Part-1

Mathematical and Logical Reasoning

Answer all questions. Each question carries 5 marks.

. Let 7 and 7 be vectors joining the points P, (x1, y1, 21) and P, (x4, y2,
2y) to a variable point P (z, y, z). Show that curl (7 x 7%) = 2(7% — 7).

[5]

. The work done by a force in moving a particle of mass M from a point
(z,y) to a neighboring point (z + dz,y + dy) is given as dW = 2zydz +
22dy. Find the work done for a complete cycle around a unit circle.

[5]

. Considering the distribution function of x as f(r) = ze~> () being a
positive constant) over the interval 0 < z < oo, evaluate the mean
value of x.

[5]

. Let A be a 2 x 2 matrix with real elements. What is the maximum
number of negative elements that A% could have? Justify your answer.

[5]
sin z
. Find the solutions of cos z = 0, z € C and evaluate / dz, where
, COS 2
is a circle of radius 7 centered at 7.
[5]
. Let y(z) be a continuous solution of the initial value problem
v +2y=f(x), y(0)=0,
1, 0<z<1
where f(x) = { 0 1.
Determine the value of y(z) at z = 3.
[5]



1.

(a)

(b)

Part-11

Physics

Answer any five questions. Each question carries 14 marks.

A uniform rod of length L and mass M moves in vertical zz-plane
in presence of gravity (g is the acceleration due to gravity). One of
the end points of the rod (the point A) moves along the trajectory
z = x tana, where « is a constant angle made by the point A
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with z-axis (see the above figure). Considering the generalized
coordinates ¢; as ¢; = r and ¢, = 0,

i. write down the Lagrangian in terms of r and 6,
ii. derive the equations of motion.

With respect to an inertial observer, one rocket and an iron beam
(aligned along z-axis) are moving towards each other along z-
axis with uniform velocity. The length of the beam is 100m as
measured by the inertial observer. The distance between them is
decreasing at a rate of 7¢/6 and the velocity of the rocket is 2¢/3
with respect to the inertial observer (cbeing the velocity of light in
vacuum). Find the length of the rod as measured from the frame
of the rocket.

[(54+2)+7]



2. (a) i. Show that if {¢,p} are canonical variables, then {Q, P} are
also canonical under the following transformations

Q =In(1++/q cosp), P =2(1+./q cosp)\/q sinp.
ii. Show that the generating function of this transformation is
Fy = —(e¥ — 1)?tanp.

(b) Consider a pendulum hanging from a rigid ceiling and another
one hanging from the bob of the first one, both via massless in-
extensible strings. Both the bobs have same mass and the strings
have same length. Using the theory of small oscillations,

i. write down the kinetic energy matrix for leading order con-
tribution,
ii. write down the potential energy matrix for the same,
iii. find the modes of frequency of the system.

[(443)+(34+2+2)]
3. (a) A circular loop of radius R carries a uniform line charge density
A

i. Evaluate the electric field at a distance z directly above the
center of the loop.

ii. Find the value of z in terms of R for which the electric field
would be maximum.

(b) Consider along solenoid of radius R carrying a current I and hav-
ing n turns per unit length.

i. Find the self-inductance per unit length.
ii. Whatis the energy stored in a section of length ¢ of the solenoid?

(c) Let a vector potential be given by

- N 3
A(F) = FXT—i—T—ST‘,

N —

where F is a constant vector having equal components along ., 4,
and z. Evaluate the corresponding magnetic field.

[(245)+(3+1)+3]



4. (a) The energy spectrum of a particle consists of four states with en-
ergies 0, €, 2¢, and 3e. Let Z5(T'), Zp(T), and Z-(T') denote respec-
tively the Bosonic, Fermionic, and Classical partition functions
for four non-interacting particles at temperature 7', which can be
written as polynomials in z = exp[—e/(kgT")]. What are the de-
grees of these three polynomials?

(b) Consider a system of two Ising spins s; and s, taking values +1

with interaction energy given by £ = —.Js;s, when it is in ther-
mal equilibrium at temperature 7'. Find the average energy of the
system.

(c) For a thermodynamic system, the entropy S is related to the in-
ternal energy U and volume V by

S = n U3/4V1/4,

where 7 is a constant. Calculate the Gibbs potential for the system.
[3+5+6]

5. (a) A particle of mass m is confined in a one-dimensional box de-
scribed by 0 < 2 < a. The wave function at ¢t = 0 is given by

Y(z, t=0) = 5% [1 + cos (?H:Tx)} sin (%) :

i. Find the wave function and average energy of the system at a
later time ¢ = 7.

ii. Suppose a position measurement is performed on the system
att = T. What is the probability of finding the particle in the
region 0 < < 27

(b) Let vy and 9 be respectively the normalized ground and first ex-
cited state energy eigenfunctions of a linear harmonic oscillator.
Consider Ayy + By (A and B are real) to be the wave function
of the oscillator at some instant of time.

i. Show that (x) (average value of z) is in general non-zero.
ii. What values of A and B maximize (z)?

[(64+4)+(2+2)]



6. (a)

(b)

(b)

Using the uncertainty principle, show that the lowest energy of a
harmonic oscillator is iw /2. Assume the motion is confined to the
region —a/2 <z < a/2.

Consider the one-dimensional motion of an electron confined to

a potential well V(z) = 1kz? and also subjected to a perturbing
electric field F = Fiz. Find the shift in the ground state energy of

this system due to the electric field.
The spin functions for a free electron in a basis where S, is diago-
0 1

+1/2 and —1/2, respectively. Using this basis, find a normalized
eigenfunction of S, with eigenvalue —1/2 (set i = 1).

nal can be written as (1> and <O> with eigenvalues of S, being

[44+5+5]

Consider a line of 2V ions of alternating charges +¢ with a repul-
sive potential A/R™ (A being a constant) between nearest neigh-
bors in addition to the Coulomb potential. Neglect the surface
effects.

i. Find the equilibrium separation R, for such a system and eval-
uate the equilibrium energy U(R,).

ii. Let the crystal be compressed so that Ry — Ro(1 — ¢). Cal-
culate the work done (up to order §?) in compressing a unit
length of the crystal.

Consider a two-dimensional square lattice of lattice constant a.
The kinetic energy of a free electron at a corner of the first Brillouin
zone is larger than that of an electron at the midpoint of a side face
of the zone by a factor b. Calculate b.

[(445)+5]



8. (a)

(b)

(c)

The Universe is filled with a background of photons with aver-
age energy 107% eV and number density 300 cm 3. High energy
y-rays collide with these photons resulting in electron-positron
pair production with cross-section (87)/9r2. (Mass of electron
= 0.51 MeV, classical radius of electron r, = 2.8 x 10713 cm)

i. What is the minimum energy required for pair production in
this process?

ii. What is the average distance the photons will travel before
being converted to ete™ pairs?

Show that the Schrodinger equation

36)-1()
ot \ x X
reduces to the Klein-Gordon equation for ¢ of mass m, where
V(1 1 1 0
= ()G h)
@—%((]ﬂri%) andx—l( —i%).

m Ot 2 m Ot
Consider the Lagrangian

1

L=-
2

2
(001001 + ' 0uu2) — o (047 +62%) =2 (67 + 07)’

where m, A are constants and Minkowski metric (1, —1, —1,—1) is
used.

i. Show that the Lagrangian is invariant under the transforma-
tion ¢ — @) = Py cos0—pasinb, po — ¢ = Py sin+ ¢, cos .
ii. Find the conserved current corresponding to this invariance.

[(B4+2)+3+(2+4)]



Part-111

Mathematics

Answer any five questions. Each question carries 14 marks.

1. (a) If
M (x,y)dx + N(z,y)dy =0

has a general solution F(z,y) = ¢, then show that there exist in-
finitely many integrating factors.

(b) Consider the following second order linear differential equation
(1 —22)y" — 2zy + 2y = 0.

i. Find any two linearly independent solutions of the above dif-
ferential equation in terms of power series of z, and

ii. show that they are convergent for |z| < 1.

[6+(6+2)]
2. (a) Consider the first order dynamical system

dx T
dt 14 a2’

where 7 is a real parameter. Find the values of r at which bifur-
cation occurs and classify them as saddle-node, transcritical, or
pitchfork bifurcation.

(b) Solve the following initial-boundary value problem

Py _ Py
or2 o2’
such that y(0,t) = y(m,t)=0, 0<t<o0
y(r,0) = sin2zx, 0<z<m7
@0 _ o g<cp<m
ot

[6+8]



3. (a) Let S, be the set of n x n matrices defined by

a a ... a
a a ... a

Sn:: . . . aeR—{O} ?
a a ... a

where 2 < n € N. Determine if S, forms a group under usual
matrix multiplication.

(b) How many irreducible monic factors does the polynomial z° — x
have over Zs[x]? Justify your answer.

[7+7]

4. (a) A square matrix A is said to be diagonalizable, if there exists a non-
singular matrix S and a diagonal matrix D such that A = SDS™!.
Give an example, with proper justification, of a real matrix A which
is diagonalizable, but not by any real nonsingular matrix S.

(b) A real n x n matrix A satisfies
xl Ax > 0,
for all z € R™. Show that the real part of all eigenvalues of A are
non-negative.
[7+7]
5. (a) A two-dimensional steady velocity field of a particle is described
by u = 32? — 2y?, v = —6zy.
i. Derive the streamline pattern, and
ii. sketch a few streamlines in the upper-half plane.
(b) Given thata two-dimensional dipole source at the origin produces

steady incompressible flow with the stream function

Y

)

i. determine the direction of motion of a fluid particle at the
pointz =6, y =9, and
ii. sketch the streamline.

[(B4+3)+(4+4)]



6. (a) If the Lagrangian function of a dynamical system has the form

n

L(leQ?a ce 7Qn7(j17q27 cee 7Qn7t) = Z |:Qka - (1 - ql%):| )
k=1

then

i. find the Lagrange’s equations of motion, and
ii. show that the generalized accelerations are zero.

(b) i. Find a Fourier series to represent z —z? fromz = —wtox = 7,
ii. and hence show that Lo + L 1 4= m
) 12 92 " 32 42 19
[(3+4)+(5+2)]

7. (a) Is it possible to find a real function v(x,y) so that z* + y* + iv is
holomorphic (x and y are real variables)? Justify your answer.

(b) i. Find all the singular points and corresponding residues of

1/(e* — 1).

d
ii. Find / - T where 7 is a circle of radius 9 centered at 0.
vy

62’ —
[6+(4+4)]
8. (a) Consider Q as a metric space with the usual distance function

d(z,y) = |z — y|, and define S = {x € Q : 2 < z* < 3}. Show
that S is closed and bounded in Q, but S is not compact.

(b) Discuss the continuity and differentiability of the function
f: R* = R defined by

2inl o201 :
asin o 4y~ sin xy # 0;

a?sin 1, x#0,y=0;
f(l',y): 2 1 —0N-

y81n§7 y%oax_oa

0, r=0=y.

[7+7]




