXERCISE |

Evaluate the following integrals (1 to 5) as the limit of sum.

b b
1. .[xdx 2. fxz dx 3. Isinxdx
a a
b 2
4. J.cosxdx 5. I(X +1)
a 0
Evaluate the following integrals (6 to 25)
T
. T
ey 2 T txd
2 2 Xdax
6. [Na?-xPdx 4 [ sin2xdx 8. 1%
0 0 —
4
T
5 1 X 1 1
9. J.cosz xdx 10. Ism' xdx 11. J > dx
I-x
0 0 0
4 T
1 T 1
dx ——do 3
12. £X2 y 13. £5+3COS 0 14. [ 2tan® xdx
0
i T
2 2 N 2
15. J.sin3 xdx 16. _[X X +2dx f sin O cos> O dO
0 0 0
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X sin X

1 + cos? x

MODULE -V n n
Calculus 18. IXlOgSinXdX 19. Ilog (1 + COSX )dX 20.
0

0
T
w 21.

dx

T

©o|ad o=

sin? x

oS e—p|a

4
dx 22. flog(l +tanx )dx 23. J-sins 2xcos2xdx
0 0

sinxX + cosx
Notes

2 3
24. fx(x2+1) dx
0

MATHEMATICS
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AN
|v| ANSWERS
CHECK YOUR PROGRESS 27.1
35 1
1. — 2.6 ——
2 e
\/5 -1 T
3. (3 7 (b2 (c) 1

CHECK YOUR PROGRESS 27.2

64
(d) 3

e—l 2 _11 1 3 -1
1. 2 Ztan~'— 3 —logb+—tan NG
2 3 3 5 08 J5
242 n T
4, 29 5, —= 6. — 7. —=log2
s 4 , 08
TT
8.0 9.0 10. [E—IOgZ}

CHECK YOUR PROGRESS 27.3

8 ) 27 .
1. 3 sq. units 2. — S units 3.

4. c? (1 - cos E\|
¢)

CHECK YOUR PROGRESS 274

1. Om Sq. units 2. 67 sq. units
16 » ) 16 .
4. ——a” sq. units 5. == sq. units
3 3
TERMINAL EXERCISE
) 3.3
L b“ —a 5 b’ —a
2 3
14
4. sinb-sina 5. 3

e 2a
$q. units

3. 20m sq. units

6. = sq. unit:
5 54 units

3. cosa —cosb

2
6 B
4

MATHEMATICS

MODULE -V
Calculus

Notes
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MODULE -V

7 1 8 l1og2 9E
Calculus | " 5 2
N 0. Z-1 1.2 12 Liog2
K? C0 ) "3 083
Notes T 2
3. = 14. 1 log 2 15. =
3 1 og 5 3
16 64 2
16. —(2++2 17. — 18. —— log 2
15( ) 731 5 %8
19.  —mlog2 0™ 21 Llog(1+«/§)
. mlog . 4 '\/5
2. Zlog2 23— 24.78
- g 08 " 96 '
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Reduction formulae]

Inthissection, wederive some reduction formulaefor the evaluation of definiteintegral s of

Tt
sin"x, cos™, sin™x, cos'x between 0 and 5 for positiveintegersm, n.

Thefollowing theorem givesauseful formulato evauatethe definiteintegral of sin"x between0

Tt
and o whennis aninteger n>2.
27.5.1 Theorem
Let n beaninteger greater than or equal to 2. Then
(-1 n-3 1mn .
2 If niseven

If nisodd

/2 w2
Note 1. Isin“x dx= J’cos” X dx
0 0

Example 1.Find
/2
i 04
0 sin® x dx
I

/2

@ sin’ x dx
0

/2

@iy | cos® x dx
0

448/1



/2
. 4-1 4-3 T
Sot (i sin*xdx=—=. >,
ot J 4 4-22
31 1T 3
== 2. ==
4°2'2 16
/2
(i) Igmxdx=71.73.75
! 7 7-2'7-4
_6 4 2_16
753 35
/2 _ _ _ _
(iii) .[wéxdx:81 §-3 85 8-/ m
! 8 '8-2'8-4 8-62
_7531m
86 4 2 2
_ 3
256

27.5.2 Theorem :Let mandn bepositiveintegers. Then

/2
I sn™xcos"x dx =
0

Example 2

n-1 n=3 2 1 ‘tiznisodd
m+n nm+ n-2 m3  ml
n-1 n-3 1 m-1 1 o
m+n mrn-2 m2 m 2 2
If nisevenand miseven
n-1 n-3 1 m-1 g
m+n m+n-2 m2 m 3

If nisevenand 1# misodd.

Evduatethefollowing definiteintegras

/2
W [ sin® x cos® x dx
0

/2
i I sin® x cos® x dx
0

44812



/2
(i) J’ sin® x cos* x dx
0

Sol:
/2 _ _
0 Isin4xcos5xdx:5 1 53 1
421 8
9'7'5 315
/2
(i) _[Sinsxcos4xdx:4 1. 4-3 .5 1 5-3
0 5+4 5+4—2 5 5_2
31428
9'7°5 3 315
/2 ~ B . i )
@iii) ISinGXCOS4XdX:41_ 4-3 61 636 SI[
0 6+4 6+4-2 6 6-2 6-4 2
_ 15 1 m
' "2

Example 3.
2n
Find J'sin“ X cos® xdx
0
Sol: Let f(x) = sin®x cos®x
Since (2t —x) =f(1t =x) =f(x), it followsfrom previoustheorem
2n s

J’f(x) dx = ZIsin4 X €0s® xdx
0 0

/2
=4 Isin“x cos® x dx
0

6-1 6-3 6-5 3 1 T
T U446 4+6-2 4+46-4 4 2 2
3
128

448/3



Example 4

/2
Find J’sinzx cos* x dx
-1/ 2

Sot Let f(x) =sin?x cos*x since f isevenwehave

/2 w2
I f(X) dx=2J’ f(X dx
-1/2 0
/2 w2
Hence | sin®x cos* x dx= 2 Isin2 xcos® x dx
-1/ 2 0
_,4-1 4-3 1 m
2+4 2+4-2 2 2
_,31 m_m
‘64 4 16

[ Check Your Progress]

I.  Findthevauesof thefollowingintegrals.
/2
: ~10
1 sin™ x dx
|
/2

4 4
9 Ismxcosxdx
0

/2
3 Icos7x sin? x dx
0

4
: 3
4. an°0 dob
I

[Let Us Sum Up]

1. If nisaninteger n>2, then

(h-1n-3 1 m If niseven
o RS
! 5”‘1”_3 ...... 2 If nisodd
n n—

448/4



/2 w2
2. J' sin®x dx = I cos” x dx n isapositiveinteger.
0 0

3. If mandnarepositiveintgersthen

vz n-1 n-3 2
sin™x cos" x dx = . ) . i
t[ m+n’ mt 2 m3 m If 1#nisodd
n-1 n-3 1 m-1 1 m
m+n m+n-2 m2 m 2 2

If n isevenand m iseven

n-1 n-3 1 m-1 2

m+n mn-2 m2 m 3

If nisevenand 1 m isodd.

[ Supportive Website%

e hitp://www.wikipedia.org

e http:// mathworld.wolfram.com.

Answers

[ Check Your Progres§

©
@ 512

o o
@ 256

16

3) 315

2 5

(4)5_&/5
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Numerical Integration

Introduction |

Integral calculusarosefromthearaproblem. Before Newton, and Leibnitz developed asystem-

atic method to eval uate adifiniteintegral bassed on the Fundamental theorem of cal culus, problemsof
finding areas, volumesand lengths of curveswere so difficult that only agenius could attempt to solve
tham. But now, one can solve such challenging problemswith greater ease. Inthischapter we study
the areabounded by the graph of anon-negative continuousfunction y =f(x) defined on aclosed

interval [a, b] andthe x-axisasan application of thedefiniteintegral.

From thischapter we can get to know thefollowing points.
e Theareabounded between thetwo curves
e |engths, volumesand areasof thecurve

e When theintegration becomesdifficult we can find the approximate val ue with simpson or

Trapezoidd rule.

¥y &) Determination of plane areas involving second degree curv]as

Inchapter 9, it wasobservedthat if y=f(x)is hon-negative continuousfunction defined on

[a,b], thentheareaunder thegraphof f betwentheordinatesx=a, x=bandthe X-axisisgiven

b
by thevalueof thedefiniteintegral I f (x) dx. Inthissectionwewill givedifferent possiblewaysof
a

cd culating such areas depending on the nature of theintegrand.

448/6



27.6.1 Area under curves

() If f:[a,b] - [0, ») iscontinuous, thenthe area A of the region bounded by the curve

b
y=1(x), theX-axisandthelines x=aandx=b isgivenby A :I f (X) dx whichisshownin
a

fig27.2 graphicaly.

Y4

£

¥ Fig. 27.2
(i) Letf:[a,b] - (-, 0] becontinuous. Thenthegraphsof y=f(x) and y=—f(x)in[a, b]
are symmetric about the X-axis. So, theareabounded by thegraph of y=f(x), the X-axisand

thelines x=a, x=Db issameastheareabounded by thegraph of y=-f(x), the X-axisandthe

b
lines x=a,x=b whichis, hence, given by A:—J’f(x) dx Thisisshowngraphically inthe
a

fig. 27.3,

From (i) and (ii) weobservethat A=

b
[0 d>{

Y #

Fig. 27.3
44817



(i) Letf:[a,b] - R becontinuousandf(x)>0forall xO[a,cland f(x)<Oforall xO[c, b]
where a<c<b. Thentheareaof theregion bounded by thecurve y=f(x), X-axis, and the

lines. x=a,x=bisgivenbyb

c b
A =1 dx+ [~ (9 dx

c b
=[ () dx- [ (4 dx ..(1)

Whichisshowninfig27.4 graphicaly.

Y
EJ"":. 5
% y=1(%)
P S
= [e) ad b X
W )
Fig. 27.4
c b
Note: (1) canbewrittenas A = If(x) dx| + J’ f(® dx
a Cc

(iv) Letf:[a,b] - R, g:[a - R becontinuousand f(x) < g(X foral xO [a,b]. Then

theareaof theregion bounded by thecurves y=1(x), y=g(x)Jandthelines x=a, x=bisgiven

by

b b
A=[g(x)dx— [ f(® dx
Joee]
Incase g(x) < f(X) forall xO [a, b] thentheareaA isgiven by

b b
A=[f()dx— [ o3 dx

A =

b b
[fOgdx- [ oy d1{<

448/8



Y4

&

Fig. 27.5

[Check Your Progress 1 ]

Find the areaof theregion enclosed by thegiven curves.

| 1. y=cosx, y:1—g
T

2. y=x+3,y=0, x=-1 x=2
3 x=4-y*, x=0

I1(1) x* =4y, x=2, y=0

(2) y*=3x, x=3

(3) y=x, y=2x

-y vl Trapezoidal rule and Simpson's rule - Simple application}

Asdready explainedintheintroduction, sometimesitisextremely difficult or evenimpossbleto

b
evauateadefiniteintegral If(x) dxevenif f iscontinuouson|a, b]. Insuchcaseswetakeaset
a

b
of numerica valuesof theintegrandf intheinterval [a, b] and evauatethedefiniteintegral I f(x) dx
a

approximately. Thisprocessof finding the approximatevalue of adefiniteintegral iscalled Numerica

Integration. If theintegrand isafunction of singlevariable, thenthisprocessisknown asquadrature.

448/9



Thereare severa methodsfor approximating adefiniteintegral. We discussonly two methods
namely Trapezoida ruleand smpson'srule.

27.7.1 The Trapezoidal rule
Let f:[a b] - [0, o) becontinuousand P ={a = x,, %, %... X = B beapartition of
[a, b] into n equal subintervals, each of length h = b-a Letyy, Vi, Y, - Y, bethevauesof fat
n

X=X, X, %... X respectively (seefig. 27.6).
YA\

F

"
L >
Oof & X1 X% X-1 % Xp-1 0 X

Fig. 27.6
b
h h h
[TO0ax0Z (%t y)+ o (y+ ¥+t S (wat ¥)
h
:E ayo + yn) +2(3ﬁ +y e+ ){1_1)@

b
i.e, J’ f(x)dx O 2 [(Sum of thefirst and last ordinates) + 2(Sum of theremaining ordinates)]
a

27.7.2 Working rule for Trapezoidal rule

Step1 : Notedown a, b and n, the number of divisions

Step2: Caculate h = b-a
n

448/10



Step3: Computethevauesof f at x=x,(=a), X=X, X=X, ..., X=X, (= b) and denote them
a8 Yo, Y1: Y. Yy respectively.

Step4 : Writedown the Trapezoidal rulefor thedivision specified in the question and substitute the
valuesobtainedin Step 3intherule (1) and sumplify.

Example 1

9
Find theapproximateval e of IXZ dx usingtrapezoida rulewith 4 equa intervals.
1

Sol: n=4,a=1,b=9

h=2"1=2
4
y=x
X 1 3 5 7 9
y 1 9 25 49 81

Required Area = 2[(1 +81) +2(9 +25 +49)]

N

= 82 + 166
= 248

b
27.7.3 Simpson's rule of evaluation ofI f (x) dxapproximately
a

Thisisanother rulefor approximateintegration resultsusing parabolasinstead of straight line

segmentsto approximate acurve. Asbefore, wedivide[a, b] into n subintervals of equal length
h= b-a

, but thistimewe assumethat n iseven. Here we approximate the curvey =1(x) >0
n
passing through three successive points of subdivision by aparabolaasshowninfig27.7.

Lety =f(x) forr=0,1,2,...n; and P. bethe point onthecurve (x,Y,).

448/11



e
a=Xg Xy Xy X3 Xn—ZXn—an:bf X

Fig. 27.7

For simplifying the calculations, wefirst consider the casewhere x,=—h,x, =0andx, =h (see

fig. 27.8). Theequation of the parabolapassing through P, P, and P, isof theform

y=Ax2+Bx+ C and therefore the area under the parabolafrom x=-h tox=h
h h h
I(sz + Bx+C) dx:ZI(Ai +C) dx:§(2A A +6C).
-h 0

nY
P,(0,yy)

PW_ \F&)@
1

Sk ——

11\
=

O

Y

Fig. 27.8
But since the parabolapassesthrough P,(-h,y,), P,(0,y;) and P,(h, y,) wehave
Yo=Ah?-Bh+C,
y;=C
Hence y,=Ah?+Bh+C

h
Thus, theareaunder the parabolapassing through P,, P, and P2is§(yo +4y +y).

448/12



Similarly, the area under the parabola through P,, P, and P, fromx = x, to x =X, is

h
§(y2 + 4y, +y,) . If wecomputetheareasunder al the parabol asin theabove manner and add the

results, weobtain

b
h
[T 4yr )+ (yrdyr )+ oo
+ (yn—2 +4yn—1+yn)] (2)

ie,

b
If(x)deg[(y)+ Y+ Ay oyt oyt Lt Y F2( yE oyt oyt )l

h
=3 [ (Sum of thefirst and last ordinates) + 4(Sum of the even ordinates)
+2(Sum of all other odd ordinates execluding first and last)]
Although we have derived thisapproximation for thecase f(x) = 0, itisareasonableap-

proximation for any continuousfunction f andiscaled Simpson'sRuleor Simpson'sone-thirdrule

after the English mathemetician Thomas Simpson.

Example 2

1
dx using sumpson'sruleby dividing [0, 1] into

Find theapproximatevalueof ttfrom J’ 5
01+x
4 equal parts.
Sot n=4,h:ﬁzg :1
n 4 4
1
y 1+x2
, L 1 3
X 4 2 4
, B 4 16 1
y 7 5 25 2
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1
dx _h
jl+§2 = 3l Yon) FAN Y HoF ) T2 Y HY E Y]

At E t8Ee

1
= -B5+4(09412 +064) +163

= i[3.1 + 6.3248]
12

_ 94248
12

=0.78%4
1
dx —1% -1 a1
e =Tan?1-T ==
But %’14_ 2 Han an an—0 2

0 1;: 0785471 =  3.1416

[ Check Your Progress 2]

1
1. Calculatetheapproximateva ue of I(1+ x%) dx by dividing [0, 1] into 5 equal partsusing
0

Trapezoida rule.

3
2. Caculatethe approximate val ue of I )l( dx, by suingsimpson'sruleandtaking n=4.
1

5
3. Cdlculatethe approximatevalue of J’ ﬁxx dx by takingn=4 inthesimpson'srule.
1
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3
[I. 1. Caculatethegpproximatevaueof J’ x* dxusing
-3

(i) Trapezoidd rule (i) Simpson'sruleby dividing [-3, 3] finto 6 equal parts.

7
1
2. Usesimson'sruletoeval uateI < dx approximately by taking n=6 and hencefind the
1

approximate val ue of Ioge7 tothreeplacesof decimals.

6
3. Caculatethe approximate val ue of I VJ1+x% dx, by takingn=6insumpson'srule.
0

1
4. Evaluate I V1+x® dx approximately by dividing [0, 1] into 10 subintervalsof the same
0

lengthby (i) Trapezoida rule (ii) Simposon'srule.

[ Let Us Sum Ud

1. Letf(x)>0 foral xO[a,b]and

p={a=Xy X}, %, ....X, ... X, = b] beapartition of [a, b] into n equal subintervals, each of
b-a
length h=T.If f(x) =y, forO<r<nthen
(i) Trapezoidd rule
b
h
JTOaxOo [0+ wi 40y ¥F g+ r y)+ 205+ yb et 3)]

2. Simposon'sonethirdrule(for evenn)

b
If(x)dxmg [(wt w40y g+ y+ .o+ y)+2( y+ y+ gt )W)l

b
3. If(x)dxmg[(w ¥+ 2(yr oyt ot y)

[Supportive Websiteg

o hittp://www.wikipediaorg
e hitp:// mathworld.wolfram.com.
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Answers

[ Check Your Progress 1]

T 51
2- =
l. 1. >

4

. ()

(212

gy 2
® 5

[ Check Your Progress 2]

. (1) 134
2 1.1
3) 1.1
(4) 0.695635
. ()15
(2) 1.959
(3) 19.5011
(4) (i) 1.1122

(if) 1.11132
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28

DIFFERENTIAL EQUATIONS

Having studied the concept of differentiation and integration, we are now faced with the question
where do they find an application.

In fact these are the tools which help us to determine the exact takeoff speed, angle of launch,
amount of thrust to be provided and other related technicalities in space launches.

Not only this but also in some problems in Physics and Bio-Sciences, we come across relations
which involve derivatives.

ds ds
One such relation could be m = 4.9 t2 where s is distance and 7 is time. Therefore, m

represents velocity (rate of change of distance) at time ¢.

Equations which involve derivatives as their terms are called differential equations. In this lesson,
we are going to learn how to find the solutions and applications of such equations.

r
L:@ OBJECTIVES

After studying this lesson, you will be able to :

° define a differential equation, its order and degree;
o determine the order and degree of a differential equation;
o form differential equation from a given situation;

o illustrate the terms "general solution" and "particular solution” of a differential equation

through examples;
o solve differential equations of the following types :
d d
(i) == = £(x) (i) = = () g()
dx dx
N 2 {€) _dy d%y
W Te(n) WPy @ 5=

find the particular solution of a given differential equation for given conditions.

MODULE -V
Calculus

Notes
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MODULE -V
Calculus

Notes

EXPECTED BACKGROUND KNOWLEDGE

e  Integration of algebraic functions, rational functions and trigonometric functions

28.1 DIFFERENTIAL EQUATIONS

As stated in the introduction, many important problems in Physics, Biology and Social Sciences,
when formulated in mathematical terms, lead to equations that involve derivatives. Equations

2
which involve one or more differential coefficients such as d—y, d_}zl (or differentials) etc. and
X dax

independent and dependent variables are called differential equations.

For example,
d d?
5 £=cosx (ii)dx—}zl+y=0 i)  xdx+ydy=0

2
d%y 2 dy ) d dy P

Al —= | +x2| =] =0 - 9 Y

W) L dx? ] ( dx j ) Y dx dx

28.2 ORDER AND DEGREE OF A DIFFERENTIAL EQUATION

Order : It is the order of the highest derivative occurring in the differential equation.

Degree : It is the degree of the highest order derivative in the differential equation after the
equation is free from negative and fractional powers of the derivatives. For example,

Differential Equation Order Degree
. dy .
@ dx = sinx One One
X
d 2
(ii) (d_zj +3y* = 5x One Two
2
d?s 2 ds 4
(iif) e tt ol 0 Two Two
) v 2dv
(IV) d_3 + ?E =0 Three One
r
(V) (Q] +X3Ld_§] =31inXx Four Two
dx dx

MATHEMATICS



Ihel PR Find the order and degree of the differential equation :

Solution : The given differential equation is
3
2 2 2 2 15
&y +| 1+ (4 =0 or ﬂ =—|1+ ﬂ
dX2 dx dxz dx

3
dy 2k
Theterm | 1+ ( i has fractional index. Therefore, we first square both sides to remove

X
fractional index.

Squaring both sides, we have

Hence each of the order of the diferential equation is 2 and the degree of the differential equation
is also 2.

Note : Before finding the degree of a differential equation, it should be free from radicals and
fractions as far as derivatives are concerned.

A differential equation in which the dependent variable and all of its derivatives occur only in the
first degree and are not multiplied together is called alinear differential equation. A differential
equation which is not linear is called non-linear differential equation . For example, the differential
equations

d2 d3 d
_32/.|_y:0 and coszx—}31+x3—y+y=0arelmear.
X

dx

(Y LY dy
The differential equation i + < 0g X is non-linear as degree of I is two.
X

2
Further the differential equation y —Z] — 4 = x is non-linear because the dependent variable
dx

2
y and its derivative d_}zl are multiplied together.
X
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28.4 FORMATION OF A DIFFERENTIAL EQUATION

Consider the family of all straight lines passing through the origin (see Fig. 28.1).

This family of lines can be represented by

y=mx .. (1)
Differentiating both sides, we get
dy
—=m . 2
ix 2
From (1) and (2), we get ¥ X
dy
= x—
y w (3)
dy :
Soy=mx andy =x 4, epresent the same family.
X

Clearly equation (3) is a differential equation. Vv Fig. 28.1
Working Rule : To form the differential equation corresponding to an equation involving
two variables, say x and y and some arbitrary constants, say, a, b, c, etc.

(1) Differentiate the equation as many times as the number of arbitrary constants in the
equation.

(i) Eliminate the arbitrary constants from these equations.

(R

If an equation contains n arbitrary constants then we will obtain a differential equation of n
order.

Ihel ) AW Form the differential equation representing the family of curves.

y = axZ+bx. (1)
Differentiating both sides, we get
Yopmsr @)
X
Differentiating again, we get
d%y
—=2a 3
02 €)
1 dzy
a=——= 4
= 2 dx2 C))

(The equation (1) contains two arbitrary constants. Therefore, we differentiate this equation
two times and eliminate 'a' and 'b").

On putting the value of 'a' in equation (2), we get
2

dy_ &y

dx dx?
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_dy

T dx

d2y

b
dx?

=

Substituting the values of 'a' and 'b' given in (4) and (5) above in equation (1), we get

y:X2 lﬂ +X g-xﬂ
2 dx? dx dx?
x2d?y dy o dy
or y=—— —_——-x"—
2 dx dx dx
. dy x? d%y
or v= dx 2 dx2
2 32
x° d%y dy
—_— — X—+ = 0
or 2 dx2 XdX Y

which is the required differential equation.

IBer ) PARE Form the differential equation representing the family of curves

y =acos (xtb).
Solution : y=acos (x +b)
Differentiating both sides, we get
ﬂ= —-asin(x + b)
dx
Differentiating again, we get
d2y
—> = —acos
dx
From (1) and (3), we get
d2y B
dx

(x +b)

which is the required differential equation.

IR ern) ) ARY Find the differential equation of all circles which pass through the origin and

whose centres are on the x-axis.
Solution : As the centre lies on the x-axis, its coordinates will be (a, 0).
Since each circle passes through the origin, its radius is a.

Then the equation of any circle will be
(x—a)2 +yr=a2

To find the corresponding differential equation, we differentiate equation (1) and get

(D
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2(x—a)+2yﬂ=0

dx
or x—a+yg=0
dx
dy
a=y—>=+x
of ydx

Substituting the value of 'a' in equation (1), we get

dy 2 dy 2
X—-y——-X| +yv =| y=Z+x
(o) e

dy V., 2_ dy \? dy

— | + =X"+| y—= | +2xy—

or (ydx) y de de
or y2 =x%+ 2xyﬂ
dx

which is the required differential equation.

s

If an equation contains one arbitrary constant then the corresponding differential equation is
of the first order and if an equation contains two arbitrary constants then the corresponding
differential equation is of the second order and so on.

D) I PARE Assuming that a spherical rain drop evaporates at a rate proportional to its

surface area, form a differential equation involving the rate of change of the radius of the rain
drop.

Solution : Let 1(t) denote the radius (in mm) of the rain drop after t minutes. Since the radius is
decreasing as t increases, the rate of change of r must be negative.

If' V denotes the volume of the rain drop and S its surface area, we have

4
V = —T[r3 ..... 1
. M
and S = 47.,:1.2 ..... (2)
It is also given that
v s
dt
dv
— = S
or m
dV dr
—_——=<%s 3
o dr dt ©)

Using (1), (2) and (3) we have

4nr2.? = 4k x?
t
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which is the required differential equation.

)
Y 'Al CHECK YOUR PROGRESS 28.1 Notes
1. Find the order and degree of the differential equation
dy 1
=X—+—
Y dx dy
dx
2. Write the order and degree of each of the following differential equations.
ds 4 dzs d d \ 2
Rl S N b =Y i 42
@ ( dt ) 2 ® =2 {dx )
d?s ds )
© N1-x2dx+41-y2dy=0 (@ [dt—z] +3[d—t) +4=0
3. State whether the following differential equations are linear or non-linear.
() (xy? -x)dc+(y-x%y)dy=0 (b) dx+dy=0
(c) d—yzcosx (d) g+sin2y=0
dx dx
4. Form the differential equation corresponding to
(x —a)2 +(y —b)2 =r? by eliminating 'a' and 'b'.
5. (a) Form the differential equation corresponding to
y2 = m( a2 — Xz)
(b) Form the differential equation corresponding to
y2 — 2ay + x* = a2, where a is an arbitrary constant.
(c)  Find the differential equation of the family of curves y = AeZX 4+ Be=3X where A
and B are arbitrary constants.
(d) Find the differential equation of all straight lines passing through the point (3,2).
(e) Find the differential equation of all the circles which pass through origin and whose
centres lie on y-axis.
28.5 GENERAL AND PARTICULAR SOLUTIONS
Finding solution of a differential equation is a reverse process. Here we try to find an
equation which gives rise to the given differential equation through the process of]
differentiations and elimination of constants. The equation so found is called the primitive or
the solution of the differential equation.
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(1) If we differentiate the primitive, we get the differential equation and if we integrate the
differential equation, we get the primitive.

(2) Solution of a differential equation is one which satisfies the differential equation.

el P2 XW Show that y=C; sin x +C, cos x, where C; and C, are arbitrary

constants, is a solution of the differential equation :

d2
—}2] +y=0
dx
Solution : We are given that
y =C;sinx+Cpcosx ... (1
Differentiating both sides of (1), we get
Yy =C;cosx —Cysinx 2)
dx
Differentiating again, we get
d2
—3] = —C;sinx — C, cosx
dx

d2
Substituting the values of d—}zl and y in the given differential equation, we get

d2
d—z +y=C;sinx +C; cosx + (=C; sinx — C, cosx)
X
d2y
or dx_2+ y=0

In integration, the arbitrary constants play important role. For different values of the constants
we get the different solutions of the differential equation.

A solution which contains as many as arbitrary constants as the order of the differential equation
is called the General Solution or complete primitive.

If we give the particular values to the arbitrary constants in the general solution of differential
equation, the resulting solution is called a Particular Solution.

General Solution contains as many arbitrary constants as is the order of the differential equation.

a
BN AW Show that Y = ¢X + —(where c is a constant) is a solution of the differential
c

equation.
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dy dx
y=x—+a—
dx dy
a
Solution : We have y =¢ex+—- )

c
Differentiating (1), we get

dy dx 1
—_— c —_——
dx = dy ¢
- dy . , : :
On substituting the values of i and d_y in R.H.S of the differential equation, we have
X
1 a
x(c)+ a(—jz X+—=y
c c
= R.H.S.=LH.S.

a . .
Hence Y = ¢X + — is a solution of the given differential equation.
c

Example 28.8 RIS 3x2 + C is the general solution of the differential equation

d
d_y — 6x = 0, then find the particular solution when y = 3, x = 2.
X

Solution : The general solution of the given differential equation is given as

y = 3x2 +C (1)
Now on substituting y = 3, x = 2 in the above equation , we get

3=12+C or C=-9
By substituting the value of C in the general solution (1), we get

y=3x2-9

which is the required particular solution.

28.6 TECHNIQUES OF SOLVING A DIFFERENTIAL EQUATION

28.6.1 When Variables are Separable
. . . dy
(i) Differential equation of the type e f(x)

d
Consider the differential equation of the type ﬁ = f(x)

or dy = f(x) dx
On integrating both sides, we get

J.dy: .[f(x)dx
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y = J.f (x)dx +c
where c is an arbitrary constant. This is the general solution.

Note : It is necessary to write ¢ in the general solution, otherwise it will become a particular
solution.

Example 28.9 IROE

(x+2)g=x2+4x—5
dx

d
Solution : The given differential equation is ( X + 2 )d—y =x%+4x-5
X
dy Xt +4x -5 dy X +4x+4-4-5
- -7 - or —=

or

dx X +2 dx X +2
2
2 d 9
or ﬂ:(x+ ) 9 or _y:X+2_
dx X +2 X+2 dx X +2
dy =| x+2- 0 dx
or y = S e (1)

On integrating both sides of (1), we have

J'dy:J‘ X +2 —9\|dx or y=X—2+2x—9log|x+2|+c,
x+2} 2

where c is an arbitrary constant, is the required general solution.

Example 28.10 NU\E

d—y=2x3—x
dx

given that y =1 when x =0

d
Solution : The given differential equation is d_y =2x% - x

X
or dy = (2x3 - x) dx (1)
On integrating both sides of (1), we get
dy = [(2x> —x)d PR e
= X’ —x |dx =2 ——-=—+
Jay= (26" =) or y=25
4 2
T X
== —+ . 2
or Yy 2

where C is an arbitrary constant.

Since y = 1 when x = 0, therefore, if we substitute these values in (2) we will get
1=0-0+C = C=1
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Now, on putting the value of C in (2), we get

y=%(x4—x2)+lor y=%x2(xz—1)+l

which is the required particular solution.
o . . dy
(i) Differential equations of the type el f(x) -g(y)
X
Consider the differential equation of the type

dy _ ,
" £ (x)-g(y)

d
or ﬁ —fd ()

In equation (1), x's and y's have been separated from one another. Therefore, this equation is
also known differential equation with variables separable.

To solve such differential equations, we integrate both sides and add an arbitrary constant on
one side.

To illustrate this method, let us take few examples.

Example 28.11 gRE

(1+ xz)dy = (1 + yz)dx
Solution : The given differential equation
<l+ xz)dy = (l +y2)dx

dy dx

can be written as 1+ y2 Tl (Here variables have been seperated)

On integrating both sides of (1), we get

dy ¢ dx
'[1+y2 _'[1 +x2

or tan~! y = tan~! x + C
where C is an arbitrary constant.

This is the required solution.

Example 28.12 [NO\E

(xz—yxz)j—y+ y2 +xy2 =0
X

Solution : The given differential equation
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Differential Equations

(x2 —yxz)ﬂ+ y2 +xy2 =0
dx
. 2 dy = 2
can be written as X (l—y)d—+y (1+x)=0
X
1- —(1+
or ( zy)dyz ( 2X)dx
y X
(Variables separated) (1)
If we integrate both sides of (1), we get
1 1) 11
(- & o
yo )  x)
where C is an arbitrary constant.
1 1
or -——log|y|=—~-log|x|+C
y X
or log 3‘=l+l+c
yl X
Which is the required general solution.
e IEPERRE Find the particular solution of
dy  2x
dx 3y2 +1
when y (0) =3 (i.e. when x =0, y = 3).
Solution : The given differential equation is
dy  2x 5
ax 3y2 Lo <3y +1 ) dy = 2xdx (Variables separated) (1)
If we integrate both sides of (1), we get
J.(3y2 + l)dy =f2xdx ,
where C is an arbitrary constant.
Y +y=x2+C )
Itis given that, y (0) = 3.
. on substituting y = 3 and x = 0 in (2), we get
27+3=C
o C=30
Thus, the required particular solution is
y3 +y =x2 B0
MATHEMATICS



28.6.2 Homogeneous Differential Equations

Consider the following differential equations :

d d

() y2 +x2 d_y = xyd—y (i) (x3 +y> ) dx —3xy%dy =0
X X

dy X + xy?

(i) dx y2X

d
In equation (i) above, we see that each term except d_y is of degree 2
X
[as degree of y2 is 2, degree of x? is 2 and degree of xy is 1 + 1 =2]

d
In equation (ii) each term except d_y is of degree 3.
X
o dy . . .
In equation (iii) each term except I is of degree 3, as it can be rewritten as
X

yzxﬂ =x3+ xy2
dx

Such equations are called homogeneous equations .

Homogeneous equations do not have constant terms.
For example, differential equation

(xz+3yx)dx—(x3 +x)dy =0
: , . dy . :
is not a homogeneous equation as the degree of the function except I in each term is not the
X

same. [degree of x2 is 2, that of 3yx is 2, of x3 is 3, and of x is 1]

28.6.3 Solution of Homogeneous Differential Equation :

To solve such equations, we proceed in the following manner :

() write one variable = v. (the other variable).
(ie.eithery=vxorx=vy)

(i) reduce the equation to separable form

@)  solve the equation as we had done earlier.

Example 28.14 ENOW\E

(X2 + 3xy + yz)dx—xzdyz 0
Solution : The given differential equation is

(X2+3xy+ yz)dx—xzdyzo
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dy x*+3xy+y?
or —-—=—
dX X2

It is a homogeneous equation of degree two. (Why?)
Let y = vx . Then

dy dv
—=v+x—
dx dx

.. From (1), we have

Differential Equations

2 2 d 1+3v+v2
V+Xﬂ:x +3x.vx + (vx) or V+X—V=X2|: V2 v
dx x2 X X
or V+Xﬂ=1+3V+V2 or xﬂ=1+3v+vz—v
dx dx
dv. dv dx

X—=V +2V H —_——

o dx o VV+2v+l X
dv._dx
or ( v+ )2 X 2)
Further on integrating both sides of (2), we get
1 = log| x|, where C is an arbitrary constant.

v

On substituting the value of v, we get
+ log|x| =C which is the required solution.
y+Xx
28.6.4 Differential Equation
Consider the equation
d
oHPy=Q (1)

where P and Q are functions of x. This is linear equation of order one.
To solve equation (1), we first multiply both sides of equation (1) by eI Pdx
(called integrating factor) and get

J. pdx d + Py ej Pdx er Pdx

d
or —(yej P ) —QelPe @)
dx

[.,%(yejpdx) JJpax §y+PyeJPdX}

X
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On integrating, we get

yel P2 = [Qel™ax +c

where C is an arbitrary constant,

or y = o[ P “QeIPdde +C]

Note : ef Pdyx jg called the integrating factor of the equation and is written as LF in short.

(1) We observe that the left hand side of the linear differential equation (1) has become

d
o ( yef P ) after the equation has been multiplied by the factor ef Pdx

(i) The solution of the linear differential equation

dy
2 4Py =
i y =Q

P and Q being functions of x only is given by
yeIPdX = J.Q(eIPdX ) dx +C

d
(iii) The coefficient of d_y , if not unity, must be made unity by dividing the equation by it
X

throughout.

(iv) Some differential equations become linear differential equations if y is treated as the

independent variable and x is treated as the dependent variable.
dx

dy
differential equation of the first order.

For example,

In this case i = ef Pdy

and the solution is given by

x(IF.) = [Q.(IF. My +C

Example 28.15 [RO\E

g{.l :e_X
dx x

Solution : Here P = 1 ,Q = ¢ X (Note that both P an Q are functions of x)

X

I
—d
LF. (Integrating Factor) edex = ejx b elogx (x>0)

On multiplying both sides of the equation by LF., we get

+ Px =Q, where P and Q are functions of y only, is also a linear
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x-g+y=x-e_X or i(Y‘Xf xe™"
dx dx

Integrating both sides, we have
yX = f xe *dx + C
where C is an arbitrary constant
or Xy = —xe % + je‘xdx +C
or xy=-xe *—e*+C

or xy =€ %(x +1) +C

x+1)  C
or y=- e+

X X

Note: In the solution x > 0.

Example 28.16 NO\CE

. d .
SlIle—y-l- yCoSX = 2sm2 X COSX
X

Solution : The given differential equation is

. d .
sinx - + yCOSX = 2sin? x cosx

dx
d .
or —y+ycotx=251nxcosx ,,,,, (1)
dx
Here P = cotx,Q =2sinxcosx

I.F.=eIPdX :eJCOtX(le =elogsinx  oipy

On multiplying both sides of equation (1) by LF., we get (sin x >0)

di(ysinx) =2sin xcosx
X

Further on integrating both sides, we have
ysinx = stin2 xcosxdx +C
where C is an arbitrary constant (sin x >0)

. 2 . S . .
or ysinx = 3 sin’ x + C, which is the required solution.

2\ dx -
Example 28.17 JHOG (1+y )d_ =tan "y X
y

Solution : The given differential equation is
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(1 + y2 )% =tan ! y X

y
d_x _ tan~! y X
of dy 1+ y2 I+ y2
dx RS tan”y
of dy 1+ y2 1+ y2
which is of the form j—x + Px =Q, where P and Q are the functions of y only.
y
1
— 4
IF. = eJde =ej 1+y2 Y :etan_ly

Multiplying both sides of equation (1) by LF., we get

-1
i( xe vl = B (qnly )
dy ) I+y

On integrating both sides, we get

-1
or (etan y)x = .[et.tdt +C,
where C is an arbitrary constant and t = tan ™! yanddt = 5 dy
I+y
-1
or (et‘m y )x = te! —.[ et +C
or (ctan™y )y = ot —et +C
or (etan_l y ) x=tanly glan”ly _gtan”ly | (on putting t = tan~ y)
-1
or X=tan"ly - +Ce @Y
)
A " ] CHECK YOUR PROGRESS 28.2
. . ) d2y
I. (@ Isy=sinx a solution of d—2+y=0?
X
.. 3 . dy
(i) Isy=x" a solution of x o 4y =07?
X

d
2. Given below are some solutions of the differential equation d_y =3x,
X

State which are particular solutions and which are general solutions.

(D)
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Calculus i 2y =3x? i) y=3x+ 2
.on . 3 2
@iy 2y =3x%>+C @) y=7x +3
3. State whether the following differential equations are homogeneous or not ?
Notes dy B %2

(@) (i) (3xy+y2)dx+(x2+xy)dy=0

dX—1+y2

d
(ii) (X+2)—y=X2+4X—9 (iv) ()(3—yxz)dy+(y3 +x3)dx =0
dx
o . d%y
4,  (a) Show thaty=asin 2x is a solution of d—2+4y:0
X

d3
(b) Verify that y = x> +ax’ + ¢ is a solution of d_ =6
X

W[

5. The general solution of the differential equation

ﬂ=seczx isy=tanx + C,

dx
Find the particular solution when
(a) x—zy—l (b)x—ﬂy—o
a 47 3 b

6.  Solve the following differential equations :

(a) j_y =x° tan~ ! (X3 ) (b) j—y = sin’ x cos? x + xe¥
X X

dy dy .
(c) (1+X2)&=X (d)&=x2+s1n3x

d
7. Find the particular solution of the equation €* d_y =4 given thaty =3, when x =0
X

8. Solve the following differential equations :

(a) (xz—yxz)ﬂ+y2+xy2=0 (b) g=xy+x+y+1
dx dx
2 2 dY _ ox-y 4 ovy2
() sec”xtanydx +sec” ytanxdy =0  (d) o et +e X
9. Find the particular solution of the differential equation
dy
log Ix = 3X + 4y, given that y =0 when x = 0
10.  Solve the following differential equations :
2
(a) (x2+y2)dx—2xydy=0 (b) xg+y—=y
dx x
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dy x> -y +y Y _Y V)
© 2= -2 (d +sin| =]
dx X dx x X )
dy
11. Solve: — + ysecx = tan X
dx
12.  Solve the following differential equations :
(a) (1+x2)ﬂ+y=tan_lx (b) coszxg+y=tanx
dx dx
dy
(c) xlogx—+y=2logx, x>1
dx
13.  Solve the following differential equations:
d
(@ (x+y +1)—y=l
dx

. d_X—X+ +1 d_X_X— +1 i g d—X+PX_Q
[Hint: dy y or dy y which is of the form dy ]

dy

dx dx x
2 _ . oA 2 a4
(b) (X+2Y )—dx—y,y>0 [Hlnt:ydy—x+2Y or dy y—2Y]

28.7 DIFFERENTIAL EQUATIONS OF HIGHER ORDER

Till now we were dealing with the differential equations of first order. In this section, simple
differential equations of second order and third order will be discussed.

d2
28.7.1 Differential Equations of the Type d—)zl = f(x)
X

Consider the differential equation

gy _

ek f(x)

It may be noted that it is a differential equation of second order. So its general solution will
contain two arbitrary constants.

d%y
=2 - )
X2

[

Integrating both sides of (1) , we get

(D)

Now we have,

d

dx

dy

or
dx

j = f(x)

d
d—y = J.f(X ydx +Cy, where C, is an arbitrary constant
X

Let

[f(x)dx = o(x)
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dy

—_— = +
Then i @(x) +C; (2
Againonintegrating both sidesof (2), weget

Y = [@x)dx +Cx +C,

whereC, is another arbitrary constant. Thereforein order tofind the particular solutionwe
need two conditions. [See Example28.19]

d?y _ .«
Example 28. 180V ol X€

Solution : Thegivendifferential equationis

d?y _

— = X€ (1

dX2 ( )
Now integrating both sides of (1), wehave

dy _

o G )
whereC, isanarbitrary constant

dy X X

— =xe" —[e’dx +
or i I G

dy _ x_.x

— =xe" - +C
or dx 1 (2)

Againonintegrating both sidesof (2), weget
y =I(xeX -€ +C1)dx +C,,
where C, isanother arbitrary constant.
or y =xe" —J’exdx - +Cx +C,
or y=xe" -2e* +C;x +C,
whichistherequired general solution.
SelpglolCRASMECT-i nd theparti cul ar solution of thedifferent equation

2
jxg =x? +sin3x

. dy _
for which y(0)=0 and Fv 0 whenx=0

Solution : Thegivendifferential equationis

dy .

o x? +sin3x
X
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Integrating both sidesof (1), wehave

g—i = I(x2 +sin3x)dx +C,,

whereC, isanarbitrary constant

dy

C0S3X
= - +
dx

3

3

X

or = C (2
5 : @

Ox® cos3x O
or dy=0- - +C; Odx
n3 3 0

Further onintegrating both sides of (2), we get

_Ox®  cos3x
or V—IBE‘

]
+C15dx +Cy, ~(3)

Now substitutingy =0, whenx =0 in(3), wehave, 0=C

2

d
Again substituting & =0 whenx=0 in(2) wehave

1 1
0=--+C,or C, ==
3 13

Putting valuesof C, andC,in(3), weget

x4 1 . X
y=_—-——Sin3x+_
12 9 3

whichistherequired particular solution.

: . . d®
28.7.2 Differential Equations of the Type(% =f(x)

Consider thedifferentid equation
dy _
dx®

Thisisadifferential equation of order three. Itsgeneral solutionwill contain threearbitrary
congtants. Inorder tofinditsparticular solutionweneed three conditions[see Example 28.21].

F(x)

For solving thedifferential equation of order threeof theform

dy

v =f(x), integratethe equation threetimes.
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dy _ 4
Example 28.2(RSslVE] ac X

Solution : Thegivendifferentid equationis

3
d _
dx

<

w

EE,@E: 4
o dx x?

Onintegrating both sidesof (1), wewill get
d2y X5
—_ =
dx? 5 el
whereC, isan arbitrary constat.
d [dyQ

or dy %B

5

X
=—+C
5 1

Further onintegrating both sides of (2), wehave

6
¥ _ X ox+c,
dx 30
whereC, isanother arbitrary constant.

Onintegrating both sidesof (3), wehave

7 2
y= SLE. +Clx_ +Cox +GC;,
7(30) 2
whereC, isalsoanarbitrary constant.
7 2
or - X L GX +Cx +Cy
210
STl CWasWAR-ind the particular solution of the differential equation
3
d_):: =xe*
dx

forwhich y=1, %=2,whenx:0

d?y
and — =0, whenx=1.
dx?

Solution : Thegivendifferential equationis

(1)

o)

(3
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3
Y - e
dx®
Onintegrating both sidesof (1), weget
2
d I xe‘dx +C;
whereC, isan arbl trary congtant.
d’y
—2 =xe* —[edx +
o dx? -[ G
2
% =xe‘ - +C

Againonintegrating both sidesof (2), wewill get

v :J’(xeX -€ +Cl) dx +C,,

dx

where C, isanother arbitrary constant.
dy o ey —e*

or o =xe" J‘e dx —e* +Cx +C,
d x

or d—izxe ~26" +Cx +C,

Further onintegrating both sidesof (3), wehave
X2
y =xe* —¢e* -2¢* +C17 +C,x +Cj,

whereC, isalsoanarbitrary constant.

2
or y = xe* —3¢" +c:1X7 +C,x +C,

2

dy

dy _
Nowwehavey=1, — =2 whenx=0 and W:O’ whenx =1

dx

d2
On substituting dTZ =0,, x=1 inequation (2), weget

0=¢-¢+C,
0 C,=0
cdy : :
Now putting o 2, whenx =0inequation (3), wehave

2=0-2¢+C,.0+C,
0 2=-2+C,0J C,=4

(2)

-0
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Now puttingy =1, whenx =0 inequation (4), wehave
1=0-3€&+C,.0+C,.0+C,

U C,=4

Further on substituting values of C1, C2 and C3inequation (4), wewill get
y=xe—-3e+4x+4

whichistherequired solution.

N

Le l CHECK YOUR PROGRESS 28.

1. Findtheparticular solution of thedifferentia equation

¢ y =sin’x giventhat & dy =0, when x=g; y =0 whenx=0.
x?

dx
2. Solvethedifferentia equation
d’y dy __, d’y
—Z =X +sinx —=-1—==2 =
e giventhaty =0, o 1 v whenx =0
3. Solvedthefollowing differentiad equations:
d’y . d?y
—= =XS8nX b) (1-cos2x)— =1+c0s2X
@ 5 (b) (1-cos2x) 3
(©) —yzsm X (d) ﬂzcosx -sinx

4, Solvethefollowi nginitia value problems.

d?
@ x3 y =1 giventhaty=1, gy:o, whenx =1
X

o .
b) K\ﬁ=1+snx, giventhatx =0, y=0, ¥ = ¢

dx
2

dy _
(© F—Z x=1 wheny=3andx=-1wheny=1
5. Solvethefallwing differentia equations:

3 3
@ Doere ) Dmeroosx @ D=0

28.8 APPLICATIONS OF DIFFFERENTIAL EQUATIONS

Herewe consider theapplicationsof differential equationsinsomeof the problemsof Physics,
Economics, Biology and other related fields.
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28.8.1 Probems of Velogicty and Acceleration
Weknow that velocitty 'v' and accel eration 'a of abody at any instant are given by
velocity = rate of change of displacement

d
0 Ve (S), wheresisthedisplacement.

And acceleration = rate of change of velocity

_d
a—a(V)

_dgd, . 0

R
2
=250
stoneisdropped fromthetop of atower 44.1 mhigh. Velocity 'v' at any
instant isgiven by v = 9.8 m/s (metres per second)
If itisgiventhat distance after one secondis4.9m
(i) findthedistanceafter onesecondis4.9m
(i) vaueof 't whenstonehitsthe ground.
Solution : We aregiventhat v =9.8t
d
dt
Onintegrating both sides, we get

O (s)=9.8t1
J’ds = ‘[9.8t dt

or s=4.9t2+ C, where Cisan arhitrary constant (1)

Itisgiventhat s= 4.9 mwhent=1second. Using thisconditionweget,

C=0
Substitutingthevaueof Cin (1), wewill get

s=4.91t2 (2
Puttingt=2in(2), weget

S=49 x22 or $=19.6m

Soitisclear that the distance of the stonein 2 secindsis19.6 m.
Now when stone hitsthe ground thedistanceis44.1m. Thus, s=4.1
Putting s=44.1 in(2), thefollowing will bethe outcome.

44.1 = 4912
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, 441
t° = ort,=9 or t=3

49
Hencethe stone hitsthe ground after 3 seconds.
28.8.2 Population Growth Problems

or

dx
Rate of growth of population is proportional to the population i.e. the growth rate o is

proportional tox wherex = x(t) denotesthe number of bacteriapresent at timet. Thisfact can
be represented by meansof thedifferentia equation

dx

o kx wherek ispositive constant of proportinality.

SYETnlo][SWASWA | n a certain culture of bacteriathe rate of increaseis proportional to the
number present.

(@ Ifitisfound that the number doublesin 4 hours, how may timesisthe number expected
at theend of 12 hours?

(b) If thereare10* at theend of 3hoursand 4 x 10* at the end of 5 hours, how many were
thereinthebegining ?

Solution : Let x denotethe number of bacteriaat timet hours. Then,

?j_)t( =kx , wherek isan arbitrary constant

dx
or ? = kdt (1)

Onintegrating both sides, weget
J’d—X:J’kdt+Iog C,
X

whereCisan arbitrary constant.
or logx=kt+logC
Notethat the number x ispositive.

or Iog%:kt or é:kt
or x = Cek (2
Assumingthat x =x attimet=0, weget
X,=C
Putting valueof Cin (2) weget
X=X

MATHEMATICS
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(@ Itisgiventhat whent=4, x =2x_ substituting thesein (3), weget

2x, = X & or gh=2
When t=12

X=X, e or X =x,(e%)
or X=X, (2)° or X=8x,

Hencethe growth of bacteriais8timesthe origina number at theend of 12 hours.
(b) Nowitisgiventhatatt=3, x=10"and att=5, xu=4104
Substituting thesevauesin (2), wehave

10 = Ce* ..(4)
and 4 x 10* = Ce* ..(5)
From (4) and (5), we get

4 x Ce* = Ce* or 4 = g

1
or log4 =2k or k=§log4
or k =log~/4 =log2
Substituting value of k inequation (4), weget

10% = Ce? 02 or 10* = Ce?’

or 10, = Ce?'®2 or 10*=8C
Vi
or £ =C
8

Substituting valuesof C and k inequation (2), weget
X :%e‘("’gz) ..(6)

Substitutingt =0inequation (6), wewill get the number of bacteriain beginning.

4 4
0 x=£xe0 or x=10 x1
8 8
25x10?
or X = > or X =25 x 50=1250

28.8.3 Newton's Law of Cooling Problems

Newton'slaw of cooling statesthat the rate at which the temperature T = T(t) changesina
cooling body isproportional to the difference betweem theinstantaneoustemperature T of the
body and the constant temperature T, of the surrounding.
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dT

. o _ dT
i.e. — =—K(T -Ty), wherek>0. Negativesignindicatesthat if T>T,, —

dt
that isthetemperature decreaseswith time.

a ishegative,

eyl A body whose temperatureisinitially 100°C isallowed to cool in air,
whosetemperatureremainsat aconstant 20°C. Itisgiventhat after 10 minutesthebody has

cooled to 40°C. Find thetemperature of thebody after half an hour.

Solution : Let T denotetheinstantaneoustemperature of body and t denotethetime. Then

according to theNewton'sLaw of Cooling

‘i_: =-k(T -20), wherek >0, isaconstant.

=-kdt
T-20

Onintegrating both sidesof (1), weget f% =- Ik dt

log (T —20) = -kt +log C, where Cisan arbitrary constant

or T-20=Ce™

or T=20+Ce™

Now substituting t=0, T =100in equation (2), weget
100=20+C

or C=80

On shdtituting value of Cineguation (2), weget
T =20+ 80e™

(1)

(2

-0

Itisgiventhat whent =10, T =40 and on substituting thesein (3), weget

40 = 20 + 80e % or 80e® = 20
1

or et =% o eX= ﬁ%ﬁo
i
Thes T =20+80 ﬁ%ﬁ"

Now after half an hour i.e. whent =30, wehave
T= 20+80§%§3

or T =20+80><E ><E ><E
4 4 4

or T=20+125 or T=21.25C
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¢

b . '] CHECK YOUR PROGRESS 28 4

1. Thepopulation of acertain country isknowntoincreseat therat of 10% per year. How

long doesit takefor the population to double ?

2. A body at temperature 80°F is placed at time t=0inamedium, thetemperature of
whichismaintained at 50°F. At theend of 5 minutes, thebody hascooled to atempera

tureof 70°F. Whenwill thetemperature of the body be 60°F ?

3. Apaticleismovinginastraightline, theveocity v(m/s) at any instantisgivenby v =4t2,
Itisgiventhat thedistance of the particleat theend of thearticleat theend of 1 second

is2metres. Find thedistance of the particleat theend of 3 seconds.

4. Thenumber of bacteriain ayeast culture grows at arate which isproportinal to the
number present. |f the population of acolony of yeast bacteriatriplesin 1 hour, how

many may be expected at theend of 5 hours?

BERERERE erify if y = e™S" X isasolution of

d’y _dy
1-x?) —2 -=2L —-m?y =0
( )dx2 dx y
Solution : Wehave,

msin~x

y=¢€

Differentiating (1) w.r.t. X, weget
ﬂ _ memsin_lx _omy
& Ji-x*  V1-x

or 1-x* —==my

dxd ~MY
Differentiating both sides, we get
-2X ng +2(1—x2)3—)):,% =2
or -X %+(1—x2)372)2/:m2y
or (1—x2)%—x% -m?y =0

my

2, &Y
dx

(1)
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MODULE - V' pyence y = €™ X jsthesolutinof
Calculus ,
dy _dy >
1-x*)—2 -x—> -m’y =0
( )dx2 dx y
SCn o =WAWIs-ind the particular solution of
Notes L

e = x +1, giventhaty =2 whenx=0

Solution : Wearegiventhat

d
e?izx+1 or % =log(x +1)
or dy =log(x + 1) dx (1)
Onintegrating both sides of equation (1), weget
y= J‘Iog (x+1) .2dx +C
whereCisanarbitrary constant
- X
or y = xlog(x +1) Ix+1dx +C
_ _ex+1-1
or y = xlog(x +1) J’ i1 dx +C
or y=xlog(x+1) -[x-log(x+1)]+C
or y=(X+1)log(x+1)-x+C (2
Substituting y =2 andx =0 inequation (2), weget
2=logl-0+C or C=2

Putting thevalue of Cinequation (2), weget
y=(x+1)log(x+1)-x+2

whichistherequired solution.

Fi nd the equation of the curve represented by
(y—yx)dx+(x+xy)dy =0
and passing throughthepoint (1, 1).

Solution : The givendifferential equationis

(y-yx)dx+(x+xy)dy=0
o (x+xy)dy=(yx-y)dx
o  X(1+y)dy=y(x-1)dx

1+ x-1
or ( yy) dy = TdX (1)
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Integrating both sidesof equation (1), weget

Iy

L+yd

oA iPaty
or I%ﬂgd}’ :I@‘%ﬁjx

or logy+y=x-logx+C

Sincethecurveispassing throughthepoint (1, 1), therefore,
substitutingx =1, y =1inequation (2), weget

1=1+C
or C=0
Thus, theequation of therequired curveis
logy +y=x-logx
or log(xy) =x-y
dy 3e2X +3e4X
Example 28.28S\Y X W
dy 362X +3e4x

Solution : Wehave — =
dx e +e7¥

dy _3e¥(e*+¢€) dy _ . ax
H_x & 7€) -3
o dx e +e¥ o ax
or dy = 3e3* dx

Integrating both sides of (1), weget
y= J’3e3xdx +C
whereCisan arbitrary constant.
3x

or y:3%+C ory=eX+C

whichisrequired soluton.

Scinldlwaewie Find the solution of thefollowing differential equation:

2 dyD

y-aEy +X

satisfying x=a, y=a

()
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MODULE -V | Solution :Thegiven differential equationis

Calculus zdyD
d d d
or y-ay* :Xd—i +a><2d—3: or (y—ayz) :(X +aX2)d—i
Noteg dy _ o dy _ dx
o y-a®  x+a’ T oyl-ay)  x+a
., abty O a0,
or g 1-ayH g 1+axE (1)

Integrating both sidesof (1), we get

1 a i
dv =
-[%_'Jrl-am

where Cisan arbitrary conswtant

a [
_+—aXH dx +C

or Iogy—glog(l—ay) =logx —Elog(l +ax) +logC,
a a

where C=log C; (x,y>0), 1-ay)>0, (1+ax)>0
or logy —log(1-ay) =logx —log (1+ax) +log C;

or |09 FD |09

o y(l+ax)=Cyx(1-ay) (2
Now using the conditionthat y = a, wherex =ain equation (2), weget

DClx D

1+a2
1-a°

(1+a ) Cla(l a ) or C =
Subtituting valueof C, inequation (2), weget
y(l+ax)(1—a2) :x(l—ay)(l +a2)

whichistherequired solution.
PN

L' 'W CHECK YOUR PROGRESS 28.

dy ., dy_
=tant 1+ +2
1. (@ If y=tan™x, prove that ( X )dx de
dZ
(b) y=eXsinx, provethat d_z —ij +2y =0
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2.

3.

4.

5.

Find the particular solution of thedifferentid equation
Ody O ,
lo =3x +4y, given thaty =0 whenx=0
gEd_xE Y, 9 y

(8 Findtheequation of the curverepresented by
dy _
ol
(b) Findtheequation of the curve represented by
dy _
ol

Xy +X +Y +1 and passing through thepoint (2, 0)

a0
y cot x =5e°** and passing through the point Y 2H

&)I - % B 4e3X + 4e5X
e ax T e rer
Solvethefollowing differentid equations:
(@) dx +xdy =e”Y sec?y dy
1452\
(0) (1+x°)

(©) (L+y)xydy=(1-x?) (1-y)dx

—4x =3cot t x

7
WY LET US SUM UP

A diffferential equation is an equation involving independent variable, dependent
variable and the derivatives of dependent variable (and differentials) with respect to
independent variable.

Theorder of adifferential equationistheorder of thehighest derivativeoccurringinit.

Thedegreeof adifferentia equation isthe degree of thehighest derivative after it has
been freed from radicalsand fractions asfar asthe derivativesare concerned.

A differentia equationinwhichthedependent variableand itsdifferential coefficients
occur only inthefirst degreeand arenot multiplied together iscalled alinear differentid
equation.

A linear differentia equationisawaysof thefirst degree.

A generd solution ofadifferential equation isthat solutionwhich ontainsasmany asthe
number of arbitrary constantsasthe order of thedifferential equation.

A generd solution becomesa particular solution when particular valuesof thearbitrary

constantsare determined stisfying thegiven conditions.

Thesolution of thediffferentia equation of thetype j—y =f(x) isobtained by integrating

X

both sides.

The solution of thedifferential equation of thetype g—y =f(x) g(y) isobtained after
X

separting thevariablesand integrating both sides.
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« Thedifferential equation M (X, y) dx + N(x, y) dy =0 iscalled homogeneousif M(x, y)

and N(x, y) are homogeneous and arethe same degree.

« Thesolution of ahomogeneousdifferential equationisobtained by substitutingy =vx or

x = vy ad then separating thevariables.

d
« Thesolution of thefirst order linear equation %Jr Py =Qis

Pd Pd
yel ™ =‘[Q%‘[ Xﬁdx +C, whereCisanarbitrary constant.

Theexpression of ™ iscaled theintegrating factor of thedifferential equationandis

writtenasl.F. in short.

2

« Thesolution of asecond order differential equation — v

integratingit twicewith repect tox anditsgenera solution containstwo arbitrary constants.

e SUPPORTIVE WEBSITES

o http://www.wikipedia.org

« http://mathworld.wolfram.com

'
TERMINAL EXERCISE

1. Findtheorder and degreeof thedifferential equation:

Cotyll oy
@ yD+X2Ed—y (6)  xx+ydy=0
© j Z 4jy +4y =5c0s3x (d) g—i = COSX
dy . dy d’y
X2 —2 - xy—= = +y=0
© dx? Yax Y 0 dx? Y=

d [ ¢?
© yﬂ%ﬁ/“%g ) %gm -a—y

2. Findwhich of thefollowing equationsarelinear and which arenon-linear

@ ﬂ=cosx (b) L

=y?logx
dx dxxyg

MATHEMATICS
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ey ? MODULE -V

© E!TD +x? BJI_H (d) xg—i—4:x Calculus

(& dx +dy=0
3. Fromthedifferential equation correspondingtoy? — 2ay +x2=a by diminating a.
4. Findthedifferential equation by eliminatinga, b, cform

y = ax2+bx +c. Writeitsorder and degree. Notes
5. How many constantsare contained in the general solution of

(@ Secondorder differentia equation.

(b) Differential equation of order three.

(c) Differentia equationof order five.
6. Show thaty =acos(logx) + bsin (log x) isasolution of thedifferentia equation

x? dy Yy y =0

dx?  dx

7. Solvethefollowing differentia equetions:

dy dy

i a2 X— 2.~
sin®x— =3cosx +4 =7 +x%e”
@ X ®
dy cosxsiny
—+—— ‘=0 —
(@) dx cosy (d) dy+xydx=xdx
@ d—y+ytanx =x" cosmx f) (1+y )d— =tan"'y —x
dx dy
d’y 2 dy .
—= =C0S” X h) —5=sin"Xx
@ 4o O o
d’y _ « . dy
) —5 =€ —gnx i =C0s3x —sin3x
0 e OB

8. If %:gcosa—kv, g, 0,k beingconstants. Findvintermof tif v=0,whent=0.

9. Solvethedifferentia equation

d?y _
d o2

10. If the temperature of air is290 K and a substance cools from 370 K to 330 K in 10
minutes, find when thetemperaturewill be295K.

=logx, giventhaty = 1and%:—], whenx =1.
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MODULE -V
Calculus ANSWERS
CHECK YOUR PROGRESS 28.1
1. Orderislanddegreeis?2.
Notes
2. (@ Order 2, degreel (b) Order 1, degree2
() Order 1, degreel (d) Order 2, degree?2
3. (& Non-linear (b) Linear
(c) Liinear (d Non-Linear
0 EWDZDS ZDdzyDz
[+ 0 =
4 | B&H@ r%?%
ﬂ DdyDz_ ﬂ_ 2 _ 2Ddy[]2_ ﬂ_z_
S @ Y g Xl Va0 O (g g
dy dy . _ Y
© W+d_x 6y =0 d y=(x 3)dx+2

dy _
© (xz—yz)&—ny =0
CHECK YOUR PROGRESS 28.2
1 () Yes i No

2. (i), (i) and(iv) areparticular solutions (i)  isthegenera solution
3. (i), (iv) arehomogeneous
5 (@ y=tanx () y=tanx++3

6. @ v =%x6tan'l(x3) —%x3 +étan'1(x3) +C

(b) y= écos5 X —%cos?’ X +(x -1)* +C

1 2 1 3 1
=Zlog|x* +1 +C ==X -=cos3x +C
(© v=7logx’ +1 @ y=3%-3
7. y=—4e¥+7
X 1 1 x2
. log|—{=C+=+= logly +1 = x +=— +C
8. @ o9y =C+ ) () logly+y=x+=
X3
(¢ tanxtany=C (d) ey:ex+§+c
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9. e +4eX=7

10. (8 x=C(x?*-y? (b) x+cy=yloglx|
© sin‘l%ﬁzlogwhc (d) tan%:Cx

1. y(secx+tanx)=secx +tanx-x+C
12. (@ y=tantx-1+Cetanx (b) y=tanx -1+ Cetanx

© Y=logx b
log x

13. (@ x=Ce&¥-(y+2) (b) x=y*+Cy
CHECK YOUR PROGRESS 28.3

1, m 1 1 x* 3.,
. Yy ==X"——X+=C0S2X —= . =—+—X“ —X +cosx -1
1.y 4 4 8 8 2 24 2

. . 1
3. (@ y=-xsnx-2cosx+Cx+C, (b) y=Cx+C,- Iogsmx—ax2

(© y:%XZ +%COSZX+C1X +C, (d) y=-cosx +sinx +C;x +C,
4. (@ y=x(logx-1)+2 (b) y:%xz—s‘nx+x
(© y=x2+x+1
5. (a y=ex+2—;+C1x2 +Cx +C; (b)) y=€"-snx+Cyx,+Cx+Cq
(€ y=Cx2+Cx+Cq

CHECK YOUR PROGRESS 28.4
1. t=10log2years 2. 1355Minutes

3. 12:—23minute£ 4. 243Times

CHECK YOUR PROGRESS 28.5
2. 4e¥+3eW=7

1
3. (@ Iog(y+1):§x2+x—4 (b) ysinx+5e0X=7

_4 5X
4 =—e” +C
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MODULE - V 4 3) a2
5 (@ x=eY(C+tany) (b) y=2|og‘1+x ‘—E(cot x) +C

Calculus

2 2

(©) Iogx+2|og|1—y|:x? _yE -2y +C

Noted TERMINAL EXERCISE

1. (&) order2, degree3 (¢ Order 2, degreel
(b) Order 1, degree 1 (f) Order 2, degree 1
() Order 4, degree 1 (@ Order1, degree?
(d) Order 1, degreel (h) Order 2, degree 1

2. (a),(d), (e) arelinear; (b), (c) arenon-linear

3. (x*-2y° ) H 4xyﬁ% -x? =0
dy _
4, @—O, Order 3, degree 1.
5 (@ Two (b) Three (c) Five

3
7. (8 y+3cosecx+4cotx=C  (b) ey:ex+%+c

2
(c) siny=CeSnx (d) Iog(l—y)+x7:C

Xm+1 .
= cosx +Ccosx —tanly — ~tan""y
e vy — ) x=tanty-1+Ce

x> COS2X

() YZI—

+Cx +C,

2 10
h Y= EXZ +%Esin'1x +gx\/1 -x? +Cx +C,
sin3x cos3x  Cx?

) y=€e+snx+Cxx+C ' =- - + +C,x +C
My snx+Cx+C, () y >7 >7 5 2 3

g v= gcoso((1 &)

2
_ X"logx 32,7
2 4 4
10. 40minutes.

0.
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29

MEASURES OF DISPERSION

You have learnt various measures of central tendency. Measures of central tendency help us to
represent the entire mass of the data by a single value.

Can the central tendency describe the data fully and adequately?

In order to understand it, let us consider an example.

The daily income of the workers in two factories are :

Factory A : 35 45 50 65 70 90 100

Factory B : 60 65 65 65 65 65 70

Here we observe that in both the groups the mean of the data is the same, namely, 65
(i) Ingroup A, the observations are much more scattered from the mean.

@) In group B, almost all the observations are concentrated around the mean.
Certainly, the two groups differ even though they have the same mean.

Thus, there arises a need to differentiate between the groups. We need some other measures
which concern with the measure of scatteredness (or spread).

To do this, we study what is known as measures of dispersion.

‘

After studying this lesson, you will be able to :

° explain the meaning of dispersion through examples;

o define various measures of dispersion — range, mean deviation, variance and standard
deviation;

e calculate mean deviation from the mean of raw and grouped data;

D calculate variance and standard deviation for raw and grouped data; and

° illustrate the properties of variance and standard deviation.

EXPECTED BACKGROUND KNOWLEDGE

° Mean of grouped data
o Median of ungrouped data

MODULE - VI
Statistics

Notes
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29.1 MEANING OF DISPERSION

To explain the meaning of dispersion, let us consider an example.

Two sections of 10 students each in class X in a certain school were given a common test in
Mathematics (40 maximum marks). The scores of the students are given below :

SectionA: 6 9 11 13 15 21 23 28 29 35
Section B: 15 16 16 17 18 19 20 21 23 25

The average score in section A is 19.
The average score in section B is 19.
Let us construct a dot diagram, on the same scale for section A and section B (see Fig. 29.1)

The position of mean is marked by an arrow in the dot diagram.

Section A Q Q 0 Q0 o O 0O 0 [®)

T

(TTrrrrrrrrItTrr ey Tt T T T T T o

Section B 08 QOO0 O ©

Fig. 29.1

Clearly, the extent of spread or dispersion of the data is different in section A from that of B. The
measurement of the scatter of the given data about the average is said to be a measure of
dispersion or scatter.

In this lesson, you will read about the following measures of dispersion :
(a) Range

(b) Mean deviation from mean

(¢) Variance

(d) Standard deviation

29.2 DEFINITION OF VARIOUS MEASURES OF DISPERSION

(a) Range : In the above cited example, we observe that

(i)  the scores of all the students in section A are ranging from 6 to 35;

(i) the scores of the students in section B are ranging from 15 to 25.

The difference between the largest and the smallest scores in section A is 29 (35-6)
The difference between the largest and smallest scores in section B is 10 (25—15).

Thus, the difference between the largest and the smallest value of a data, is termed as the range
of the distribution.
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(b) Mean Deviation from Mean : In Fig. 29.1, we note that the scores in section B cluster
around the mean while in section A the scores are spread away from the mean. Let us
take the deviation of each observation from the mean and add all such deviations. If the
sum is 'large', the dispersion is 'large’. If, however, the sum is 'small' the dispersion is
small.

Let us find the sum of deviations from the mean, i.e., 19 for scores in section A.

Observations ( X; ) Deviations from mean ( X; — X )
6 -13
9 -10
11 -8
13 -6
15 -4
21 +2
23 +4
28 +9
29 +10
35 16

190 0

Here, the sum is zero. It is neither 'large’ nor 'small'. Is it a coincidence ?

Let us now find the sum of deviations from the mean, i.c., 19 for scores in section B.

Observations ( x;) Deviations from mean (X; —X )
15 -4
16 -3
16 -3
17 -2
18 -1
19 0
20 1
21 2
23 4
25 6
190 0

Again, the sum is zero. Certainly it is not a coincidence. In fact, we have proved earlier that the
sum of the deviations taken from the mean is always zero for any set of data. Why is the
sum always zero ?

On close examination, we find that the signs of some deviations are positive and of some other
deviations are negative. Perhaps, this is what makes their sum always zero. In both the cases,
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we get sum of deviations to be zero, so, we cannot draw any conclusion from the sum of
deviations. But this can be avoided if we take only the absolute value of the deviations and
then take their sum.

If we follow this method, we will obtain a measure (descriptor) called the mean deviation from
the mean.

The mean deviation is the sum of the absolute values of the deviations from the
mean divided by the number of items, (i.e., the sum of the frequencies).

(¢) Variance : In the above case, we took the absolute value of the deviations taken from
mean to get rid of the negative sign of the deviations. Another method is to square the
deviations. Let us, therefore, square the deviations from the mean and then take their
sum. If we divide this sum by the number of observations (i.e., the sum of the frequen-
cies), we obtain the average of deviations, which is called variance. Variance is usually
denoted by 2.

(d) Standard Deviation : If we take the positive square root of the variance, we obtain the
root mean square deviation or simply called standard deviation and is denoted by o .

29.3 MEAN DEVIATION FROM MEAN OF RAW AND
GROUPED DATA

Mean Deviation from mean of raw data = j=1

Mean deviation from mean of grouped data = i=1

n 1 n
where N = 3£ x = ﬁZ(fiXi)
i=1 i=1

The following steps are employed to calculate the mean deviation from mean.
Step 1 : Make a column of deviation from the mean, namely x; — X (In case of grouped data
take x; as the mid value of the class.)

Step 2 : Take absolute value of each deviation and write in the column headed |x; — X| .

For calculating the mean deviation from the mean of raw data use

Mean deviation of Mean = N

For grouped data proceed to step 3.
Step 3 : Multiply each entry in step 2 by the corresponding frequency. We obtain fj (x; — X))

and write in the column headed f; |Xi - i| .
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Step 4 : Find the sum of the column in step 3. We obtain 2 [fi|x; - X|]
i=1
Step 5 : Divide the sum obtained in step 4 by N.

Now let us take few examples to explain the above steps.

IDel I (PARR Find the mean deviation from the mean of the following data :

Size of items  x; 4 6 8 10 12 | 14 16
Frequency f; 2 5 5 3 2 1 4
Mean is 10
Solution :
X fi X; — X |Xi—§| fi|xi—§|
2 -57 5.7 114
4 -3.7 3.7 14.8
> -1.7 1.7 8.5
10 3 0.3 0.3 0.9
12 2 23 2.3 4.6
14 1 43 4.3 43
16 - 6.3 6.3 25.2
21 69.7
.. _Z[fi|xi_i|]
Mean deviation from mean = T
=@ =3319
21

D eI PARA  Calculate the mean deviation from mean of the following distribution :

Marks 0-10 10-20 20-30 30—-40 | 40-50

No. of Students 5 8 15 16 6

Mean is 27 marks

Solution :

Marks  Class Marks x; f; Xj — X |xi - | fi|x; - X|
0-10 5 5 =22 22 110

10-20 15 8 -12 12 96

20-30 25 15 -2 2 30

30-40 35 16 8 8 128

40-50 45 6 18 18 108
Total 50 472
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M .. _Z[fi|xi_§|]
ean deviation from Mean _T

:% Marks = 9.44 Marks

Q
\ Y. 4§ CHECK YOUR PROGRESS 29.1

1. The ages of 10 girls are given below :
3 5 7 8 9 10 12 14 17 18
What is the range ?
2. The weight of 10 students (in Kg) of class XII are given below :
45 49 55 43 52 40 62 47 61 58
What is the range ?
3. Find the mean deviation from mean of the data
45 55 63 76 67 84 75 48 62 65
Given mean = 64.
4. Calculate the mean deviation from mean of the following distribution.
Salary (in rupees) | 20—30 [30-40|40-50|50-60[60-70 [70—80 {80-90 | 90—100
No. of employees 4 6 8 12 7 6 4 3
Given mean = Rs. 57.2

5. Calculate the mean deviation for the following data of marks obtained by 40 students in a
test

Marks obtained | 20 | 30 |40 50 60| 70 | 80 | 90| 100
No. of students 2 4 8 10 8 4 1 2 1 1

6.  The data below presents the earnings of 50 workers of a factory
Earnings (in rupees) [ 1200 | 1300 | 1400 | 1500 | 1600|1800| 2000
No. of workers 4 6 15 12 7 | 4 2

Find mean deviation.
7. The distribution of weight of 100 students is given below :

Weight (inKg) |50-55| 55-60| 60—65| 65-70 | 70-75| 75-80
No. of students 5 13 35 25 17 5

Calculate the mean deviation.
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8. The marks of 50 students in a particular test are :
Marks 20-30({30-40| 40-50{50-60| 60—70| 70—80|{80-90 | 90—100
No. of students 4 6 9 12 8 6 4 1

Find the mean deviation for the above data.

The following steps are employed to calculate the variance and hence the standard deviation of
raw data. The mean is assumed to have been calculated already.

Step 1 : Make a column of deviations from the mean, namely, x; — X .

n

Step 2 (check) : Sum of deviations from mean must be zero, i.e., 2 (xi =X)=0
i=1

Step 3: Square each deviation and write in the column headed ( X; — X )2 .

Step 4 : Find the sum of the column in step 3.
Step 5 : Divide the sum obtained in step 4 by the number of observatiors. We obtain o2.

Step 6 : Take the positive square root of 2. We obtain ¢ (Standard deviation).

IR EWARE The daily sale of sugar in a certain grocery shop is given below :

Monday Tuesday Wednesday  Thursday Friday Saturday
75 kg 120 kg 12 kg 50 kg 70.5 kg 140.5 kg

The average daily sale is 78 Kg. Calculate the variance and the standard deviation of the above
data.
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MODULE - VI | Solution : X = 78 kg (Given)

Statistics —
X; X;j — X (x; — i)z
‘\ 75 _3 9
\ 120 42 1764
Notes 12 — 66 4356
50 _28 784
70.5 175 56.25
140.5 62.5 3906.25
0 10875.50
—\2
Z, (xi =X) 10875.50
’I‘hus 62 — i=1 = —
n 6
= 1812.58 (approx.)
and o =42.57 (approx.)

B e AR The marks of 10 students of section A in a test in English are given below :

7 10 12 13 15 20 21 28 29 35

Determine the variance and the standard deviation.

_ X; 190
Solution : Here X = % =—=19

10
Xi Xi - i ( Xi - i)z
7 12 144
10 -9 81
12 -7 49
13 -6 36
15 —4 16
20 +1
21 ) 4
28 +9 81
29 +10 100
35 +16 256
0 768
768
2
Th o2 =22 -768
US 10 5
and 6 = +/76.8 = 8.76(approx)
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1. The salary of 10 employees (in rupees) in a factory (per day) is
50 60 65 70 80 45 75 90 95 100
Calculate the variance and standard deviation.

2. The marks of 10 students of class X in a test in English are given below :
9 10 15 16 18 20 25 30 32 35
Determine the variance and the standard deviation.

3. The data on relative humidity (in %) for the first ten days of a month in a city are given
below:

90 97 92 95 93 95 85 83 85 75
Calculate the variance and standard deviation for the above data.

4. Find the standard deviation for the data
4 6 8 10 12 14 16

5. Find the variance and the standard deviation for the data
4 7 9 10 11 13 16
6.  Find the standard deviation for the data.
40 40 40 60 65 65 70 70 75 75 75 80 85 90 90 100

29.5 STANDARD DEVIATION AND VARIANCE OF RAW DATA
AN ALTERNATE METHOD

If X is in decimals, taking deviations from X and squaring each deviation involves even more
decimals and the computation becomes tedious. We give below an alternative formula for com-

puting 62 . In this formula, we by pass the calculation of X.

0 —\2
2 (xi -X)
o=y —
We know E I
~ ixiz—2xii+§2
i=1 n
n n
lez 2?2){1
=l =l 32
n n
2
ZXI X = ZXI
_ i=l _iz n
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Le. o° =

6 = +o?

The steps to be employed in calculation of 5% and, hence ¢ by this method are as follows :

And

Step 1 : Make a column of squares of observations i.e. Xiz .

n
2
Step 2 : Find the sum of the column in step 1. We obtain 2 X

i=1

n n
2
Step 3 : Substitute the values of Z Xi ,nand 2 Xi in the above formula. We obtain 2.

i=1 i=1

Step 4 : Take the positive sauare root of 2. We obtain G .

Ih'el i LA We refer to Example 29.4 of this lesson and re-calculate the variance and

standard deviation by this method.

Solution :
Xj Xi2
7 49
10 100
12 144
13 169
15 225
20 400
21 441
28 784
29 841
35 1225
190 4378
n 2
o | 2
2 X12 _ U=l
o2 = izl n
n
4378 — M
_ 10
10
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4378 - 3610
- 10
768

= W = 76.8

and o = +/76.8 = 8.76 (approx)

We observe that we get the same value of 62and g by either methods.

29.6 STANDARD DEVIATION AND VARIANCE OF GROUPED
DATA : METHOD - 1

We are given k classes and their corresponding frequencies. We will denote the variance and

the standard deviation of grouped data by Gé and O respectively. The formulae are given
below :

M=
|
ver)
2
|
|
\-/I\J
| I
Z
Il
(Ngls
sh

[0)°]
Z
i

_ ,2
and Og = +4/0%

The following steps are employed to calculate Gé and, hence 0, : (The mean is assumed to
have been calculated already).

Step 1: Make a column of class marks of the given classes, namely x;
Step 2 : Make a column of deviations of class marks from the mean, namely, x; — X . Of

course the sum of these deviations need not be zero, since x;'s are no more the

original observations.

Step 3: Make a column of squares of deviations obtained in step 2, i.e., (x; — i)z and

write in the column headed by ( x; — X )2 .
Step 4 : Multiply each entry in step 3 by the corresponding frequency.
We obtain f; (Xi —i)z.
S 2
Step 5 : Find the sum of the column in step 4. We obtain Z [fi (xi =X) ]

i=1

Step 6 : Divide the sum obtained in step 5 by N (total no. of frequencies). We obtain Gé .

Step7: o, = J«;’ é
I el AN [n a study to test the effectiveness of a new variety of wheat, an experiment

was performed with 50 experimental fields and the following results were obtained :
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Yield per Hectare Number of Fields
(in quintals)
31-35 2
36-40
41-45
46-50 12
51-55 16
56-60
61-65
66-70

The mean yield per hectare is 50 quintals. Determine the variance and the standard deviation of
the above distribution.

Solution :

Yield per Hectare No. of Class (x; —X) (x; - §)2 fi (x; — X )2
(in quintal) Fiells ~ Marks

31-35 2 33 -17 289 578
36—-40 3 38 -12 144 432
41-45 8 43 -7 49 392
46-50 12 48 -2 4 48

51-55 16 53 +3 9 144
56-60 5 58 +8 64 320
61-65 2 63 +13 169 338
66—70 2 68 +18 324 648
Total 50 2900

If X isnot given or if X is in decimals in which case the calculations become rather tedious, we

employ the alternative formula for the calculation of Gé as given below:

L 2
Y I£ix;]
&L

o2 = i=l N . N=Yf

g N i=1
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and

— ,2
Gg—+ Gg

The following steps are employed in calculating Gé , and, hence Og by this method:

Step 1:
Step 2 :

Step 3 :

Step 4 :
Step S :

Step 6 :

Step 7 :

Step 8 :

Make a column of class marks of the given classes, namely, x;.
Find the product of each class mark with the corresponding frequency. Write the

product in the column x;f; .

k
Sum the entries obtained in step 2. We obtain 2 (fixi).
i=l1

Make a column of squares of the class marks of the given classes, namely, X12 .
Find the product of each entry in step 4 with the corresponding frequency. We obtain

fix;”-

k
2
Find the sum of the entries obtained in step 5. We obtainz ( fix; )

i=1
k 5 k
Substitute the values of 2 ( fix; ), N and [ 2 (fixi) ] in the formula and obtain
i=1 i=1
2.

IDe PO Determine the variance and standard deviation for the data given in Example

29.6 by this method.
Solution :
Yields per Hectare f; X; fix; X12 f; xiz
(in quintals)

31-35 2 33 66 1089 2178
36-40 3 38 114 1444 4332
41-45 8 43 344 1849 14792
46-50 12 48 576 2304 27648
51-55 16 53 848 2809 44944
56-60 5 58 290 3364 16820
61-65 2 63 126 3969 7938
66-77 2 68 136 4624 9248
Total 50 2500 127900
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Substituting the values of Y. ( fix? ), Nand Y (fixi) in the formula, we obtain

i=1 i=1

, 127900 — M
% " 50
2900
T 50
=58
and Oy = +\/§

=7.61 (approx.)

Again, we observe that we get the same value of Gé , by either of the methods.

Q
& JCHECK YOUR PROGRESS 29.3

1. Inastudy on effectiveness of a medicine over a group of patients, the following results were

obtained :
Percentage of relief 0-20 | 20-40 | 40-60 | 60—-80| 80—100
No. of patients 10 10 25 15 40

Find the variance and standard deviation.

2. In a study on ages of mothers at the first child birth in a village, the following data were

available :
Age (in years) 18—20 [20-22[22-24 |24-26|26-28 |28-30{30-32
at first child birth
No. of mothers 130 110 80 74 50 40 16

Find the variance and the standard deviation.

3. The daily salaries of 30 workers are given below:

Daily salary 0-50({50-100{100-150| 150-200 | 200—250| 250-300
(InRs.)
No. of workers 3 4 5 7 8 3

Find variance and standard deviation for the above data.

29.8 STANDARD DEVIATION AND VARIANCE: STEP
DEVIATION METHOD

In Example 29.7, we have seen that the calculations were very complicated. In order to simplify
the calculations, we use another method called the step deviation method. In most of the frequency
distributions, we shall be concerned with the equal classes. Let us denote, the class size by h.

MATHEMATICS
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Now we not only take the deviation of each class mark from the arbitrary chosen 'a' but also
divide each deviation by h. Let

g=2t (1)
h
Then x; =hy+a L 2
We know that X=ht +4a 3)
Subtracting (3) from (2) , we get
x;-x=h(vyy-w) L. 4)

In (4) , squaring both sides and multiplying by f; and summing over k, we get

k

k
Z[fi(xi—i)2]=h2§[ﬂ(ui—3)2] ..... 5)

i=1
Dividing both sides of (5) by N, we get
k
Z[fi(xi_i)z] h2 k
= == Y[ (v -1)]

i=1

N N
ie. oz =02¢ . (6)

where ze is the variance of the original data and 0u2 is the variance of the coded data or

coded variance. Gu2 can be calculated by using the formula which involves the mean, namely,

5 1 k 5 k
0u=§2[fi(ui—ﬁ) I N=Yf %)
i=l1 i=1
or by using the formula which does not involve the mean, namely,
Kk 2
" > [fiui ]
E[fiuiz ] -= N k
2 _ i=l _
o = > N= ) f
u N E 1

Ih eI EWARE We refer to the Example 29.6 again and find the variance and standard

deviation using the coded variance.

Solution : Here h =5 and let a = 48.

Yield per Hectare Number Class u; = %48 fiu; uiz fiu12
(in quintal) of fields f;  marks x;
31-35 2 33 -3 -6 9 18
36-40 3 38 -2 -6 4 12
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6, =+/58

and

MODULE - VI 41-45 8 43 ~1 -8 1 8
Statistics 4650 12 48 0 0 0 0
51-55 16 53 +1 16 1 16
‘\ 5660 58 +2 10 4 20
\ 6165 2 63 +3 9 18
Notes 6670 68 +4 8 16 32
Total 50 20 124
k 2
" Y fiu
2 i=1
Thus > fiuf -~ <
2 i=l
0 =
b N
2
124 - (20
_ 50
50
124 -8
50
2 _ 38
Y8
Variance of the original data will be
58
2 2.2
os =h“o% =25 x— =158
X u 25

= 7.61 (approx)

We, of course, get the same variance, and hence, standard deviation as before.

ID'el I PO Find the standard deviation for the following distribution giving wages of 230

persons.
Wages No. of persons Wages No. of persons
(in Rs) (in Rs)
70-80 12 110-120 50
80-90 18 120-130 45
90-100 35 130-140 20
100-110 42 140-150 8
MATHEMATICS
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Solution :

o Xi— 105 ) )
Wages No. of class u; = 0 U fiu;  fiu;

(in Rs.) persons f; mark x;
70-80 12 75 -3 9 -36 108
80-90 18 85 -2 4 =36 72
90-100 35 95 -1 1 =35 35
100110 42 105 0 0 0 0
110-120 50 115 +1 1 50 50
120—-130 45 125 +2 4 90 180
130-140 20 135 +3 9 60 180
140—-150 8 145 +4 16 32 128
Total 230 125 753

FESTET T

2
_ 100|753 (125
230 | 230
=100(3.27 - 0.29) =298
o = +4/298 =17.3 (approx)

N\
‘@J CHECK YOUR PROGRESS 29.4

1. The data written below gives the daily earnings of 400 workers of a flour mill.

Weekly earning ( in Rs.) No. of Workers
80— 100 16
100 —120 20
120 — 140 25
140 —160 40
160 —180 80
180— 200 65
200 —220 60
220 -240 35
240 -260 30
260 —280 20
280 —300 9

Calculate the variance and standard deviation using step deviation method.
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2. The data on ages of teachers working in a school of a city are given below:
Age (in years) 20-25 25-30 30-35 35-40
No. of teachers 25 110 75 120
Age (in years) 40-45 45-50 50-55 55-60
No. of teachers 100 90 50 30

Calculate the variance and standard deviation using step deviation method.

3. Calculate the variance and standard deviation using step deviation method of the follow-

ing data :

Age (in years) 25-30 30-35 35-40
No. of persons 70 51 47
Age (in years) 40 —50 45-50 50-55
No. of persons 31 29 22

29.9 PROPERTIES OF VARIANCE AND STANDARD
DEVIATION

Property I : The variance is independent of change of origin.

To verify this property let us consider the example given below.

1% I HPARIE The marks of 10 students in a particular examination are as follows:

10 12 15 12 16 20 13 17 15 10

Later, it was decided that 5 bonus marks will be awarded to each student. Compare the variance
and standard deviation in the two cases.

Solution : Case —1

X; f; f;x; X; — X (X —X)z fi (x; —i)z
10 2 20 _4 16 32
12 2 24 ~2 4 8
13 1 13 —1 1 1
15 2 30 1 1 2
16 1 16 2 4 4
17 1 17 3 9 9
20 1 20 6 36 36

10 140 92

_ 140
Here X = To 14
MATHEMATICS
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Variance

2
10 ~
Standard deviation = 4./92 = 3.03

Case—II (By adding 5 marks to each x;)
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Xi fi fiXi Xi -X (Xi - i)z fl (Xi —i)z
15 2 30 -4 16 32
17 2 34 -2 4 8
18 1 18 -1 1 1
20 2 40 1 1 2
21 1 21 2 4 4
22 1 22 3 9 9
25 1 25 6 36 36

10 190 92

X = 1% =19
10
Variance = 2 9.2
10

Standard deviation = +4/9.2 = 3.03

Thus, we see that there is no change in variance and standard deviation of the given data if the

origin is changed i.e., if a constant is added to each observation.

Property II : The variance is not independent of the change of scale.

I el (WARNL [n the above example, if each observation is multiplied by 2, then discuss the

change in variance and standard deviation.

Solution : In case-I of the above example , we have variance = 9.2, standard deviation = 3.03.

Now, let us calculate the variance and the Standard deviation when each observation is multiplied

by 2.
X fi fixi X -X (Xi —i)z fi(xi —§)2
20 2 40 -8 64 128
24 2 48 -4 16 32
26 1 26 -2 4 4
30 2 60 2 4 8
32 1 32 4 16 16
34 1 34 6 36 36
40 1 40 12 144 144
10 280 368

MATHEMATICS
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280 _
10

368
Vari =—=36.8
ariance 10

28

X =

Standard deviation = +/36.8 = 6.06

Here we observe that, the variance is four times the original one and consequently the standard
deviation is doubled.

In a similar way we can verify that if each observation is divided by a constant then the variance
of the new observations gets divided by the square of the same constant and consequently the
standard deviation of the new observations gets divided by the same constant.

Property III : Prove that the standard deviation is the least possible root mean square deviation.
Proof:letx—a=4d

By definition, we have

_ x—a)?
SZ_EZ[fl( i )J
=%2[fi(xi—§+i—a)2]
=%2fi[(xi X)? +2(x; X)(X ) «X a)ﬂ

= 2
1 2 2, _ _ X—a
LS (iR (R-a) D %)+ St s
=02 +0+d?
.. The algebraic sum of deviations from the mean is zero
or 2= & b
Clearly s? will be least when d = 0 i.c., when a = X.

Hence the root mean square deviation is the least when deviations are measured from the mean
i.e., the standard deviation is the least possible root mean square deviation.

Property IV : The standard deviations of two sets containing n;, and N2 numbers are G,

and G, respectively being measured from their respective means m; and M. If the two
sets are grouped together as one of (n; + n, ) numbers, then the standard deviation 6 of
this set, measured from its mean m is given by

2 2
n,0f + n,o nn 2
G2_ 11 292 112 (ml m2)

n; +1n; (n; +n, )2

D)) ARV The means of two samples of sizes 50 and 100 respectively are 54.1 and

50.3; the standard deviations are 8 and 7. Find the standard deviation of the sample of size 150
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by combining the two samples.

Solution : Here we have
np = 50,H2 = 100,1’111 = 54.1,11’12 =503
Gl = 8and 02 =7

ol = 0ot +ny G R L)
(n1+n2) (1’11+1’12)

50X 64) + (100X 49
_ (50 64) + (100 )+50X1020(54.1—50.3)2
150 (150)
| 320044900 2 o
50 9
= 5721

6 = 7.56 (approx)

IR WARRY Find the mean deviation (M.D) from the mean and the standard deviation

(S.D) of the A.P.
a,atd,at+2d,...,a+2nd

and prove that the latter is greater than the former.
Solution : The number of items in the A.P. is 2n + 1)
. X =a + nd

Mean deviation about the mean

2| (a+rd)-(a+nd)|

(2n +1)
:ml[nd+(n—l)d+ ...... +d]
=ﬁ[l +2 4. fn b nrld
_2n(n+1) _n(n+l1)d
C(2n+1)2° ~ (2n+1) M
o =S {(a ) (o 00)P
Now T(2nn) &t AR
=—(22dj1)[n2 +(n—-1)2+ ..+ 22 +12J
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2d>  n(n+1)(2n+1)

We have further, (2) > (1)

. n(n+1) n(n+1)
g d( 3 )>(2n+1)d
or if (2n+1)2>3n(n+1)

orif n’+n+ 1> 0, which is true forn> 0

Hence the result.

Xample pLREE Show that for any discrete distribution the standard deviation is not less than

the mean deviation from the mean.
Solution : We are required to show that

S.D. > M.D. from mean

or (S. D)2 > (M.D. from mean )2
. 1 PN P
ie. EZ[fi(Xi —X)zj—[EZ[fiKXﬁX)H}
1 1 2 _
or ﬁZ[fid%]Z[EZ[mdiH} ,where d; =x; - X

or NY (£d2) > [ {f]d 1T

or (fi+ £+ ) (A7 + 543+ ) 2 []dy [+ B [dy |+ ..
or fify (df + )+ .2 2618y dydy + .o
or fify (dj = dy )> + ... 20

which is true being the sum of perfect squares.
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° Range : The difference between the largest and the smallest value of the given data.

n

f |x
e Mean deviation from mean — 1=1
N
n 1 i N
whereszfi, N1—1 ixi )
i=l
. 2
(X =X)
e  Variance (02 ) S [for raw data]

° Standard derivation (g ) =

e  Variance for grouped data

i=1 , X; 1s the mid value of the class.

s _
Also, 0X2 =h? q2 and Gu2 =§2[fi(ui —112)]

i=1

k {

3 (o)LL

or 6.2 =i=l N whereszfi
4 N i=1

o Standard deviation for grouped data 6, = +, lcé
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e SUPPORTIVE WEB SITES

Notes

° http://www.wikipedia.org
° http://mathworld. wolfram.com

[ 3
Rl TERMINAL EXERCISE

1. Find the mean deviation for the following data of marks obtained (out of 100) by
10 students in a test

55 45 63 76 67 84 75 48 62 65
2. The data below presents the earnings of 50 labourers of a factory
Earnings (in Rs.) 1200 1300 | 1400|1500 | 1600 | 1800
No. of Labourers 4 7 15 12 7 5

Calculate mean deviation.
3. The salary per day of 50 employees of a factory is given by the following data.
Salary (in Rs.) 20-30 | 30-40 40-50 50-60

No. of employees 4 6 8 12
Salary (in rupees) 60-70 70-80 80-90 90-100

No. of employees 7 6 4 3

Calculate mean deviation.

4. Find the batting average and mean deviation for the following data of scores of 50 innings

of a cricket player:
Run Scored 0-20 20-40 40-60 60-80
No. of Innings 6 10 12 18
Run scored 80—-100| 100-120
No. of innings 3 1

5. The marks of 10 students in test of Mathematics are given below:

6 10 12 13 15 20 24 28 30 32
Find the variance and standard deviation of the above data.
6.  The following table gives the masses in grams to the nearest gram, of a sample of 10 eggs.
46 51 48 62 54 56 58 60 71 75

Calculate the standard deviation of the masses of this sample.

MATHEMATICS
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7. The weekly income ( in rupees ) of 50 workers of a factory are given below: MODULE - VI
Income 400 | 425 | 450 | 500 | 550 | 600 | 650 Statistics
No of workers 5 7 9 12 7 6 4

Find the variance and standard deviation of the above data.

8. Find the variance and standard deviation for the following data: Notes
Class 0-20 | 20-40|40-60 | 60—80 |80—100
Frequency 7 8 25 15 45

9.  Find the standard deviation of the distribution in which the values of x are 1,2,......, N.
The frequency of each being one.
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W, CHECK YOUR PROGRESS 29.1
\ 1. 15 2. 22 3.94 4.15.44

Notes

5. 137 6. 136 7. 5.01 8. 144

CHECK YOUR PROGRESS 29.2

1. Variance =311, Standard deviation = 17.63
2 Variance = 72.9, Standard deviation = 8.5

3 Variance = 42.6, Standard deviation = 6.53

4. Standard deviation = 4

5 Variance = 13.14, Standard deviation = 3.62
6 Standard deviation = 17.6

CHECK YOUR PROGRESS 29.3

1. Variance = 734.96, Standard deviation = 27.1
2. Variance = 12.16, Standard deviation = 3.49
3. Variance = 5489 , Standard deviation = 74.09
CHECK YOUR PROGRESS 29.4

1. Variance = 2194, Standard deviation = 46.84
2. Variance = 86.5 , Standard deviation = 9.3

3. Variance = 67.08 , Standard deviation = 8.19

TERMINAL EXERCISE

1. 9.4 2. 12448

3. 15.44 4. 52,19.8

5. Variance = 74.8, Standard deviation = 8.6

6. 8.8

7. Variance = 5581.25,Standard deviation = 74.7

8. Variance = 840, Standard deviation = 28.9
2-1

9. Standard deviation = =

MATHEMATICS



30

RANDOM EXPERIMENTS AND EVENTS

In day-to-day life we see that before commencement of a cricket match two captains go for a
toss. Tossing of a coin is an activity and getting either a 'Head' or a "Tail' are two possible
outcomes. (Assuming that the coin does not stand on the edge). If we throw a die (of course fair
die) the possible outcomes of this activity could be any one of its faces having numerals, namely
1,2,3,4,5 and 6..... at the top face.

An activity that yields a result or an outcome is called an experiment. Normally there are variety of]
outcomes of an experiment and it is a matter of chance as to which one of these occurs when an
experiment is performed. In this lesson, we propose to study various experiments and their outcomes.

After studying this lesson, you will be able to :

° explain the meaning of a random experiments and cite examples thereof;
° explain the role of chance in such random experiments;

° define a sample space corresponding to an experiment;

e write a sample space corresponding to a given experiment; and

. differentiate between various types of events such as equally likely, mutually exclusive,
exhaustive, independent and dependent events.

EXPECTED BACKGROUND KNOWLEDGE

o Basic concepts of probability

30.1 RANDOM EXPERIMENT

Let us consider the following activities :

(i)  Toss a coin and note the outcomes. There are two possible outcomes, either a head (H)

or a tail (T).

MODULE - Vi
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Notes

MATHEMATICS 515



MODULE - VI
Statistics

N

@)  In throwing a fair die, there are six possible outcomes, that is, any one of the six faces
1,2,...... 6.... may come on top.

(i) Toss two coins simultaneously and note down the possible outcomes. There are four
possible outcomes, HH,HT,TH,TT.

(iv)  Throw two dice and there are 36 possible outcomes which are represented as below :

Notes

-

1

-

7N

o O H Lo

m

AN AN

o Ol & LA N = O T H L ro

AN
AN AN

o Ol & a N =

2
3
4
5
8
1
2
3
4
5
8
4

i.e. outcomes are (1,1), (1,2), (1,3), (1,4), (1,5), (1,6)

~

(2,1),(2,2),...,(2,6

(6‘,1),(6‘,2),....,(‘6,6)

Each of the above mentioned activities fulfil the following two conditions.
(a)  The activity can be repeated number of times under identical conditions.

(b)  Outcome of an activity is not predictable beforehand, since the chance play a role and
each outcome has the same chance of being selection. Thus, due to the chance playing a
role, an activity is

(i) repeated under identical conditions, and

(i) whose outcome is not predictable beforehand is called a random experiment.

I e TIERIAM s drawing a card from well shuffled deck of cards, a random experiment ?

Solution :

(a)  The experiment can be repeated, as the deck of cards can be shuffled every time before
drawing a card.

(b)  Any of'the 52 cards can be drawn and hence the outcome is not predictable beforehand.

Hence, this is a random experiment.

B el ORIV Selecting a chair from 100 chairs without preference is a random experiment.
Justify.

Solution :

(a)  The experiment can be repeated under identical conditions.

MATHEMATICS



(b)  Asthe selection of the chair is without preference, every chair has equal chances of selection.
Hence, the outcome is not predictable beforehand. Thus, it is a random experiment.

Can you think of any other activities which are not random in nature.
Let us consider some activities which are not random experiments.

(1)  Birth of Manish : Obviously this activity, that is, the birth of an individual is not repeatable
and hence is not a random experiment.

(i)  Multiplying 4 and 8 on a calculator.

Although this activity can be repeated under identical conditions, the outcome is always 32.
Hence, the activity is not a random experiment.

30.2 SAMPLE SPACE

We throw a die once, what are possible outcomes ? Clearly, a die can fall with any of its faces at

the top. The number on each of the faces is, therefore, a possible outcome. We write the set S of]

all possible outcomes as
S=1{1,2,3,4,5,6}

Again, if we toss a coin, the possible outcomes for this experiment are either a head or a tail. We
write the set S of all possible outcomes as
S={H, T}.
The set S associated with an experiment satisfying the following properties :
(i)  each element of S denotes a possible outcome of the experiment.

(i)  any trial results in an outcome that corresponds to one and only one element of the set S
is called the sample space of the experiment and the elements are called sample points.
Sample space is generally denoted by S.

D el IERIRE Write the sample space in two tosses of a coin.

Solution : Let H denote a head and T denote a tail in the experiment of tossing of a coin.

Toss | Toss Il Sample Painl
H {H.H)
T

" (HT)

T H {T.H)
T {T.T)

S={(H, H), H,T),(T,H),(T,T) }.
Note : If two coins are tossed simultaneously then the sample space S can be written as

S={HH,HT, THTT}.

xample R[IFW Consider an experiment of rolling a fair die and then tossing a coin.

Write the sample space.
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MODULE - VI |Solution : In rolling a die possible outcomes are 1, 2, 3,4, 5 and 6. On tossing a coin the possible
outcomes are either a head or a tail. Let H (head) =0 and T (tail) = 1.

Statistics

Tass o (10

% Thrawing 3 1
dic 1L
b0

2
1 @1
Notes [E )]

1@

—
=
< 4.0)
—
—

1@
CA G

1 &1
b o)

1 &N

S=1{(1,0),(1,1),(2,0), (2, 1),3,0), 3, D4, 0), (4 1), 5, 0), (5, 1),
(6,0), (6, )}

n(S) =6 x2 =12

Example 30.5 Suppose we take all the different families with exactly 3 children. The

experiment consists in asking them the sex (or genders) of the first, second and third chid. Write
down the sample space.

Solution : Let us write 'B' for boy and 'G' for girl and construct the following tree diagram.

First Second Third
child child child
Boy (GBB)
Boy <
Boy < Girl (BBG)
Boy (RGR)
Girl <
Girl (BGG)
Boy {GBB)
Bey <
Gitl (GBG)
Girl Boy (GGB)
Girl <
Girl ({GGG)

The sample space is

S = {BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG}
The advantage of writing the sample space in the above form is that a question such as "Was the
second child a girl" ? or " How many families have first child a boy ?" and so forth can be
answered immediately.

n(S)=2x2x2=8

Il GRIIXM Consider an experiment in which one die is green and the other is red. When

these two dice are rolled, what will be the sample space ?

MATHEMATICS
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Solution : This experiment can be displayed in the form of a tree diagram, as shown below :

Grasnc = Redc e

-

WA NS 2@ NS 2 @A NGRS @M NS S NGRS A N LR

AAAAAN

Let g; and T denote, the number that comes up on the green die and red die respectively. Then

an out-come can be represented by an ordered pair ( Zi> T ) , where 1 and j can assume any of]
the values 1, 2, 3, 4, 5, 6.

Thus, a sample space S for this experiment is the set
S={(gyrj):1<i<6,1<j<6}.

Also, notice that the multiplication principle (principle of counting) shows that the number of]
elements in S is 36, since there are 6 choices for g and 6 choices for r, and 6 x 6 =36

~.n(S) =36
Write the sample space for each of the following experiments :
(1) A coin is tossed three times and the result at each toss is noted.
(i) From five players A, B, C, D and E , two players are selected for a match.
(i)  Six seeds are sown and the number of seeds germinating is noted.

(iv) A coin is tossed twice. If the second throw results in a head, a die is thrown, otherwise a
coin is tossed.

Solution :
(1) S={TTT, TTH, THT, HTT, HHT, HTH, THH, HHH}

number of elements in the sample spaceis 2 X2 x2 =28

MODULE - Vi
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MODULE-VI | S={AB,AC, AD, AE, BC, BD, BE, CD, CE, DE}. Heren (S)=10
Statistics J@) S=1{0,1,2,3,4,5,6;. Heren (S)=7
(iv)  This experiment can be displayed in the form of a tree-diagram as shown below :

Notes

/N

- IS A WD =
T

IV

—
—

Thus S= {HH1, HH2, HH3, HH4, HHS, HH6, HTH, HTT, TH1, TH2,TH3,TH4,
THS, TH6, TTH, TTT}

i.e. there are 16 outcomes of this experiment.

30.3. DEFINITION OF VARIOUS TERMS

Event : Let us consider the example of tossing a coin. In this experiment, we may be interested
in 'getting a head'. Then the outcome 'head' is an event.

In an experiment of throwing a die, our interest may be in, 'getting an even number'. Then the
outcomes 2, 4 or 6 constitute the event. We have seen that an experiment which, though repeated
under identical conditions, does not give unique results but may result in any one of the several
possible outcomes, which constitute the sample space.

Some outcomes of the sample space satisfy a specified description, which we call an 'event'.

We often use the capital letters A, B, C etc. to represent the events.

IhE ORI [t E denote the experiment of tossing three coins at a time. List all possible

outcomes and the events that
(1)  the number of heads exceeds the number of tails.
(i)  getting two heads.

Solution :
3Jre con

2n¢ coin H—> HHH
H<
1st coin H T HHT
H—> HTH
T<
T —> HTT

H—> THH
H<
T —> THT
T
H—> TTH
T<

T=—>TTT
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The sample space S is
S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}
= {Wl s Wo , W3, Wy, Ws, We, W7, Wg } (say)
If E; is the event that the number of heads exceeds the number of tails, and E , the event getting
two heads. Then
Ep={ wi,wy, w3, ws |
and Ey ={ wy, w3, ws |

30.3.1 Equally Likely Events
Outcomes of a trial are said to be equally likely if taking into consideration all the relevant
evidences there is no reason to expect one in preference to the other.
Examples :
(i)  Intossing an unbiased coin, getting head or tail are equally likely events.
@) In throwing a fair die, all the six faces are equally likely to come.
(i)  Indrawing a card from a well shuffled deck of 52 cards, all the 52 cards are equally likely
to come.
30.3.2 Mutually Exclusive Events

Events are said to be mutually exclusive if the happening of any one of the them preludes the
happening of all others, i.e., if no two or more of them can happen simultaneously in the same
trial.

Examples :

(1)  Inthrowing a die all the 6 faces numbered 1 to 6 are mutually exclusive. If any one of these
faces comes at the top, the possibility of others, in the same trial is ruled out.

(i)  When two coins are tossed, the event that both should come up tails and the event that
there must be at least one head are mutually exclusive.
Mathematically events are said to be mutually exclusive if their intersection is a null set (i.e.,
empty)
30.3.3 Exhaustive Events
If we have a collection of events with the property that no matter what the outcome of the

experiment, one of the events in the collection must occur, then we say that the events in the
collection are exhaustive events.

For example, when a die is rolled, the event of getting an even number and the event of getting an
odd number are exhaustive events. Or when two coins are tossed the event that at least one
head will come up and the event that at least one tail will come up are exhaustive events.
Mathematically a collection of events is said to be exhaustive if the union of these events is the
complete sample space.

30.3.4 Independent and Dependent Events

A set of events is said to be independent if the happening of any one of the events does not affect
the happening of others. If, on the other hand, the happening of any one of the events influence
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the happening of the other, the events are said to be dependent.
Examples :

(i)  Intossing an unbiased coin the event of getting a head in the first toss is independent of
getting a head in the second, third and subsequent throws.

(i)  If we draw a card from a pack of well shuffled cards and replace it before drawing the
second card, the result of the second draw is independent of the first draw. But, however,

Notes

if the first card drawn is not replaced then the second card is dependent on the first draw
(in the sense that it cannot be the card drawn the first time).

Q
\Y_J CHECK YOUR PROGRESS 30.1

Selecting a student from a school without preference is a random experiment. Justify.
Adding two numbers on a calculator is not a random experiment. Justify.

Write the sample space of tossing three coins at a time.

Write the sample space of tossing a coin and a die.

AN e

Two dice are thrown simultaneously, and we are interested to get six on top of each of
the die. Are the two events mutually exclusive or not ?

6. Two dice are thrown simultaneously. The events A, B, C, D are as below :
A : Getting an even number on the first die.
B : Getting an odd number on the first die.
C : Getting the sum of the number on the dice < 7.
D : Getting the sum of the number on the dice > 7.
State whether the following statements are True or False.
(i) A and B are mutually exclusive.
(i1) A and B are mutually exclusive and exhaustive.
(iii) A and C are mutually exclusive.
(iv) C and D are mutually exclusive and exhaustive.

7. Aball is drawn at random from a box containing 6 red balls, 4 white balls and 5 blue
balls. There will be how many sample points, in its sample space?

8. Ina single rolling with two dice, write the sample space and its elements.

Suppose we take all the different families with exactly 2 children. The experiment consists
in asking them the sex of the first and second child.

Write down the sample space.

& 4l LET US SUM UP

. An activity that yields a result or an outcome is called an experiment.

e An activity repeated number of times under identical conditions and outcome of activity
is not predictable is called Random Experiment.

MATHEMATICS
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The set of possible outcomes of a random experiment is called sample space and elements
of the set are called sample points.

Some outcomes of the sample space satisfy a specified description, which is called an
Event.

Events are said to be Equally likely, when we have no preference for one rather than the
other.

If happening of an event prevents the happening of another event, then they are called
Mutually Exclusive Events.

The total number of possible outcomes in any trial is known as Exhaustive Events.

A set of events is said to be Independent events, if the happening of any one of the events
does not effect the happening of other events, otherwise they are called dependent events.

g SUPPORTIVE WEB SITES

http://www.wikipedia.org
http.//mathworld. wolfram.com

[ 2
SRl TERMINAL EXERCISE |

L.

A tea set has four cups and saucers. If the cups are placed at random on the saucers,
write the sample space.

If four coins are tossed, write the sample space.

If n coins are tossed simultaneously, there will be how many sample points ?
[Hint : try forn=1,2,3.4, .....]
In a single throw of two dice, how many sample points are there ?

MATHEMATICS
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S} ANswERS

CHECK YOUR PROGRESS 30.1
1. Both properties are satisfied 2. Outcome is predictable
3. S={HHH,HHTHTHHTT,THH,THT,TTH,TTT |

4. {HLH2,H3,H4,H5,H6,T1,T2,T3,T4,T4,T6 | 5. No.

6. (i) True (i) True (i) False (iv) True 7.15

8. { (1,1),(1,2),(1,3),(1,4),(1,5),(1,6)
(2,1),(2,2),(2,3),(2,4),(2,5),(2,6)
(3,1),(3,2),(3,3),(3,4),(3,5),(3,6)
(4,1),(4,2),(4,3),(4,4),(4,5),(4,6)
(5.1),(5,2),(5.3),(5,4),(5,5).(5,6)
(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)}

9.  {MM, MF, FM, FF}

TERMINAL EXERCISE

{CS1,C8,,GS.G8.G9,.65.GS,GS,
CsS1, GSy, GS3, GSy, GiSp, GSy, G4Ss, GySy }

2. 24 = 16, { HHHH, HHHT, HHTH, HTHH, HHTT, HTHT, HTTH, HTTT,
THHH, THHT, THTH, THTT, TTHH, TTHT, TTTH, TTTT}

3. on 4, 6% =36

MATHEMATICS
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PROBABILITY

In our daily life, we often used phrases such as 'It may rain today’, or 'India may win the match'’
or' [ may be selected for this post.' These phrases involve an element of uncertainty. How can
we measure this uncertainty ? A measure of this uncertainty is provided by a branch of
Mathematics, called the theory of probability. Probability Theory is designed to measure the
degree of uncertainty regarding the happening of a given event. The dictionary meaning of probability
is' likely though not certain to occur. Thus, when a coin is tossed, a head is likely to occur but may
not occur. Similarly, when a die is thrown, it may or may not show the number 6.

In this lesson, we shall discuss some basic concepts of probability, addition and multiplication
theorem of probability and applications of probability in our day to day life.

r=

After studying this lesson, you will be able to :
° define probability of occurance of an event;

° cite through examples that probability of occurance of an event is a non-negative fraction,
not greater than one;

° use permutation and combinations in solving problems in probability;

° state and establish the addition theorems on probability and the conditions under which
each holds;

° generalize the addition theorem of probability for mutually exclusive events;

° state the multiplication theorem on probability for any two events;

° state and prove the multiplication theorem on compound probability for independent events;
° solve problems on probability using addition and multiplication theorems;

° define conditional probability of an event; and

° solve problems involving conditional probability.

EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of random experiments and events.

MATHEMATICS

Notes

MODULE - Vi
Statistics

525



MODULE - VI
Statistics

° The meaning of sample space.

° A standard deck of playing cards consists of 52 cards divided into 4 suits of 13 cards
each : spades, hearts, diamonds, clubs and cards in each suit are - ace, king, queen,
jack, 10,9, 8,7,6,5,4,3 and 2. Kings, Queens and Jacks are called face cards and
the other cards are called number cards.

31.1 EVENTS AND THEIR PROBABILITY

In the previous lesson, we have learnt whether an activity is a random experiment or not. The
study of probability always refers to random experiments. Hence, from now onwards, the
word experiment will be used for a random experiment only. In the preceeding lesson, we have
defined different types of events such as equally likely, mutually exclusive, exhaustive, indepen-
dent and dependent events and cited examples of the above mentioned events.

Here we are interested in the chance that a particular event will occur, when an experiment is
performed. Let us consider some examples.

What are the chances of getting a ' Head' in tossing an unbiased coin ? There are only two
equally likely outcomes, namely head and tail. In our day to day language, we say that the coin
has chance 1 in 2 of showing up a head. In technical language, we say that the probability of

1
getting a head is 5

Similarly, in the experiment of rolling a die, there are six equally likely outcomes 1, 2,3,4,5 or 6.
The face with number '1' (say) has chance 1 in 6 of appearing on the top. Thus, we say that the

1
probability of getting 1 is P

In the above experiment, suppose we are interested in finding the probability of getting even

number on the top, when a die is rolled. Clearly, the numbers possible are 2, 4 and 6 and the

chance of getting an even number is 3 in 6. Thus, we say that the probability of getting an even
3 1

number is g, 1e., E

The above discussion suggests the following definition of probability.

If an experiment with '’ exhaustive, mutually exclusive and equally likely outcomes, m outcomes
are favourable to the happening of an event A, the probability 'p' of happening of A is given by

Number of favourable outcomes m
p=P(A)= - =— (i)
Total number of possible outcomes n

Since the number of cases favourable to the non-happening of the event A are n —m , the
probability 'q' that 'A’ will not happen is given by

n—m m
q: :1——
n n
=1-p [Using ()]
pt+q=1.

MATHEMATICS



Obviously, p as well as ¢ are non-negative and cannot exceed unity.

—

L., 0<p<l, 0<q<l

Thus, the probability of occurrence of an event lies between 0 and 1[including 0 and 1].

[

Remarks

1. Probability 'p' of the happening of an event is known as the probability of success and
the probability '¢' of the non-happening of the event as the probability of failure.

2. Probability of an impossible event is 0 and that of a sure event is 1
if P (A) = 1, the event A is certainly going to happen and
if P (A) = 0, the event is certainly not going to happen.

3. The number () of favourable outcomes to an event cannot be greater than the total
number of outcomes (n).

Let us consider some examples

IBel ) ERINM A dic is rolled once. Find the probability of getting a 5.

W

Solution : There are six possible ways in which a die can fall, out of these only one is favourable
to the event.

1
P(S)_E'

W

D el IRIWA A coin is tossed once. What is the probability of the coin coming up with head ?

Solution : The coin can come up either 'head' (H) or a tail (T). Thus, the total possible out-
comes are two and one is favourable to the event.

1
S P(H)=-
0, (H)=>

IB eI ERIMRE A dic is rolled once. What is the probability of getting a prime number ?

W

Solution : There are six possible outcomes in a single throw of a die. Out of these; 2, 3 and 5
are the favourable cases.

3 1
P ( Prime Number ) :EZE

W

IDel I RIEE A dic is rolled once. What is the probability of the number '7' coming up ?

What is the probability of a number 'less than 7' coming up ?

Solution : There are six possible outcomes in a single throw of a die and there is no face of the
die with mark 7.

0
P ( number 7 ) :gzo

[Note : That the probability of impossible event is zero|

Notes
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As every face of a die is marked with a number less than 7,
6
P(<T)=—-=1
(£7) p

[Note : That the probability of an event that is certain to happen is 1]

BN RIRE [n a simultaneous toss of two coins, find the probability of

(i) getting 2 heads (i) exactly 1 head

Solution : Here, the possible outcomes are
HH, HT, TH, TT.
i.e., Total number of possible outcomes = 4.
(1)  Number of outcomes favourable to the event (2 heads) =1 (i.e., HH).

1
P(2heads)=z.

(i)  Now the event consisting of exactly one head has two favourable cases,
namely HT and TH .

2
P ( exactly one head ) = 13

IE) ) ERIN [n a single throw of two dice, what is the probability that the sum is 9?

Solution : The number of possible outcomes is 6 X 6 = 36. We write them as given below :

1,1 1,2 1.3 4 15 1,6
2,1 22 23 24 25 26
31 32 33 34 35 36
41 42 43 44 45 46
510 52 53 54 55 56
6,1l 62 63 64 65 606
Now, how do we get a total of 9. We have :

3+6=9

4+5=9

5+4=9

6+3=9
In other words, the outcomes (3, 6), (4, 5), (5, 4) and (6, 3) are favourable to the said event,
1.e., the number of favourable outcomes is 4.

4 1
Hence, P (a total of 9 ) = 36 = 9

%) 1 ERIWE From a bag containing 10 red, 4 blue and 6 black balls, a ball is drawn at

random. What is the probability of drawing
(i) ared ball ? (ii) a blue ball ? (iii) not a black ball ?

MATHEMATICS
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Solution : There are 20 balls in all. So, the total number of possible outcomes is 20. (Random
drawing of balls ensure equally likely outcomes)

Q) Number of red balls = 10
10 1
P(aredball) =—=—
20 2

(i1) Number of blue balls = 4
P(ablueball) = 41
(ablue ball ) 03
(i)  Number of balls which are not black = 10 + 4
~14
14 7
P (not a black ball) = —=—
20 10

D el RIBE A card is drawn at random from a well shuffled deck of 52 cards. If A is the

event of getting a queen and B is the event of getting a card bearing a number greater than 4 but
less than 10, find P(A) and P (B).

Solution : Well shuffled pack of cards ensures equally likely outcomes.

.-, the total number of possible outcomes is 52.

() There are 4 queens in a pack of cards.
4 1
P(A)=—=—
(&) 52 13

(i) The cards bearing a number greater than 4 but less than 10 are 5,6, 7,8 and 9.
Each card bearing any of the above number is of 4 suits diamond, spade, club or heart.

Thus, the number of favourable outcomes =5 x 4 =20

_20_5
52 13
IB e RIBE  What is the chance that a leap year, selected at random, will contain 53

Sundays?

Solution : A leap year consists of 366 days consisting of 52 weeks and 2 extra days. These two
extra days can occur in the following possible ways.

1) Sunday and Monday

(i) Monday and Tuesday

@)  Tuesday and Wednesday
(ivy ~ Wednesday and Thursday
v) Thursday and Friday

(vi)  Friday and Saturday

(vii)  Saturday and Sunday

Notes
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Out of the above seven possibilities, two outcomes,

e.g., (1) and (vii), are favourable to the event

2
P (53 Sundays ) = 5

Q
\ & J CHECK YOUR PROGRESS 31.1

A die is rolled once. Find the probability of getting 3.
A coin is tossed once. What is the probability of getting the tail ?
What is the probability of the die coming up with a number greater than 3 ?

In a simultaneous toss of two coins, find the probability of getting ' at least' one tail.

ANl S e

From a bag containing 15 red and 10 blue balls, a ball is drawn 'at random'. What is the
probability of drawing (i) a red ball ? (ii) a blue ball ?

6.  Iftwo dice are thrown, what is the probability that the sum is (i) 6 ? (ii) 8? (iii) 10?
(iv) 12?

7. If two dice are thrown, what is the probability that the sum of the numbers on the two
faces is divisible by 3 or by 4 ?

8.  If two dice are thrown, what is the probability that the sum of the numbers on the two
faces is greater than 10 ?

9. What is the probability of getting a red card from a well shuffled deck of 52 cards ?
10. If a card is selected from a well shuffled deck of 52 cards, what is the probability of
drawing
(i) aspade ? (ii) aking ? (iii) a king of spade ?
11. A pair of dice are thrown. Find the probability of getting
(i) asum as a prime number
(i) a doublet, i.e., the same number on both dice

(iii) a multiple of 2 on one die and a multiple of 3 on the other.

12.  Three coins are tossed simultaneously. Find the probability of getting
(1) no head (ii) at least one head (iii) all heads

31.2. CALCULATION OF PROBABILITY USING COMBINATORICS
(PERMUTATIONS AND COMBINATIONS)

In the preceding section, we calculated the probability of an event by listing down all the possible
outcomes and the outcomes favourable to the event. This is possible when the number of
outcomes is small, otherwise it becomes difficult and time consuming process. In general, we
do not require the actual listing of the outcomes, but require only the total number of possible
outcomes and the number of outcomes favourable to the event. In many cases, these can be
found by applying the knowledge of permutations and combinations, which you have already
studied.
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Let us consider the following examples :

Il I ERIBIE A bag contains 3 red, 6 white and 7 blue balls. What is the probability that

two balls drawn are white and blue ?
Solution : Total number of balls=3+6+ 7 =16

Now, out of 16 balls, 2 can be drawn in 16 C, ways.

.. Exhaustive number of cases = 16 C, = 16 x15 -120

Out of 6 white balls, 1 ball can be drawn in ¢ C, ways and out of 7 blue balls, one can be drawn
is7 C,; ways. Since each of the former case is associated with each of the later case, therefore

total number of favourable cases are 6C1 X/ C, =6 x7=42.

. . 42 7
.. Required probability = — =—

120 20
e

When two or more balls are drawn from a bag containing several balls, there are two ways
in which these balls can be drawn.

(i) Without replacement : The ball first drawn is not put back in the bag, when the
second ball is drawn. The third ball is also drawn without putting back the balls drawn
earlier and so on. Obviously, the case of drawing the balls without replacement is the
same as drawing them together.

(ii) With replacement : In this case, the ball drawn is put back in the bag before drawing
the next ball. Here the number of balls in the bag remains the same, every time a ball is
drawn.

In these types of problems, unless stated otherwise, we consider the problem of without
replacement.

|'e) 1 ERIWEE Find the probability of getting both red balls, when from a bag containing 5

red and 4 black balls, two balls are drawn,

(i)  with replacement.

(i)  without replacement.

Solution : (i) Total number of balls in the bag in both the draws =5+4=9
Hence, by fundamental principle of counting, the total number of

possible outcomes =9 x 9 = 81.

Similarly, the number of favourable cases = 5 x 5=25.

25
Hence, probability (both red balls) :E .
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(ii) Total number of possible outcomes is equal to the number of ways of selecting 2 balls out
of 9balls= ¢, .

Number of favourable cases is equal to the number of ways of selecting

2 balls out of 5 red balls =5 C,.

5 S5x4
C
Hence, P (both red balls ) = 9—2 _A1x2 _ >
c, Ix8 18
1x2

|61 (RIW VA Six cards are drawn at random from a pack of 52 cards. What is the

probability that 3 will be red and 3 black?

Solution : Six cards can be drawn from the pack of 52 cards in>2C,, ways.
i.e., Total number of possible outcomes = >2¢ ¢

3 red cards can be drawn in 2°C, ways and

3 black cards can be drawn in 2, ways.

. Total number of favourable cases = 26C3 x 26 C,

6Cyx2 ¢y 13000
S2¢, 39151

B¢l GRIWRE Four persons are chosen at random from a group of 3 men, 2 women and

4 children. Show that the chance that exactly two of them will be children is % .

Hence, the required probability =

Solution : Total number of persons in the group =3 + 2 + 4 = 9. Four persons are chosen at
random. If two of the chosen persons are children, then the remaining two can be chosen from
5 persons (3 men + 2 women).

Number of ways in which 2 children can be selected from 4

4x3

/= _6
1x2

children = *C, =

Number of ways in which remaining of the two persons can be selected

S5x4
from 5 persons = >Cy =—— =10
p 2712

Total number of ways in which 4 persons can be selected out of

_ 9IXBXTx6

= =126
1x2x3x4

9 persons = ° Cy

4Cy ¥ Cy _6x10 _10

9C4 126 21

Hence, the required probability =
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|61 (SRIWE R Three cards are drawn from a well-shuffled pack of 52 cards. Find the

probability that they are a king, a queen and a jack.

Solution : From a pack of 52 cards, 3 cards can be drawn in 32C; ways, all being equally
likely.
Exhaustive number of cases = °%¢;,

A pack of cards contains 4 kings, 4 queens and 4 jacks .A king, a queen and a Jack can each

be drawn in *c; ways and since each way of drawing a king can be associated with each of the
ways of drawing a queen and a jack, the total number of favourable cases = *C, x *C, x*c,
4C1 X 4 CI X4 Cl

52 C3

Required probability =

_ 4x4x4
T 52x51%x50
I1x2x3

16
5525

IDE I ERINEN From 25 tickets, marked with the first 25 numerals, one is drawn at

random. Find the probability that it is a multiple of 5.

Solution : Numbers (out of the first 25 numerals ) which are multiples of 5 are 5, 10, 15, 20
and 25, i.e., 5 in all. Hence, required favourable cases are = 5.
1

5
.. Required probability = E = g

1D e IERIBGE [f the letters of the word 'REGULATIONS' be arranged at random, what

is the probability that there will be exactly 4 letters between R and E?
Solution : The word 'REGULATIONS' consists of 11 letters. The two letters R and E can
occupy ''p, ,i.e., 11x10=110 positions.
The number of ways in which there will be exactly 4 letters between R and E are enumerated
below :

Risin the first place and E in the 6th place.

Risin the 2nd place and E in the 7th place

R is in the 6th place and E is in the 11th place.
Since R and E can interchange their positions, the required

number of favourable casesis 2 x 6 =12.
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12 6
The required probability = E = E

D) ERIMVA Out of (2n + 1) tickets consecutively numbered starting with 1, three are

drawn at random. Find the chance that the numbers on them are in A.P.

Solution : Since out of (2n+ 1) tickets, 3 tickets can be drawn in 20+ C; ways,

Therefore, exhaustive number of cases = 20 +1C 3

_ 2n+D2n(2n-1)

Ix2x3
. n (4n%-1)
3

To find the favourable number of cases, we are to enumerate all the cases in which the number
on the drawn tickets are in A.P. with common difference (say, d=1,2, 3, ....... ,n —1,n)
If d =1, possible cases are as follows :

L, 2, 3

2, 3, 4

,ie, (2n—1) cases in all.

2n-1, 2n,2n +1

If d =2, the possible cases are as follows :

,(2n —3) cases in all.

2n-3, 2n-1,2n+1

and so on
If d=n - 1, the possible cases are
L, n, 2n-1
2, n+1, 2n , 1.e., 3 cases in all.

3, n+2, 2n+1

If d =n, there is only one case, viz., 1,n+ 1,2n+ 1

Hence, total number of favourable cases
=(2n-1)+(2n-3)+...+5+3+1
=1+3+5+...... +(2n - 1)

which is a series in A.P. with d = 2 and n terms.

MATHEMATICS



Probability

N MODULE - VI
. Number of favourable cases= 2 [2+ (n-1)2] Statistics
n
= —(2n) = n?
5 (2n)
. . n? 3n ‘
Hence, required probability = = Notes
n(4n2-1) 4n2-1
3
)
N\ 'A4 CHECK YOUR PROGRESS 31.2
1. A bag contains 3 red, 6 white and 7 blue balls. What is the probability that two balls
drawn at random are both white?
2. A bag contains 5 red and 8 blue balls. What is the probability that two balls drawn are
red and blue ?
3. Abag contains 20 white and 30 black balls. Find the probability of getting 2 white balls,
when two balls are drawn at random
(a) with replacement (b) without replacement
4. Three cards are drawn from a well-shuffled pack of 52 cards. Find the probability that all
the three cards are jacks.
5. Two cards are drawn from a well-shuffled pack of 52 cards. Show that the chances of
1
drawing both is .
wing both aces is =
6.  Ina group of 10 outstanding students in a school, there are 6 boys and 4 girls. Three
students are to be selected out of these at random for a debate competition. Find the
probability that
(i) one is boy and two are girls.
(i) all are boys.
(iii) all are girls.
7. Out of 21 tickets marked with numbers from 1 to 21, three are drawn at random. Find
the probability that the numbers on them are in A.P.
8. Two cards are drawn at random from § cards numbered 1 to 8. What is the probability
that the sum of the numbers is odd, if the cards are drawn together ?
9. Ateam of 5 players is to be selected from a group of 6 boys and 8 girls. If the selection
is made randomly, find the probability that there are 2 boys and 3 girls in the team.
10.  An integer is chosen at random from the first 200 positive integers.Find the probability
that the integer is divisible by 6 or 8.
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31.3 EVENT RELATIONS

Let us consider the example of throwing a fair die. The sample space of this experiment is
S={1,2,3,4,5,6}

If A be the event of getting an even number, then the sample points 2, 4 and 6 are favourable to
the event A.

The remaining sample points 1, 3 and 5 are not favourable to the event A. Therefore, these will
occur when the event A will not occur.

In an experiment, the outcomes which are not favourable to the event A are called complement
of A and defined as follows :

' The outcomes favourable to the complement of an event A consists of all those outcomes which are
not favourable to the event A, and are denoted by mot' A orby % .

31.3.1 Event 'A or B'

Let us consider the example of throwing a die. A is an event of getting a multiple of 2 and B be
another event of getting a multiple of 3.

The outcomes 2, 4 and 6 are favourable to the event A and the outcomes 3 and 6 are favourable

to the event B.

Fig. 31.1

The happening of event A or B is
AUB={2,346}

Again, if A be the event of getting an even number and B is another event of getting an odd
number, then

A:{23476}’ B:{1’335}

S A B

Fig. 31.2
AUB={1,2 3,45,6}

Here, it may be observed that if A and B are two events, then the event' Aor B' (A |J B ) will

consist of the outcomes which are either favourable to the event A or to the event B or to both
the events.

Thus, the event 'A or B' occurs, if either A or B or both occur.

MATHEMATICS



31.3.2 Event "A and B'

Recall the example of throwing a die in which A is the event of getting a multiple of 2 and B is the
event of getting a multiple of 3. The outcomes favourable to A are 2, 4, 6 and the outcomes
favourable to B are 3 , 6.

)

Fig. 31.3
Here, we observe that the outcome 6 is favourable to both the events A and B.
Draw a card from a well shuffled deck of 52 cards. A and B are two events defined as

A :ared card

B:aking
We know that there are 26 red cards and 4 kings in a deck of cards. Out of these 4 kings, two
are red.

ANB

kings

red cards

red kings

Fig. 31.4
Here, we see that the two red kings are favourable to both the events.
Hence, the event ' A and B' consists of all those outcomes which are favourable to both the

events A and B. That is, the event 'A and B' occurs, when both the events A and B occur
simultaneously. Symbolically, it is denoted as A B,

1.4 ADDITIVE LAW OF PROBABILITY

Let A be the event of getting an odd number and B be the event of getting a prime number in a
single throw of a die. What will be the probability that it is either an odd number or a prime
number ?

In a single throw of a die, the sample space would be
S={1,2,3,4,5,6}

The outcomes favourable to the events A and B are
A={1,3,5}
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Fig. 31.5

The outcomes favourable to the event 'A or B' are

AUB =1{1,2,3,5}.
Thus, the probability of getting either an odd number or a prime number will be
2

4
P(A or By =—=—
( ) 573

To discover an alternate method, we can proceed as follows :
The outcomes favourable to the event A are 1, 3 and 5.

P (A)=>

Similarly, P(B)=
The outcomes favourable to the event 'A and B' are 3 and 5.

P (A and B)=%

Now, P(A)+P(B)-P(A and B) = =+

| w

_2
6

W o w

4
6

=P(AorB)

Thus, we state the following law, called additive rule, which provides a technique for finding the
probability of the union of two events, when they are not disjoint.

For any two events A and B of a sample space S,
P(AorB)=P(A)+P(B)-P(AandB)

or P(AUB)=P(A)+P(B)-P(ANB) . (i)

Dl RIBER A card is drawn from a well-shuffled deck of 52 cards. What is the prob

ability that it is either a spade or a king ?

Solution : If a card is drawn at random from a well-shuffled deck of cards, the likelyhood of
any of the 52 cards being drawn is the same. Obviously, the sample space consists of 52
sample points.

MATHEMATICS



If A and B denote the events of drawing a 'spade card' and a 'king' respectively, then the event
A consists of 13 sample points, whereas the event B consists of 4 sample points. Therefore,

13 4
P(A)=— P (B)=—
()52, ()52

The compound event ( A (1 B) consists of only one sample point, viz.; king of spade. So,

P(AﬂB)=é

Hence, the probability that the card drawn is either a spade or a king is given by
P(AUB )=P(A)+P(B)-P(ANB)

13 4 1
= — 4+ — - —

52 52 52
_l6_4

52 13

IDC IERIBEE [n an experiment with throwing 2 fair dice, consider the events

A : The sum of numbers on the faces is 8
B : Doubles are thrown.
What is the probability of getting A or B ?
Solution : In a throw of two dice, the sample space consists of 6 x 6 = 36 sample points.
The favourable outcomes to the event A ( the sum of the numbers on the faces is 8 ) are
A=1{(2,6),(3,5),(4,4),(5,3),(6,2) }
The favourable outcomes to the event B (Double means both dice have the same number) are

B ={(11),(2,2),(3,3),(4,4),(5.5),(6,6)}

ANB={(44)}.
Now P(A)—i P(B)—£ P( ANB -
36 36 ( )‘36
Thus, the probability of A or B is
p(AUB)ziJ,i_i
36 36 36
_10_5
36 18

1.5 ADDITIVE LAW OF PROBABILITY FOR

MUTUALLY EXCLUSIVE EVENTS

We know that the events A and B are mutually exclusive, if and only if they have no outcomes
in common. That is, for mutually exclusive events,

P(Aand B) =0
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Substituting this value in the additive law of probability, we get the following law :
P(AorB)=P(A)+P(B) .. (iii)

Ihel ) BRIWAN [n a single throw of two dice, find the probability of a total of 9 or 11.

Solution : Clearly, the events - a total of 9 and a total of 11 are mutually exclusive.

4
Now P (atotalof 9)=P][(3,6), (4,5), (5,4), (6,3)] =£
2
P(atotalof 11 )=P[ (5, 6),(6,5)]= 36
Thi P (atotal of9or 11 —i+i
us, (atotal of9or11) 36 36
_1
6

IR I ERIWAR The probabilities that a student will receive an A, B, C or D grade are 0.30,

0.35,0.20 and 0.15 respectively. What is the probability that a student will receive at least a B
grade ?

Solution : The event at least a 'B' grade means that the student gets either a B grade or an A
grade.

P (atleast B grade ) =P ( B grade ) + P ( A grade )

=0.35+0.30
=0.65
|%'€) 1)) ERIWPA Prove that the probability of the non-occurrence of an event Ais 1 — P ( A).
ie., P(notA)=1-P(A) o, P(A)=1-P(A).

Solution : We know that the probability of the sample space S in any experiment is 1.

Now, it is clear that if in an experiment an event A occurs, then the event (A ) cannot occur
simultaneously, i.e., the two events are mutually exclusive.

Also, the sample points of the two mutually exclusive events together constitute the sample
space S. That is,

AUA=S
Thus, P(AUA)=P(S)
=P(A) +P( A) 4 (- Aand & are mutually exclusive and S is sample space)
=P(A) 4 -P(A),
which proves the result.
This is called the law of complementation.

Law of complimentation : P(j_%) =1 -P(A)
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Ihel ) RIWRY Find the probability of the event getting at least 1 tail, if four coins are tossed

once.
Solution : In tossing of 4 coins once, the sample space has 16 samples points.
P (atleast onetail )=P ( lor2 or 3 or 4 tails )
=1-P(0tail) (By law of complimentation)
=1-P(HHHH)
The outcome favourable to the event four heads is 1.
1
P(HHHH) = I
Substituting this value in the above equation,

we get
P (atleastone tail )= 1 — —= —

In many instances, the probability of an event may be expressed as odds - either odds in favour
of an event or odds against an event.

If A is an event :

P(A _
The odds in favour of A = PER;MP(AHOP(A)’

where P (A) is the probability of the event A and P ( A ) is the probability of the event 'not A'.
Similarly, the odds against A are

morP(A)to P (A).

P(A)

ID'el ) ERIWEY The probability of the event that it will rain is 0.3. Find the odds in favour of

rain and odds against rain.

Solution : Let A be the event that it will rain.
. P(A)=23

By law of complementation,

P(A)=1-3 =7.

3
Now, the odds in favour of rain are 07 or3to7(or3:7).

The odds against rain are

0;7 or 7 to 3.
0.3

When either the odds in favour of A or the odds against A are given, we can obtain the probability
of that event by using the following formulae

Notes
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If the odds in favour of A are a to b, then

a
P(A)=
) a+b’
If the odds against A are a to b, then
b
P(A)=
) a+b-

This can be proved very easily.
Suppose the odds in favour of A are a to b. Then, by the definition of odds,

P(A) _a
P(A) b°
From the law of complimentation,

P(A)=1-P (A)

P(A) _a

Therefore, 1-P(A) b or

bP(A)=a-aP (A

a
a+b

or (a+b)P(A)=a or P(A)=
Similarly, we can prove that

b
a+b
when the odds against A are b to a.

ID eI ERIWA] Determine the probability of A for the given odds

(a)3to 1in favour of A (b) 7 to 5 against A.

P (A)=

3 3 5 5
Solution : PA)=——== (b P (A= — =
olution: (2) P (A)=-7=7 () B =50
IDel ) RIWIM [f two dice are thrown, what is the probability that the sum is
(a) greater than 8 ? (b) neither 7 nor 11 ?

Solution : (a) If S denotes the sum on two dice, then we want P(S > 8) . The required event
can happen in the following mutually exclusive ways :

HS=9 (i) S =10, (i) S=11,and (iv) S=12.
Hence, by addition probability theorem for mutually exclusive events, we get
P(S>8)=P(S=9)+P(S=10)+P(S=11)+P(S=12) (D)
In a throw of two dice, the sample space contains 6 X 6 =36 points. The number of favourable
cases can be enumerated as shown below :
S=9:(3,6), (4,5), (5,4), (6,3), ie., 4 sample points.
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4
P(S=9)= 1.

S=10: (4,6), (5,5), (6,4), , ie., 3 sample points.
P(S=10)= £l
) 36"
S=11: (5,6), (6,5), ie., 2 sample points.
P(S=I1)= 2z
36"
S=12: (6,6), ie., 1 sample point.
1
P(S=12)=—.
( )= 36
Substituting these values in equation (1), we get
psago 2 L 105
36 36 36 36 36 18
(b) Let A and B denote the events of getting the sum 7 and 11 respectively on a pair of dice.
S=7:(1,6), (2,5), (3,4), (4,3),(5,2), (6, 1), ie., 6 sample points.
P(S=7)= Ll P(A)= S
(S=T)=57 or P(A)=7 .
S=11: (5,6),(6,5),1.e., 2 sample points.
2 2
~P(S=I11) =—,0r P (B) =—,
( ) Y (B) Y

Since A and B are disjoint events, therefore
P(eitherAorB) = P(A) + P(B)

6 2
= — + —

36 36
_8

36

Hence, by law of complementation,
P (neither 7 nor 11 )=1 —P (either 7 or 11)
8

G
8
36

B el ERIWYE Are the following probability assignments consistent ? Justify your answer.
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(a) P(A) =P (B) = 0.6, P(Aand B) = 0.05
(b) P(A)=05 P(B)=04, P (Aand B)=0.1
(¢ P(A)=02, P(B)=07, P(A and B)=04
Solution : () P(AorB)=P(A)+P(B) - P(AandB)

= 0.6+0.6 — 0.05

=1.15
Since P ( A or B) > 1 is not possible, hence the given probabilities are not consistent.
(b) P(AorB)=P(A)+P(B)-P(AandB)

=0.5 + 04 -0.1

=0.8

which is less than 1.

As the number of outcomes favourable to event 'A and B' should always be less than or equal
to those favourable to the event A,

Therefore, P(AandB) < P(A)
and similarty  P(AandB) < P(B)

In this case, P (A and B) = 0.1, which is less than both P (A) = 0.5 and P (B) = 0.4. Hence, the
assigned probabilities are consistent.

(c) In this case, P ( A and B) = 0.4, which is more than P (A ) =0.2.
[- P(AandB) < P(A)]

Hence, the assigned probabilities are not consistent.

Ihelnl ] GRIWAE An umn contains 8 white balls and 2 green balls. A sample of three balls is

selected at random. What is the probability that the sample contains at least one green ball ?
Solution : Um contains 8 white balls and 2 green balls.
.. Total number of balls in the urn = 10

Three balls can be drawn in 10C3 ways = 120 ways.

Let A be the event " at least one green ball is selected".

Let us determine the number of different outcomes in A. These outcomes contain either one
green ball or two green balls.

There are 2C; ways to select a green ball from 2 green balls and for this remaining two white
balls can be selected in 8C; ways.
Hence, the number of outcomes favourable to one green ball
=20, x 8¢,
=2 x 28=56
Similarly, the number of outcomes favourable to two green balls

=2C2><8C1 =1x8 =8
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Hence, the probability of at least one green ball is
P (at least one green ball )
= P (one greenball ) + P (two green balls )

56 8
=+ —
120 120
_64 8
120 15

1D e I ERIWAE Two balls are drawn at random with replacement from a bag containing 5

blue and 10 red balls. Find the probability that both the balls are either blue or red.

Solution : Let the event A consists of getting both blue balls and the event B is getting both red
balls. Evidently A and B are mutually exclusive events.

By fundamental principle of counting, the number of outcomes favourableto A = 5 x5 =25.

Similarly, the number of outcomes favourable to B =10 x 10 = 100.

Total number of possible outcomes = 15 x 15 =225.

paye ==L apmy-
(A)=5)5 79 ad P(B)=75=

Since the events A and B are mutually exclusive, therefore
P(AorB)=P(A) + P (B)

4
;-

+

O | —
O |~

O | L

5
Thus, P ( both blue or both red balls ) = —

. CHECK YOUR PROGRESS 31.3

A card is drawn from a well-shuffled pack of cards. Find the probability that it is a queen
or a card of heart.

2. Inasingle throw of two dice, find the probability of a total of 7 or 12.

The odds in favour of winning of Indian cricket team in 2010 world cup are 9 to 7. What
is the probability that Indian team wins ?

4. The odds against the team A winning the league match are 5 to 7. What is the probability
that the team A wins the league match.

5. Two dice are thrown. Getting two numbers whose sum is divisible by 4 or 5 is consid-
ered a success. Find the probability of success.

6.  Two cards are drawn at random from a well-shuffled deck of 52 cards with replacement.
What is the probability that both the cards are either black or red ?
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11.

12.

13.

14.

15.

16.

17.

18.

A card is drawn at random from a well-shuffled deck of 52 cards. Find the probability
that the card is an ace or a black card.

Two dice are thrown once. Find the probability of getting a multiple of 3 on the first die
or a total of 8.

(a) In a single throw of two dice, find the probability of a total of 5 or 7.

(b) A and B are two mutually exclusive events such that P (A )=0.3 and P ( B)=0.4.
Calculate P (A or B).

A box contains 12 light bulbs of which 5 are defective. All the bulbs look alike and have
equal probability of being chosen. Three bulbs are picked up at random. What is the
probability that at least 2 are defective ?

Two dice are rolled once. Find the probability
(a) that the numbers on the two dice are different,
(b) that the total is at least 3.

A couple have three children. What is the probability that among the children, there will
be at least one boy or at least one girl ?

Find the odds in favour and against each event for the given probability
(2) PA)=7 (b) P(A) = é

Determine the probability of A for the given odds

(a) 7to 2 in favour of A (b) 10 to 7 against A.

If two dice are thrown, what is the probability that the sum is

(a) greater than 4 and less than 9 ?

(b) neither 5 nor § ?

Which of the following probability assignments are inconsistent ? Give reasons.

(a) P(A)=05, PB)=03, P(AandB)=04

(b) P(A)=P(B)=04, P(AandB)=0.2

(¢ P(A)=0.85 P(B)=0.58, P (A and B) = 0.61

Two balls are drawn at random from a bag containing 5 white and 10 green balls. Find
the probability that the sample contains at least one white ball.

Two cards are drawn at random from a well-shuffled deck of 52 cards with replacement.
What is the probability that both cards are of the same suit ?

31.6 SOME RESULTS ON PROBABILITY OF EVENTS

Result 1 : Probability of impossible event is zero.

Solution : Impossible event contains no sample points. Therefore, the certain event S and the

impossible event ¢ are mutually exclusive.

Hence, SU¢p=S

=

P(SUG)=P (S

MATHEMATICS
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or P(S)+P @) =P (S

= P (¢)= 0.

Result 2 : Probability of the complementary event A of A is given by

P(A)=1-P(A)
Solution : A and A are disjoint events. Also,
AUA =S = P(AUA)=P(S)

Using additive laws (ii) and (iii) , we get
P(A)+P(A)=1 =  P(A)=1-P(A).

Result 3 : Prove that 0 < P(A )< I, forany Ain S.

Solution : We know that

AcS = P(A)<P(S)
= P(A)<I. [Using additive law]
We know that P(A) > 0.
Hence, 0<PA< 1.
Result 4 : If A and B are any two events, then
P(AUB)=P (A) +P(B) -P (A[1B).
Solution :
A B S
ANB
Fig. 31.6
From the above figure, we can write
AUB=AU(ANB)
= P (AUB)=P[AU(ANB)]. (1)
Since the events A and (A () B) are disjoint, therefore law (iii) gives
P[AU(ANB)[=PA) +P(ANB)
Substituting this value in (1) , we get
P(AUB) =P(A) +P ( AN B)
or  P(AUB)=P(A) +[P (ANB)+P(ANB)] -P(ANB) .. )
MATHEMATICS
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From Fig. 31.6, we see that
(ANB) U(ANB)=B
P(ANB) U(ANB)]=P (B).
Further, the events (A () B)and ( A (1 B) are disjoint, so from additive law, we get
P(ANB) +P (ANB)=P (B)
Substituting this value in (2), we get
P(AUB)=P(A)+ P(B)-P(ANB
Result 5 : If A and B are mutually exclusive events, then
P(AUB) = P(A) +P(B)

Solution : From additive law, we have

P(AUB)=P(A)+P(B)-P(ANB) .. )
Since A and B are mutually exclusive events,
Therefore ANB=¢
= P(ANB) =P(®) =0

Substituting this value in equation (1), we get
P(AUB) =P(A) +P(B),

which is additive law for mutually exclusive events.

31.7 MULTIPLICATION LAW OF PROBABILITY FOR
INDEPENDENT EVENTS

Let us recall the definition of independent events.

Two events A and B are said to be independent, if the occurrence or non-occurrence of one
does not affect the probability of the occurrence (and hence non-occurrence) of the other.

Can you think of some examples of independent events ?

The event of getting 'H' on first coin and the event of getting "T" on the second coin in a simultaneous
toss of two coins are independent events.

What about the event of getting 'H' on the first toss and event of getting "T' on the second toss
in two successive tosses of a coin ? They are also independent events.

Let us consider the event of 'drawing an ace' and the event of 'drawing a king' in two successive
draws of a card from a well-shuffled deck of cards without replacement.

Are these independent events ?
No, these are not independent events, because we draw an ace in the first draw with probability

% Now, we do not replace the card and draw a king from the remaining 51 cards and this

affect the probability of getting a king in the second draw, i.e., the probability of getting a king in

MATHEMATICS
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the second draw without replacement will be 3

Note : If the cards are drawn with replacement, then the two events become independent.
Is there any rule by which we can say that the events are independent ?
How to find the probability of simultaneous occurrence of two independent events?
If A and B are independent events, then
P (A and B) =P(A) . P (B)
or
P(AN B) =P(A). P (B)
Thus, the probability of simultaneous occurrence of two independent events is the product

of their separate probabilities.

Note : The above law can be extended to more than two independent events, i.e.,
P(ANBNC..)=PA)- P(B): P(C)...

On the other hand, if the probability of the event 'A' and 'B' is equal to the product of the
probabilities of the events A and B, then we say that the events A and B are independent.

ID eI ERIRIN A die is tossed twice. Find the probability of a number greater than 4 on

each throw.

Solution : Let us denote by A, the event 'a number greater than 4' on first throw. B be the event
'a number greater than 4' in the second throw. Clearly A and B are independent events.

In the first throw, there are two outcomes, namely, 5 and 6 favourable to the event A.

2 1
P(A)== ==
(A) 5 3
. 1
Similarly, P(B)=§
Hence, P(A and B) =P (A).P(B)
_1r.1
33 9

1D el BRIRIN  Arun and Tarun appear for an interview for two vacancies. The probability

1 1
of Arun's selection is 3 and that of Tarun's selection is 3 Find the probability that

(a)  both of them will be selected.
(b) none of them is selected.

(c) atleast one of them is selected.
(d) only one of them is selected.

1
Solution : Probability of Arun's selection = P(A) = 3

MATHEMATICS

MODULE - Vi
Statistics

Notes

549



Probability

MODULE - VI
Statistics

\\)

Notes

1
Probability of Tarun's selection = P(T) = 3
(a) P (both of them will be selected ) =P (A) P (T)

(b) P (' none of them is selected )

2 4 8
_X_

(c) P (at least one of them is selected )
=1 —P (None of them is selected )

=1-P(A)P(T)

(d) P (only one of of them is selected )
=P(A)P(T) +P(A) P(T)

1.4 2 1
=—X—+=X—
3 5 3°5
_6_2
15 5
Ih'eln)BRIYA A problem in statistics is given to three students, whose chances of solving it
11 1
are 33 and 1 respectively. What is the probability that problem will be solved ?

Solution : Let p;, p, and p3 be the probabilities of three persons of solving the problem.

1 1 1
H == =— and =—.
ere, P1 5 P2 3 and P3 4

The problem will be solved, if at least one of them solves the problem.
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P ( at least one of them solves the problem )

=1 - P (None of them solves the problem) ... (1)
Now, the probability that none of them solves the problem will be
P (‘none of them solves the problem ) = (1 -p;)(1 5, )(1 3)
1

1 2.3
2 3 4 4

Putting this value in (1), we get
P ( at least one of them solves the problem ) =1 — 1

3

3
Hence, the probability that the problem will be solved is 1

I el RIRR] Two balls are drawn at random with replacement from a box containing 15

red and 10 white balls. Calculate the probability that
(a) both balls are red.

(b)  first ball is red and the second is white.

(c) one of them is white and the other is red.
Solution :

(2) Let A be the event that first drawn ball is red and B be the event that the second ball drawn
is red. Then as the balls drawn are with replacement,

15 3 3
th f P A = — =—7P B =—
erefore (A) 5573 (B) 5
As A and B are independent events
therefore P (bothred)=P(AandB)
= P(A) xP(B)
3.3 9
== X— =—
5 5 25

(b) Let A : First ball drawn is red.

B : Second ball drawn is white.
P(A and B) =P(A) xP(B)
3 2 6
X

575 25

(c) If WR denotes the event of getting a white ball in the first draw and a red ball in the second
draw and the event RW of getting a red ball in the first draw and a white ball in the second draw.
Then as 'RW' and WR' are mutually exclusive events, therefore
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P ('a white and a red ball )
= P(WRorRW)
=P (WR) +P (RW)
=P(W)PR)+P [R)P (W)
23 .32
55 55

6,6 12

+ — =
25 25 25

IBel i JERIREY  The odds against Manager X settling the wage dispute with the workers are
8 : 6 and odds in favour of manager Y settling the same dispute are 14 : 16.

(1)  What is the chance that neither settles the dispute, if they both try independently of each
other ?

(i)  What is the probability that the dispute will be settled ?

Solution : Let A be the event that the manager X will settle the dispute and B be the event that
the manager Y will settle the dispute. Then, clearly

6 _3 % 3 4
i P(A)=—=2,P(A) =1 -P(A) 4 = =
0 =2 =2, p(R) =1 -p(A) 7
PB) =t =L p(B) a1 2 L0 8
30 15 3030 15

The required probability that neither settles the dispute is given by
P(ANB)=P(A)P(B)
_4 8 _32
715 105
(Since A, B are independent, therefore, A , B also independent)

(i)  The dispute will be settled, if at least one of the managers X and Y settles the dispute.
Hence, the required probability is given by

P (A UB) = P [Atleast one of X and Y settles the dispute]
=1 — P [None settles the dispute]

=1-P (AN B)
o327
105 105
D el RIRE A dice is thrown 3 times. Getting a number 'S or 6' is a success. Find the

probability of getting
(a) 3 successes (b) exactly 2 successes (c) at most 2 successes (d) at least 2 successes.

Solution : Let S denote the success in a trial and F denote the ' not success' i.e. failure.
Therefore,

MATHEMATICS
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(a) As the trials are independent, by multiplication theorem for independent events,
P(SSS)=P(S) P(S) P(S)

1111
37373 27

P(SSF) =P(S)P(S)P(F)
112 2
37373 27

Since the two successes can occur in 3C, ways

P (exactly tw )—3C><i—z
exactly two successes 2X5 7%
(c) P (at mosttwo successes) =1 — P(3successes)
- 1_26
27 27
(d) P (atleast two successes) = P ( exactly 2 successes) + P ( 3 successes)
2 1 7
=4+ —=—
9 27 27

IR ERIMIY A card is drawn from a pack of 52 cards so that each card is equally likely

to be selected. Which of the following events are independent ?

() A : the card drawn is a spade

B : the card drawn is an ace
(i) A : the card drawn is black
B : the card drawn is a king
@) A :the card drawn is a king or a queen

B : the card drawn is a queen or a jack
Solution : (i) There are 13 cards of spade in a pack.

13 1
PA)=—=-
&) 52 4
There are four aces in the pack.
4 1
PB)=—=—
®) 52 13

A N B = { anace of spade }
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1
PAB)=—
(AaNns) 52
1 1 1
Now P (A) P(B)_ZXB_S_Z
Since P (A B) = P(A). P (B)

Hence, the events A and B are independent.

(i1) There are 26 black cards in a pack.

26 1
P(A) ===
*) 52 2
There are four kings in the pack.
4 1
PB)=—=—
®) 5213
A N B = { 2 black kings }
P(AﬂB)zizL
52 26
N P(A)><P(B)—l><i—L
o 2713 26
Since P(ANB)=P(A)P(B)

Hence, the events A and B are independent.
(iil) There are 4 kings and 4 queens in a pack of cards.
... Total number of outcomes favourable to the event A is 8.

g8 2
P(A)=—=—
(4) 52 13
- 2
Similarly, P(B)=§
A N B = {4queens }
p(AmB):izi
52 13
2 2 4
P(A)XP (B)=—x—=—
(A)xP (B) 13 13 169
Here, P (AN B)#P(A).P(B)

Hence, the events A and B are not independent.

Ih'elul I GRIMEA Consider a group of 36 students. Suppose that A and B are two properties

that each student either has or does not have. The events are
A : Student has blue eyes
B : Student is a male

MATHEMATICS
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Out of 36, there are 12 male and 24 female students and half of them in each has blue eyes. Are
these events independent ?

Solution : With regard to the given two properties, i.e., either has or does not have, the 36
students are distributed as follows :

Blue eyes Not blue eyes Total
A (A)
Male (B) 6 6 12
Female (B) 12 12 24
Total 18 18 36

If we choose a student at random, the probabilities corresponding to the events A and B are

P(AﬂB)—%=%
Also P(A)-P(B) = 3% = ¢
Here, P(AﬂB):P(A)-P(B)

Hence, the events A and B are independent.

I%eN ) BRIMEN Suppose that we toss a coin three times and record the sequence of heads

and tails. Let A be the event ' at most one head occurs' and B the event ' both heads and tails
occur'. Are these event independent ?

Solution : The sample space in tossing a coin three times will be

S = {HHH, HHT, HTH, HTT, THH, TTH, THT, TTT}

Also, A N B={TTH, THT, HTT }
4 1 6 3 3
PA)=—=—PB)=—==_ P(ANB) ==
(A) g 7 (B) s 1 ( ) g

1 3 3

P(AYXP(B) =—x—==

Moreover, (A) (B) 5 773

Which equals P (A () B). Hence, A and B are independent.

CHECK YOUR PROGRESS 314

A husband and wife appear in an interview for two vacancies in the same department.
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1 1
The probability of husband's selection is 7 and that of wife's selection is 3 What is the
probability that

(a) Only one of them will be selected ?
(b) Both of them will be selected ?

(c) None of them will be selected ?

(d) At least one of them will be selected ?

1
Probabilities of solving a specific problem independently by Raju and Soma are 5 and

1
3 respectively. If both try to solve the problem independently, find the probability that

(a) the problem is solved.

(b) exactly one of them solves the problem.

A die is rolled twice. Find the probability of a number greater than 3 on each throw.
Sita appears in the interview for two posts A and B, selection for which are independent.

1 1
The probability of her selection for post A is 3 and for post B is rE Find the probability

that she is selected for

(a) Dboth the posts

(b) at least one of the posts.

The probabilities of A, B and C solving a problem are % ,% and % respectively. If all
the three try to solve the problem simultaneously, find the probability that exactly one of
them will solve it.

A draws two cards with replacement from a well-shuffled deck of cards and at the same
time B throws a pair of dice. What is the probability that

(a) A gets both cards of the same suit and B gets a total of 6 ?

(b) A gets two jacks and B gets a doublet ?

Suppose it is 9 to 7 against a person A who is now 35 years of age living till he is 65 and
3:2 against a person B now 45 living till he is 75. Find the chance that at least one of these
persons will be alive 30 years hence.

A bag contains 13 balls numbered from 1 to 13. Suppose an even number is considered
a 'success'. Two balls are drawn with replacement, from the bag. Find the probability of
getting

(a) Two successes (b) exactly one success

(c) at least one success (d) no success

One card is drawn from a well-shuffled deck of 52 cards so that each card is equally
likely to be selected. Which of the following events are independent ?
(a) A : The drawn card is red B : The drawn card is a queen

(b) A : The drawn card is a heart B: The drawn card is a face card
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Suppose that a fair die is thrown and the score noted. Let A be the event, the score is 'even'.
Then

A=1{2,4,6}
P -2-L

Now suppose we are told that the score is greater than 3. With this additional information what
willbe P (A) ?

Let B be the event, 'the score is greater than 3'. Then B is {4, 5, 6 }. When we say that B has
occurred, the event 'the score is less than or equal to 3' is no longer possible. Hence the sample

space has changed from 6 to 3 points only. Out of these three points 4, 5 and 6; 4 and 6 are
even scores.

2
Thus, given that B has occurred, P (A) must be 3

Let us denote the probability of A given that B has already occurred by P ( A |B).

AB

Flg. 31.7

Again, consider the experiment of drawing a single card from a deck of 52 cards. We are
interested in the event A consisting of the outcome that a black ace is drawn.

Since we may assume that there are 52 equally likely possible outcomes and there are two
black aces in the deck, so we have

2
P(A)=— .
(A) 5
However, suppose a card is drawn and we are informed that it is a spade. How should this
information be used to reappraise the likelihood of the event A ?

Clearly, since the event B "A spade has been drawn " has occurred, the event "not spade" is no
longer possible. Hence, the sample space has changed from 52 playing cards to 13 spade
cards. The number of black aces that can be drawn has now been reduced to 1.

Therefore, we must compute the probability of event A relative to the new sample space B.
Let us analyze the situation more carefully.

The event A is " a black ace is drawn'. We have computed the probability of the event A
knowing that B has occurred. This means that we are computing a probability relative to a new

sample space B. That is, B is treated as the universal set. We should consider only that part of
A which is included in B.
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S A B

Fig. 31.8

Hence, we consider A (| B (see figure 31.8).
Thus, the probability of A. given B, is the ratio of the number of entries in A (B to the
number of entries in B. Since n (A (1 B) =1 and n(B) =13,

_nANB) 1
then P(A|B) = n(B) _E

1
Noticethat n(ANB)=1= P(AﬂB)=§

n(B)=13= P(B)=£

1

_1 _5 _PANB)

S TR T
52

This leads to the definition of conditional probability as given below :
Let A an B be two events defined on a sample space S. Let P(B) > 0, then the conditional

probability of A, provided B has already occurred, is denoted by P(A|B) and mathematically
written as :

P(A N B)
PAIB = “pp - P®>0
Sinilay, P(B|A>=%Q)B), P(A)> 0

The symbol P( A | B) is usually read as "the probability of A given B".

IR ERIME] Consider all families "with two children (not twins). Assume that all the

elements of the sample space {BB, BG, GB,GG} are equally likely. (Here, for instance, BG
denotes the birth sequence "boy girls"). Let A be the event {BB} and B be the event that 'at
least one boy'. Calculate P (A | B).

Solution : Here, A={BB}
B={BB,BG,GB }
ANB ={BB}

P(ANB)= %
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P(B) = l+—1+—1=E
4 4 4 4
P(A|B)——P(AﬂB)
Hence, P(B)
1
_4_1
_2_3_
4

I el ERIRIE Assume that a certain school contains equal number of female and male

students. 5 % of the male population is football players. Find the probability that a randomly
selected student is a football player male.
Solution : Let M = Male
F = Football player
We wish to calculate P (M () F). From the given data,

1
P (M)= 5 (- School contains equal number of male and female students)

P (FM)=0.05

But from definition of conditional probability, we have
P(M(F
P(F|M)= PMNF)
P(M)

= P(MNF)=P(M)xP(F|M)

= %X 0.05 =0.025

If A and B are two events, such that P (A) =0.8,
P(B)=06, P(AN B)=0.5,find the value of
0] P(AUB) (i) P(B|A) (i) P(A|B).
Solution :i)) P(AUB)=P(A)+P(B)-P(ANB)
=0.8+0.6-05=09

P(ANB) _05_5

@ PO ThR) " 08 s
055
06 6
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B el ERIFY) Find the chance of drawing 2 white balls in succession from a bag containing

5 red and 7 white balls, the balls drawn not being replaced.

Solution : Let A be the event that ball drawn is white in the first draw. B be the event that ball
drawn is white in the second draw.

P(ANB)=P(A)P(B|A)

7 6

P(A)=—.P(B|A)=—

Here, (A) - (BIA) 0
P(ANB)=—x =T
12711 2

IRl TIERIFRE A coin is tossed until a head appears or until it has been tossed three times.

Given that head does not occur on the first toss, what is the probability that coin is tossed three
times ?

Solution : Here, it is given that head does not occur on the first toss. That is, we may get the
head on the second toss or on the third toss or even no head.

Let B be the event, " no heads on first toss".

Then B = {TH, TTH, TTT }
These events are mutually exclusive.
P(B)=P(TH) +P(TTH) +P(TTT) .. (1)
1
Now P(TH) = 2 (- This event has the sample space of four outcomes)

1
and P(TTH)=P(TIT) = 3 (- This event has the sample space of eight outcomes)

Putting these values in (1), we get

4 8 8 8 2
Let A be the event "coin is tossed three times".
Then A ={TTH,TTT}
. We have to find P (A | B) .
P(ANB
P(A|B)=w
P(B)
Here, ANB=A
1
P(A[B)=F=—
2
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A sequence of two cards is drawn at random (without replacement) from a well-shuffled
deck of 52 cards. What is the probability that the first card is red and the second card is
black ?

Consider a three child family for which the sample space is
{ BBB, BBG, BGB, GBB, BGG, GBG, GGB, GGG }

Let A be the event " the family has exactly 2 boys " and B be the event " the first child is
a boy". What is the probability that the family has 2 boys, given that first child is a boy ?

3. Two cards are drawn at random without replacement from a deck of 52 cards. What is
the probability that the first card is a diamond and the second card is red ?

4. If A and B are events with P (A) =04, P (B)=0.2, P(A () B) = 0.1, find the prob-
ability of A given B. Also find P ( B|A).

5. From abox containing 4 white balls, 3 yellow balls and 1 green ball, two balls are drawn
one at a time without replacement. Find the probability that one white and one yellow ball
is drawn.

aly _

N

1.9 THEOREMS ON MULTIPLICATION LAW OF
PROBABILITY AND CONDITIONAL PROBABILITY.
Theorem 1 : For two events A and B,

P(ANB)=P(A)P(B|A),
and P(ANB)=P(B)P(A|B),

where P ( BJA ) represents the conditional probability of occurrence of B, when the event A has
already occurred and P ( A|B ) is the conditional probability of happening of A, given that B has
already happened.

Proof : Let n (S) denote the total number of equally likely cases, n (A) denote the cases
favourable to the event A, n (B) denote the cases favourable to B and n (A [ B) denote the
cases favourable to both A and B.

n(A)
TR
()
T
P(AﬂB)=% ..... 1)

For the conditional event A|B , the favourable outcomes must be one of the sample points of B,
i.e., for the event A|B, the sample space is B and out of the n (B) sample points, n( A () B)
pertain to the occurrence of the event A, Hence,
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n(ANB)
n(B)

n(B) n( ANB
Rewriting (1), we get R AMB) = n(S) n(B) —P(B)P(A{B)

P(A|B)=

Similarly, we can prove
P(ANB)=P(A)P(B|A)

Note : If A and B are independent events, then
P(A|B)=P(A)and P(B|A)=P(B)
P(ANB)=P(A).P(B)

Theorem 2 : Two events A and B of the sample space S are independent, if and only if
P(ANB)=P(A).P(B)

Proof : If A and B are independent events,

then P(A|B)=P(A)
We know that P(A|B):%
= P(ANB)=P(A)P(B)

Hence, if A and B are independent events, then the probability of 'A and B' is equal to the
product of the probability of A and probability of B.

Conversely,if P(A(1B)=P(A).P(B), then

P(A|B):% gives
P(A|B)=%=P(A)

That is, A and B are independent events.

dl LET US SUM UP

e  Events Relation : The complement of an event A consists of all those outcomes which
are not favourable to the event A, and is denoted by not A' or by A .
e  Event'A or B': The event 'A or B' occurs if either A or B or both occur.

° Event 'A and B' : The event 'A and B' consists of all those outcomes which are favourable
to both the events A and B.

o Addition Law of Probability : For any two events A and B of a sample space S
P(AorB)=P(A)+P(B) - P(AandB)
o Additive Law of Probability for Mutually Exclusive Events : If A and B are two
mutually exclusive events, then

MATHEMATICS
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P(AorB)= P(AUB)=P(A)+P(B).
o Odds in Favour of an Event : If the odds for A are a to b, then

a
P(A) =
() a+b
If odds against A are a to b, then
b
P(A) =
() a+b

o Two events are mutually exclusive, if occurrence of one precludes the possibility of
simultaneous occurrence of the other.

° Two events A and B are said to be independent, if the occurrence or non-occurrence of
one does not affect the probability of the occurrence (and hence non-occurrence) of the
other.

. If A and B are independent events, then
P(AandB)=P(A).P(B)
or P(ANB)=P(A).P(B)
e For two events A and B,
P(AB)=P(A)P(B|A) , P (A)>0
or P(ANB)=P(B)P(A|B) , P (B)>0

where P (B|A) represents the conditional probability of occurrence of B, when the event
A has already happened and P (A|B) represents the conditional probability of happening
of A, given that B has already happened.

e SUPPORTIVE WEB SITES

° http://www.wikipedia.org

° http://mathworld.wolfram.com

‘n"l

In a simultaneous toss of four coins, what is the probability of getting
(a) exactly three heads ? (b) at least three heads ?
(c) atmost three heads ?

2. Two dice are thrown once. Find the probability of getting an odd number on the first die
or a sum of seven.

3. Aninteger is chosen at random from first two hundred integers. What is the probability
that the integer chosen is divisible by 6 or 8 ?

4. Abag contains 13 balls numbered from 1 to 13. A ball is drawn at random. What is the
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10.

11.

12.
13.

14.

15.

16.

17.

probability that the number obtained it is divisible by either 2 or 3 ?

Find the probability of getting 2 or 3 heads, when a coin is tossed four times.
Are the following probability assignments consistent ? Justify your answer.
(@ P(A)=06,PB)=05,P(AandB)=04

(b) P(A)=0.2, P(B)=03, P (Aand B)=04

(¢ PA)=PB)=0.7,P(AandB)=0.2

A box contains 25 tickets numbered 1 to 25. Two tickets are drawn at random. What is
the probability that the product of the numbers is even ?

A drawer contains 50 bolts and 150 nuts. Half of the bolts and half of the nuts are rusted.
If one item is chosen at random, what is the probability that it is rusted or is a bolt ?

A lady buys a dozen eggs, of which two turn out to be bad. She chose four eggs to
scramble for breakfast. Find the chances that she chooses

(a) allgoodeggs (b) three good and one bad eggs
(c) two good and two bad eggs (d) at least one bad egg.

Two cards are drawn at random without replacement from a well-shuffled deck of 52
cards. Find the probability that the cards are both red or both kings.

Three groups of children contain respectively 3 girls and 1 boy, 2 girls and 2 boys, 1 girl
and 3 boys. One child is selected at random from each group. Show the chances that

13
three selected children consist of 1 girl and 2 boys is VR
A die is thrown twice. Find the probability of a prime number on each throw.

Kamal and Monika appears for an interview for two vacancies. The probability of Kamal's

1 4
selection is 3 and that of Monika's rejection is 3 Find the probability that only one of

them will be selected.

A bag contains 7 white, 5 black and 8 red balls. Four balls are drawn without replacement.
Find the probability that all the balls are black.

For two events A and B, it is given that
P(A)=04,P(B)=pandP (AUB)=0.6

(a) Find p so that A and B are independent events.

(b)  For what value of p, of A and B are mutually exclusive ?

The odds against A speaking the truth are 3 : 2 and the odds against B speaking the truth
are 5 : 3. In what percentage of cases are they likely to contradict each other on a
identical issue ?

Let A and B be the events such that

— 1 —= 2 1
P(A)=—,P(B)== .

(A)=5-P(B)=3 p(ANB) =~
Compute P ( A|B) and P ( BJA).
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1.

10.

11.

12.

CHECK YOUR PROGRESS 31.2

1.

4.

CHECK YOUR PROGRESS 31.3

1.

11.

13.

A\
&

1
6

3
(l)g

5
(1)£

S

9

1
(I)Z
5
(I)E

1
(1)§

I
8

I
5525
10
133

4
13

O | &~

5
(a) I

5
(a) s

(2) The odds for A are 7 to 3 . The odds against A are 3 to 7

ANSWERS

CHECK YOUR PROGRESS 31.1

(ii)

(i)

(ii)

(ii)

(i)

6.

20
2. 5
3
D%

g &
7

5, L
136

6 L
2

() 0.7

35
O

13
4
11
3

12. =
4

10.

B w

1
(v) 3

38

® s

(i) =
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MODULE -VI | 13. (b) The odds for A are 4 to 1 and The odds against A are 1 to 4
Statistics 7 7 5 3
\ 14. (a) 9 (b) 7 15. (a) 5 (b) 2
D\) 4 |
\ 16. (a),(c) 7.2 18. 5
Yot | CHECK YOUR PROGRESS 31.4
2 1 24 11
L @7 ® 35 © 35 Clve
2 @2 (b) - ;0 1L
3 2 4
PRANE (b) - 5. L
35 35 2
6. (a) 2 (b) L 7. 3
144 1014 80
8. (a) 2 (b) Ruad (©) 20 (d) s
169 169 169 169
9.  (a) Independent  (b) Independent
CHECK YOUR PROGRESS 31.5
13 1 25
a 2. 5 3. 2—04
L ;2
27 4 '
TERMINAL EXERCISE
. (a) L (b) > (c) L 2. L
4 16 16 12
3. 1 4. 8 5. >
4 13 8
6. Only (a) is consistent
46 g 2 9. (@2 b 2
625 8 33 33
1 19
© @ 53
10. i 12. l 13. i 14, —
221 4 15 969
15. ! 16. L4 17. é, L respectively.
3 40 42
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Random Variables and
Probability Distributions

L et Sbethe sample space associated with arandom experiment A function X : S - Riscdled

arandomvariable,
Note : If X isarandomvariablethen X (P(R)) =P(S)

Here P standsfor the probability functionand P(S) standsfor the power set of S.
Example 1

Let Shethesample space of theexperiment of rolling afair die.

Then X:S - R givenby X(n)=0, if niseven.

=1, Ifn X:S 5 isodd.

isarandomvariable.

Here S={1,2,3,4,5,6} and X(1) = X(3) =X(5) =1; X(2) = X(4) = X(6) =0.
31.10.1 Definition

Suppose X: S - Risarandomvariable. If therangeof X isether finiteor countably infinite,

then X iscalled adiscreterandom variable.

A random variablewhich cantakeadl rea valuesinaninterva (a,b) iscalled aconitnuous

randomvariable.
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31.10.2 Definition

Themean (1) and variance (02) of adiscreterandomvariable X are

=Y % p(X=x),0%= 5 (%, =) pX=x)

= Ba pX=x)H-1°

Thestandard deviation o isthe squareroot of the variance.

Example 2

A cubical dieisthrown. Find themean and varianceof X, giving the number on thefacethat

showsup.

Sol: Let Sbethesample spaceand X betherandom variableassociated with S, wherep(X) isgiven

by thefollowingtable

X =x 1 2 3 4 5

P(X =x)

ol

11
6 6 6 6

ol

6
Meanof X = szxi P(X=x)
i=1

—1ie2t43lials el
6 6 6 6 6 6

106x70

7
“eH20 2
6
Varianceof X = g2= ZXiZF’(X:)ﬁ)—u2
i=1
cplipliglipliglel 00
6 6 6 6 6 6 O

16x7x130 49 35

"6 6 H a4 1
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KUKl Theoretical discrete distributions Binomial and possion distribution%

Suppose that an experiment has only two possible outcomes. For instance, whenacoinis
tossed the possible out comesarehead and tail. Each performance of an experiment withtwo possible
outcomes aretermed as successand failure. If pistaken asthe probability of successand gisthe
probability of failure, it followsthat p + q=1. Many problems can be solved by determining the

probability of X successeswhen an experiment consistsof nindependent Bernoullli trials.

Weshdl discusstwo theoretical frequency distributionsinthissection. OneisBinomia distribu-

tion and the other ispoission distribution.

31.11.1 Binomial distribution
Definition

A discreterandom variable X issaid to follow abinomial distribution (or smply abinomial

variablewith parametersn and p) whereO<p<1if

P(X=x) = Ne, p*g"* x04{0, 1,2, ..,n}

If Xisabinomia variatewith parametersn, p; thenitisaso described by writing X ~B (n, p)
Theorem

If X ~B(n, p),thenthemean p and the variance o2 of X are equal to npand npq
respectively.
nisnumber of trias, p bethe probahility of sucessand qbethe probability of failure.

m Poisson distribution]

Inbinomid digtribution, thenumber of tridsnisprecisely known andisfinite. But therearesome

Stuationswherethismay not bepossible. Alsoif theeventisrareand casua, thesuccessful eventsare
quiteafew inthe sample space. If weknow the number of times of timesan event occurred but not
how many timesit did not occur, thenthe bonomial distributionisinapplicable. Insuch caseswe
computethebinomia probabilitiesapproximately by using Poisson distribution
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From this chapter we can get to know following points
¢ thenumber of telephonecallsrecelved at atelephoneexchangeinagiventimeinterval.
o thenumber of printing errorsinapage of abook.
¢ thenumber of road/rail accidentsreportedinacity inagiven period of time (say aday)
e Thenumber of defective bladesinapacket of 100.

31.12.1 Definition

If X isadiscreterandom variablethat can assumevalue0, 1, 2, 3, ..... such that for somefixed
A>0.

-\ 3 X

_ _e
pX=x)= x

eter A thenitsmean |, variance 62=\

, X=0,12....... then X issaid tofollow aPossion distribution with param-

Example 3

8 coinsaretossed simultaneoudy. If the number of headsturned up isdenoted by thevarigble X.
Thenfind the mean and variance of X.

Sol: Heren=8

N

prab. of getinginaheadonacoin P =

1 1
== 4 ~, 5 8
p 5 q P 5

oo
Mean () np=8 1,0 =4

i oMy
Variance (62) =npg=8 LA T 2
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Example 4

Find the maximum number of timesafair coin must betossed so that the probability of geting
atleast onehead isatleast 0.8.

Sol: Letnbethenumber of timesafair cointossed X denotesthe number of headsgetting X follows

binomid distribution with parametersnand

pziﬂq—l 5 ; % 1 08

0 1-p(X=0)>08
0O p(X=0)<0.2

md
O ncoaég 0.2

0t 2
2" 5

0 Zinz 5
0 TheMaximumvaueof nis3.

Example 5

Find the parameters of thebinomia variatewhose mean and varianceare 125 , L respectively.

15
Sol: n,p areparametersof thebinomial distribution =np= P

. 15
itsmean (1) =npq= 2

150
npg_ 04 1
np M50 2

aFls
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O
o)
\
o
H
o)
HA
I\)I\H
N

1

Dn%ﬁgﬂm 15

1
0 n=15p= 7.

Example 6

If X isabinomial variatewith 9p(X =4) =p(X =2) and n =6 then, find the parameter p.

Sol: Givenp+q=1
9(X=4)=p(X=2)
0 9(6C4) qZ ) p4:6C2 q4 p2

f
0
0

O

1
0 Parameter p:Z

Example 7

If X isapoissonvariatesuchthat p(X =0)=p(X =1) =k, Thenshow that k=€

Sol: Let A =0 bethe parameter of apoisson variate X
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Given p(X=0)=p(X =1) =k

eM A0 et At _k
o 1

0O er=erAO A=1

Example 8.

If X followsapoissondistributionand p(X =1) =3 p(X =2), Then find thevariance of X.
Sol: Let A >0 bethe parameter of apoission variate X

Given p(X =1) =3(p(x=2))

e\, €M
2

o= 2
3

O Variance A = :2))

[Check Your Progress]

1. 8coinsaretossed smultaneoudly. Find the probability of getting atleast 6 heads.

2. Themeanand varianceof abinomia distribution are4 and 3 respectively Fix thedistribution and

findp(X >1).

3. If X=B(n,p), u=20,0%=10,thenfind nand p.
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4.

For apoissonvariate X, p(X =2) =p(X = 3). Findthevariance of X.

5. A poissonvariablesatisfies p(X =1) =p(X =2) Find p(X =5).

[Let Us Sum Up]

1.

4.

If pistheprobability of asuccess, qbetheprobability of afalluresuchthep+q=1andnisthe
number of Bernoulli trids, then the probability distribution of adiscreterandomvariable X, caled

abinomid variateisgiven by

pX =K =nc, ¥ k=012 ...n
Thisiscaledthebinomia distribution.
Heren and p arecaled the parameters of the distribution.

Inthiscase X isexpressed as X~B(n, p).

If X isabinomia variate with parameters nand p i.e., X[B(n, p), then the mean of the

distribution P =npand thevarianceof thedistribution 0% =npq Thestandard deviation of this
distributionisgivenby \/npq .

Theprobability distribution of adiscreterandom variable X (called the Poisson variable) given

-\ 3 k

k!’

by p(X =k) = k=0,1,2,....and A =0,iscalled the Poisson distribution.

Here A iscalled the parameter of X .

If x isaPoisson variatewith parameter A thenitsmean | = varianceg?=\ .

[ Supportive Website}

e http:// www.wikipedia.org

e hitp:// mathworld.wolfram.com.
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Answers

[Check Your Progress]

37

(1) 256

o

3 =40 -1
() n= 1p_2
(4) 3

e—2 25

® 5!
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MODEL QUESTION PAPER

Intermediate (TOSS) MATHEMATICS 311 (E) (Set - Il)

Time: 3 hrs Max. Marks: 100

Instructions:-

1)

All questions are Compulsory.

2) This question paper consists of two parts viz., A and B

3)

4)

All questions from Part A are to be attempted

Part-B has two options. Candidates are required to attempt questions from one option only.

(Part — A)
SECTION-1

Each question carries 1 mark. (13 x1 =13 marks)

1)
2)
3)
4)
5)
6)
7)

8)
9)

IfZ,=x+iy,and Z,= a + ib then what is Z; + Z,?

What are the roots of x* + 5x +6 =0 ?

Show the region represented by the in-equationsx < 0andy <0

If the ..o two straight lines one perpendicular, then what is the product of their slopes?
Find the distance between the points (-1,2) and (0,-6) ?

Convert 270° into Radians.

What is the domain of the function?

f={(0,1), (2,3), (4,5), (6,7), w.e.... , (100, 101)}

Evaluate Lt,_o[(2x + 1)% — 5]

What is the derivative of x™ w.r.t x?

10) What is the SIOPE OF the ...t senes = X. Write the

formulae of slope of the tangent of the curve y = f (x) at (x4, y1)

11) Whatis [e* [f (x) + f1(x)]d(x)? .....] dx

12) Write the Integrating factor ofj—i FE(X) Y= Q(X) cerreerreerereiereeerens

13) What is the principle of standard deviation for grouped data?
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Section — 2
( Each question carries 2 marks)

14)If A= [_11 é]m and B = [3 %]M then prove that AB # BA

all al2 al3
a2l a22 a23
a3l a32 a33

15) What is the expanded form of

Cosx —Sin x]

16) Find the inverse of the matrix | .
Sinx Cosx

17) Find the equation of the parabola whose focus is (2,3), directrix is 3x + 4y = 1.
18) What is the sum of the series3+5+ 7 + ...ccccceueuuenen. +(2n+1) ...

19) Draw the Venn diagram for A U B, when A and B are disjoint sets.

20) What is the principle value of cos‘l(g)

. d
21) If y = cos™1(4x3 — 3%)find %.
22) What is the Area bounded by the curve x =y, Y-axis and the liney =0, y = 3.

23) A die is tossed twice. Find the probability of a number greater than 4 in each throw.

Section - 3
(Each question carries 5 marks)

24) There are 5 Mathematics, 4 Physics and 5 Chemistry books. In how many ways can you arrange
4 Mathematics, 3 Physics and 4 Chemistry books, if the books on the same subjects are arranged
together?

25) If the 4™ term and the 9" term of a G.P. are 8 and 256 respectively, then write the G.P.

26) Find the Maximum and Minimum value of the function f (x) = Sin x (1 + Cos x) in (0, 7 )

27) The data below presents the earning of 50 labours of a factory. Calculate the Mean deviation.
EarninginRs: 1200 1300 1400 1500 1600 1800
No. of Labors: 4 7 15 12 7 3
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Section -4
(Each question carries 8 marks)

28) Using Principle of Mathematical induction, prove the following

1 _ n
2n-1).2n+1) ~  (2n+1)

1 1 1
I;4‘;g4‘;;+'“'+
29) Find the equation of the circle which passes through the points (0,2), (2,0) and (0,0)

30) INAABC,if <A =60" prove that L+L: 1
c+a a+b

31) Ify = (Tan x)“°t * + ( Cot x) * then find Z—z.

Part—B

Optional =1 (VECTORS and 3 — D Geometry)

32)If7 =i - j +k and7; =2i-4j -3k, then the magnitude of 7 + 7, 1 Mark

33) Write the position vector of the centroid of the triangle, whose vertices are A (d), B (E), Cc(c) 4
Marks.

34) If the foot of the perpendicular drawn from the origin to the plane is (4, -2, -5), then find the
equation of the plane. (5 Marks)

35) Find the centre and radius of the circle x* +y*> + 22 —6x — 4y + 122 -36 =0, x + 2y - 2z=1

(Optional — 1)
32) Define Share 1 Mark
33) Write any one use of Index numbers 1 Mark
34) Discuss the characteristics of VAT 5 Marks

35) For a new product a manufacturer spends Rupees 1,00,000 on the infrastructure and the
variable cost is estimated as Rs. 150 per unit of the product the sale price per unit fixed at Rs.
200.

Calculate (1) Cost function
(2) Revenue function
(3) Profit function and

(4) the breakeven point
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